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APPROXIMATION OF FOURIER SERIES BY PRODUCT
MEANS

MAHENDRA MISRA,B.P.PADHY, N.K.PANDA, U.K.MISRA

ABSTRACT. In this paper a theorem on degree of approximation of a func-
tion f € Lip(&(t),r) by product summability (E,q)(N,pn) of Fourier series
associated with f has been established.

1. INTRODUCTION
Let > a, be a given infinite series with the sequence of partial sums {s,}. Let
{pn} be a sequence of positive real numbers such that

Pn:ZpU — 00,as n — 00, (P_; =p_; =0,i > 0).

v=0

The sequence-to-sequence transformation

1 n
th = E;pn—vsva (11)

defines the sequence {t,} of the (N, p,)-mean of the sequence {s,} generated by
the by sequence of coefficient {p,,}. If

t, — s, as n — o0, (1.2)

then the series ) a,, is said to be (N, p,) summable to s.
The conditions for regularity of Norlund summability (N, p,,) are easily seen to be

[1]

(4) %” — 0 as n — oo, (1.3)
(i) Zpk =0(P,)as n — 0. (1.4)
k=0
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The sequence-to-sequence transformation [1],

I 1+q i() (15)

defines the sequence {T;,} of the (E, q) mean of the sequence {s,}. If
T, — s, as n — oo, (1.6)

then the series Ya, is said to be (E,q) summable to s. Clearly (F,q) method is
regular [1]. Further, the (E,q) transformation of the (V,p,) transform of {s,} is

defined by
1 Y\ ok
n "
T kOQ)q ‘
1 n N\ n—k 1 k
— —3F Dk_uSw 1.7
(1+q)m k—0 (k)q {Pk v=0Pk—v$ (1.7)
If
Tp, — 8, as N — 00, (1.8)

then Y a, is said to be (E, q)(N, p,)-summable to s.
Let f(t) be a periodic function with period 27, L-integrable over (—m, 7). The
Fourier series associated with f at any point x is defined by

fz) ~

a4 . -
5 + Z(ancos nx + bpsin nx) = Z Ap(z) (1.9)

n=1
Let s, (f : ) be the n-th partial sum of (1.9). The Lo-norm of a function f : R — R
is defined by

If lloo= sup{|f(z)[ : z € R} (1.10)
and the L,-norm is defined by

nfmz(l%uuwjiv>L (L.11)

The degree of approximation of a function f : R — R by a trigonometric polynomial
P, (z) of degree n under norm || - ||« is defined by

| Po = [ llo= sup{lpn(z) — f(z)| : 2 € R} (1.12)
and the degree of approximation E, (f) of a function f € L,, is given by

En(f)min || Po = f o - (1.13)

This method of approximation is called Trigonometric Fourier approximation.
A function f € Lip « if

o+ 1) — f(@)] = 0(%),0 < a < 1. (1.14)
For a given positive increasing function £(t), the function f(x) € Lip(§(t),r), if
2m 1
(/ |f(z+1t) — f(a:)|rdx) =0(&(t)),r > 1,t > 0. (1.15)
0
We use the following notations throughout this paper:

6(t) = fla+1) + fla —t) — 2f(a), (1.16)
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and
1

n k sin (U + 2)t
Kalt) = - i L)t L P e
" 27(1+ )" by = Y sin £

k=0
Further, the method (E, q)(N, P,) is assumed to be regular and this case is supposed
through out the paper.

2. KNOWN THEOREMS

Dealing with the degree of approximation by the product (E,q)(C,1)-mean of
Fourier series, Nigam et. al [3] proved the following theorem.

Theorem 2.1. If a function f is 2w-periodic and of class Lipa, then its degree of
approzimation by (E,q)(C,1) summability mean on its Fourier series .- An(t)
is given by

|EICE — fllo = O W),O < a < 1, where E4C} represents the (E,q) trans-
form of (C,1) transform of s, (f : x).

