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PARTIAL SUMS OF CERTAIN HARMONIC MULTIVALENT

FUNCTIONS

ELIF YAŞAR AND SIBEL YALÇIN

Abstract. In this paper, we study the ratio of harmonic multivalent functions

to its sequences of partial sums.

1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
domain D ⊂ C if both u and v are real harmonic in D. In any simply connected
domain D we can write f = h+ g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f . The harmonic function f = h+ g is
sense preserving and locally one to one in D if |h′(z)| > |g′(z)| in D. See Clunie
and Sheil-Small [4].

For m ≥ 1, denote by SH(m) the class of functions f = h + g that are sense
preserving, harmonic multivalent in the unit disk U = {z : |z| < 1}, where h and g
defined by

h(z) = zm +

∞∑
n=2

an+m−1z
n+m−1, g(z) =

∞∑
n=1

bn+m−1z
n+m−1, |bm| < 1, (1.1)

which are analytic and multivalent functions in U . Ahuja and Jahangiri ([1], [2])
introduced and studied certain subclasses of the family SH(m).

Note that SH(m) reduces to S(m), the class of analytic multivalent functions,
if the co-analytic part of f = h+g is identically zero. SH(1), the class of harmonic
univalent functions , was introduced by Clunie and Sheil-Small [4].

Let

φ(z) = zm +

∞∑
n=2

cn+m−1z
n+m−1 +

∞∑
n=1

dn+m−1z̄
n+m−1,

where dn+m−1 ≥ cn+m−1 ≥ cm+1, n ≥ 2 and |dm| < 1.
Denote by SHm(cn+m−1, dn+m−1, δ) consisting of functions of the form (1.1)

which satisfy the inequality
∞∑
n=2

cn+m−1 |an+m−1|+
∞∑
n=1

dn+m−1 |bn+m−1| ≤ δ, δ > 0. (1.2)
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The class SH1(cn, dn, δ) was introduced and studied by Porwal [13]. If dn = 0, the
class SH1(cn, dn, δ) reduces to the class Sφ(cn, δ) introduced and studied by Frasin
[7].

We note that for suitable choices of m, cn+m−1, dn+m−1 and δ, we obtain the
following subclasses studied by various authors. Such as,

(i) SHm(n+m(1−α)−1, n+m(1+α)−1,m(1−α)) = SH(m,α), is the class of
starlike harmonic multivalent functions of order α, (Ahuja and Jahangiri [1], [2]);

(ii) SHp((n+p−1
p )k−α(n+p−1

p )s, (n+p−1
p )k−(−1)k−sα(n+p−1

p )s, 1−α) = Hp(k, s, α),

is the class of Salagean-type harmonic multivalent functions, (Şeker and Eker [18]);
(iii) SHp(((n−p)β+p)(1+λ(n−p))C(k, n, p), ((n−p)β+p)(1+λ(n−p))C(k, n, p), p−

α) = Hk
λ(p, α, β), is the class of harmonic multivalent functions defined by general-

ized Ruscheweyh operator, (Atshan et al. [3]);
(iv) SHp(( p

n+p−1 )k−α ( p
n+p−1 )k+1, ( p

n+p−1 )k+α ( p
n+p−1 )k+1, 1−α) = Hp(k, α),

is the class of harmonic multivalent functions defined by integral operator, (Cotirla
[5]);

(v) SH1(n, n, 1) = S∗H , is the class of starlike harmonic univalent functions;
SH1(n2, n2, 1) = KH , is the class of convex harmonic univalent functions, (Silver-
man [14], Silverman and Silvia [16]);

(vi) SH1(n−α, n+α, 1−α) = S∗H(α), is the class of starlike harmonic univalent
functions of order α, (Jahangiri [8], [9]);

(vii) SH1(nk − αns), nk − (−1)k−sαns, 1 − α) = SH(k, s;α), is the class of
Salagean type harmonic univalent functions, (Yalçın [19]);

(viii) SH1((n − α)C(k, n), (n + α)C(k, n), 1 − α) = RH(k, α), is the class of
Ruscheweyh-type harmonic univalent functions (Murugusundaramoorthy [11]).

Several authors studied the partial sums of analytic functions. Such as, [6], [7],
[10], [15], [17]. Porwal and Dixit [12] studied partial sums of the class SH1(n −
α, n+ α, 1− α) (the class of starlike harmonic univalent functions of order α) and
they obtained sharp lower bounds on the real part of quotients between the star-
like harmonic univalent function and its sequences of partial sums. Later, Porwal
extended these results in to the class SH1(cn, dn, δ). Li and Fei [10] obtained upper
bounds for the class S(cn, dn, δ). In this paper, following earlier works [6], [7], [12],
[15], [17], and mainly Porwal [13] and Li and Fei [10], we investigate the ratio of a
function of the form (1.1) satisfying the condition (1.2) to its sequence of partial
sums of the form

fp(z) : = fp+m−1(z) = zm +

p∑
n=2

an+m−1z
n+m−1 +

∞∑
n=1

b̄n+m−1z̄
n+m−1

fs(z) : = fs+m−1(z) = zm +

∞∑
n=2

an+m−1z
n+m−1 +

s∑
n=1

b̄n+m−1z̄
n+m−1

fp,s(z) : = fp+m−1,s+m−1(z) = zm +

p∑
n=2

an+m−1z
n+m−1 +

s∑
n=1

b̄n+m−1z̄
n+m−1.

Also, we determine sharp upper and lower bounds for Re
{
f(z)
fp(z)

}
, Re

{
fp(z)
f(z)

}
,

Re
{
f ′p(z)

f ′(z)

}
, Re

{
f(z)
fs(z)

}
, Re

{
fs(z)
f(z)

}
, Re

{
f(z)
fp,s(z)

}
, Re

{
fp,s(z)
f(z)

}
, Re

{
f ′p,s(z)

f ′(z)

}
, where

f ′(z) = ∂
∂θf(reiθ). It is seen that this study not only gives as a particular case, the



PARTIAL SUMS OF CERTAIN HARMONIC MULTIVALENT FUNCTIONS 21

results of [6], [7], [10], [12], [13], [15], [17] and but also gives rise to several new
results.

2. MAIN RESULTS

Theorem 2.1. If f of the form (1.1) satisfies condition (1.2), then

cm+p − δ
cm+p

≤ Re
{
f(z)

fp(z)

}
≤ cm+p + δ

cm+p
(z ∈ U), (2.1)

where

cn+m−1 ≥
{

δ, if n = 2, 3, . . . , p
cm+p, if n = p+ 1, p+ 2, . . .

(2.2)

The result is sharp for every m and p with the function

f(z) = zm +
δ

cm+p
zm+p. (2.3)

Proof. To prove lower bound, we may write

1 + w(z)

1− w(z)
=

cm+p

δ

[
f(z)

fp(z)
− cm+p − δ

cm+p

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄
n+m−1 +

cm+p

δ

∞∑
n=p+1

an+m−1z
n−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

So that

w(z) =

cm+p

δ

∞∑
n=p+1

an+m−1z
n−1

2 + 2

(
p∑

n=2
an+m−1zn−1 + 1

zm

∞∑
n=1

b̄n+m−1z̄n+m−1

)
+

cm+p

δ

∞∑
n=p+1

an+m−1zn−1

.

Then

|w(z)| ≤

cm+p

δ

∞∑
n=p+1

|an+m−1|

2− 2

(
p∑

n=2
|an+m−1|+

∞∑
n=1
|bn+m−1|

)
− cm+p

δ

∞∑
n=p+1

|an+m−1|
.