Subsequently Misra et. al. [2] have proved the following theorem on degree of
approximation by the product mean (E, q)(N,p,) of Fourier series:

Theorem 2.2. If f is a 2mw-Periodic function of class Lipa, then degree of ap-
prozimation by the product (E,q)(N,py) summability means on its Fourier series

(defined above) is given by |7, — flloo = O (n+11)a> ,0 < a < 1, where 7, as defined
in (1.7).
3. MAIN THEOREM

In this paper, we have proved a theorem on degree of approximation by the
product mean (E, q)(N,p,,) of the Fourier series of a function of class Lip(£(t),r).
We prove:

Theorem 3.1. Let £(t) be a positive increasing function. If f is a 27- periodic
function of the class Lip(&(t),r),r > 1,t > 0, then degree of approximation by
the product (E, q)(N, p,) summability means on its Fourier series (1.9) is given by

| 7 — f lloo= O<(n+ 1)}{(1141-1))’7" > 1, where T, is as defined in (1.7).

4. REQUIRED LEMMAS
We require the following Lemmas for the proof the theorem.

Lemma 4.1. 1

K — <t< )
[Kn(t)] O(TLLO_YS_TL+1

Proof of Lemma4. 1:

For 0 <t < n+1, we have sin nt <n sin t then

sin [ v+

e
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S

1/0

(oo 5|

o = )

k=0
O(n).

21+ )"

1—|—q”

2n+1
*277

This proves the lemma.
Lemma 4.2.

1 1
—of:= - <i<
| K, (8)] O(t>,forb+1t7r

Proof of Lemma-4.2:

For g <t< T, we have by Jordan’s lemma, sin ( ) > L. sinnt < 1. Then

i
™

T (o

k=0

n k
1 n nk{ 1 ka—v}
21+ )" kz:;) <I<:>q Py UZ::O t
1 n n L 1 k

B 1

a2 (1)

-of})

5. PROOF OF THEOREM 3.1

Using Riemann-Lebsgue theorem, we have for the n-th partial sum s, (f : z) of
the Fourier series (1.9) of f(z),

slfza) = 1) = o= [ ¢><t>sm(n+é)tdt.

2
TJo sin (;)

Following Titchmarch [4], the (N, p,,) transform of s,,(f : z) using (1.1) is given by

g,

)

ty —
(@) 27rP
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Denoting the (F, q)(N,py) transform of s, (f : ) by 7,, we have

sin (v+ 3
I 1= g | 02 ()% Zm(ty%t
. /O S K (1) dt

L Yoo

=1 + I, say. (5.1)

Now

m%?ln/ﬁW@i<> e vamet>}ﬁ

1

_ ( /O o (%)Tdt)i( /O M(&(t)Kn(t))sdt> Lusing Holder's inequality

= 0(1)</0ni1 §(t)nsdt) !
on(e(i ) ()

=0 f<nJlr1> (n+11)—1+1)

w |-

=0(¢ n—1|-1> (n+11)—1)
0((n+1)3~§<ni1>) (5.2)

( (f(t)Kn(t))sdt) ’ ,using Holder's inequality
T
M\ 4

[
(

= O(l)(/ 5;) ) S,using Lemma 4.2

n+1

ool [ (4)8)

Since (t) is a positive increasing function, so is £(1/y)/(1/y). Using second mean
value theorem we get

1 n+1d : 1
O<(n+1)§<n+1>></5 yg) , for some ;§5§n+1

&
AN
7N

3
7 N
PAIRSS
==
S— [ ——
~_
S
QU
~
N~
S
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ofoe (i)

Then from (5.2) and (5.3), we have

I — ()] = O((n+ 1)ig<1>>,for r >

n+1

0= 1) = _sup_ 1 = S| =0t D¥e( g ) )or 21

—r<z<n n+1
This completes the proof of the theorem.
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