This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
∞∑
n=1

|bn+m−1|+
cm+p

δ

∞∑
n=p+1

|an+m−1| ≤ 1. (2.4)

It suffices to show that the left hand side of (2.4) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|+
∞∑

n=p+1

cn+m−1 − cm+p

δ
|an+m−1| ≥ 0.
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To prove upper bound,

1 + w(z)

1− w(z)
=

cm+p

δ

[
cm+p + δ

cm+p
− f(z)

fp(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄
n+m−1 − cm+p

δ

∞∑
n=p+1

an+m−1z
n−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

∞∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p

δ

∞∑
n=p+1

|an+m−1|

2− 2

(
p∑

n=2
|an+m−1|+

∞∑
n=1
|bn+m−1|

)
− cm+p

δ

∞∑
n=p+1

|an+m−1|
.

This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
∞∑
n=1

|bn+m−1|+
cm+p

δ

∞∑
n=p+1

|an+m−1| ≤ 1. (2.5)

It suffices to show that the left hand side of (2.5) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|+
∞∑

n=p+1

cn+m−1 − cm+p

δ
|an+m−1| ≥ 0.

To see that f(z) = zm + δ
cm+p

zm+p gives the sharp result, for the left hand side of

(2.1) we set z = reiπ/p

f(z)

fp(z)
= 1 +

δ

cm+p
zp → 1− δ

cm+p

=
cm+p − δ

δ
,

when r → 1− and for the right hand side of (2.1) we set z = rei2π/p

f(z)

fp(z)
= 1 +

δ

cm+p
zp → 1 +

δ

cm+p

=
cm+p + δ

δ
,

when r → 1−. This completes the proof of Theorem 2.1. �

We next determine bounds for fp(z)/f(z).

Theorem 2.2. If f of the form (1.1) satisfies condition (1.2), then

cm+p

cm+p + δ
≤ Re

{
fp(z)

f(z)

}
≤ cm+p

cm+p − δ
(z ∈ U),

where cn+m−1 as given in (2.2). The result is sharp for every m and p with the
function given by (2.3).
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Proof. To prove lower bound, we may write

1 + w(z)

1− w(z)
=
cm+p + δ

δ

[
fp(z)

f(z)
− cm+p

cm+p + δ

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄
n+m−1 − cm+p

δ

∞∑
n=p+1

an+m−1z
n−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p+δ
δ

∞∑
n=p+1

|an+m−1|

2− 2

(
p∑

n=2
|an+m−1|+

∞∑
n=1
|bn+m−1|

)
− cm+p−δ

δ

∞∑
n=p+1

|an+m−1|
.

This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
∞∑
n=1

|bn+m−1|+
cm+p

δ

∞∑
n=p+1

|an+m−1| ≤ 1. (2.6)

It suffices to show that the left hand side of (2.6) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , the proof is evidently complete.

To prove upper bound,

1 + w(z)

1− w(z)
=
cm+p − δ

δ

[
cm+p

cm+p − δ
− fp(z)

f(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄
n+m−1 +

cm+p

δ

∞∑
n=p+1

an+m−1z
n−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p−δ
δ

∞∑
n=p+1

|an+m−1|

2− 2

(
p∑

n=2
|an+m−1|+

∞∑
n=1
|bn+m−1|

)
− cm+p+δ

δ

∞∑
n=p+1

|an+m−1|
.

This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
∞∑
n=1

|bn+m−1|+
cm+p

δ

∞∑
n=p+1

|an+m−1| ≤ 1. (2.7)

It suffices to show that the left hand side of (2.7) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , the proof is evidently complete. �

We next turn to ratios for Re
{
f ′p(z)

f ′(z)

}
.
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Theorem 2.3. If f of the form (1.1) satisfies condition (1.2), then

cm+p

cm+p + (m+ p)δ
≤ Re

{
f ′p(z)

f ′(z)

}
≤ cm+p

cm+p − (m+ p)δ
(z ∈ U), (2.8)

where

cn+m−1 ≥

{
δ(n+m−1)

m if n = 2, 3, . . . , p
(n+m−1)cm+p

m(m+p) if n = p+ 1, p+ 2, . . .

The result is sharp for every m and p with the function given by (2.3).

Proof. To prove lower bound, we may write

1 + w(z)

1− w(z)
=
cm+p + (m+ p)δ

(m+ p)δ

[
f ′p(z)

f ′(z)
− cm+p

cm+p + (m+ p)δ

]

=

1 +
p∑

n=2

n+m−1
m an+m−1z

n−1 − 1
zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄

n+m−1

1 +
∞∑
n=2

n+m−1
m an+m−1zn−1 − 1

zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄n+m−1

−

cm+p

(m+p)δ

∞∑
n=p+1

n+m−1
m an+m−1z

n−1

1 +
∞∑
n=2

n+m−1
m an+m−1zn−1 − 1

zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p+(m+p)δ
(m+p)δ

∞∑
n=p+1

n+m−1
m |an+m−1|

2− 2

(
p∑

n=2

n+m−1
m |an+m−1|+

∞∑
n=1

n+m−1
m |bn+m−1|

)
− cm+p−(m+p)δ

(m+p)δ

∞∑
n=p+1

n+m−1
m |an+m−1|

.

This last expression is bounded above by 1, if and only if

p∑
n=2

n+m− 1

m
|an+m−1|+

∞∑
n=1

n+m− 1

m
|bn+m−1|+

cm+p

(m+ p)δ

∞∑
n=p+1

n+m− 1

m
|an+m−1| ≤ 1.

(2.9)
It suffices to show that the left hand side of (2.9) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

mcn+m−1 − δ(n+m− 1)

mδ
|an+m−1|+

∞∑
n=1

mdn+m−1 − δ(n+m− 1)

mδ
|bn+m−1|

+

∞∑
n=p+1

[
m(m+ p)cn+m−1 − cm+p(n+m− 1)

m(m+ p)δ

]
|an+m−1| ≥ 0.

To prove upper bound, we may write
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1 + w(z)

1− w(z)
=
cm+p − (m+ p)δ

(m+ p)δ

[
cm+p

cm+p + (m+ p)δ
−
f ′p(z)

f ′(z)

]

=

1 +
p∑

n=2

n+m−1
m an+m−1z

n−1 − 1
zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄

n+m−1

1 +
∞∑
n=2

n+m−1
m an+m−1zn−1 − 1

zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄n+m−1

+

cm+p

(m+p)δ

∞∑
n=p+1

n+m−1
m an+m−1z

n−1

1 +
∞∑
n=2

n+m−1
m an+m−1zn−1 − 1

zm

∞∑
n=1

n+m−1
m b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p−(m+p)δ
(m+p)δ

∞∑
n=p+1

n+m−1
m |an+m−1|

2− 2

(
p∑

n=2

n+m−1
m |an+m−1|+

∞∑
n=1

n+m−1
m |bn+m−1|

)
− cm+p+(m+p)δ

(m+p)δ

∞∑
n=p+1

n+m−1
m |an+m−1|

.

This last expression is bounded above by 1, if and only if
p∑

n=2

n+m− 1

m
|an+m−1|+

∞∑
n=1

n+m− 1

m
|bn+m−1|+

cm+p

(m+ p)δ

∞∑
n=p+1

n+m− 1

m
|an+m−1| ≤ 1.

(2.10)
It suffices to show that the left hand side of (2.10) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

mcn+m−1 − δ(n+m− 1)

mδ
|an+m−1|+

∞∑
n=1

mdn+m−1 − δ(n+m− 1)

mδ
|bn+m−1|

+

∞∑
n=p+1

[
m(m+ p)cn+m−1 − cm+p(n+m− 1)

m(m+ p)δ

]
|an+m−1| ≥ 0.

This completes the proof of Theorem 2.3. �

We next determine bounds for f(z)/fs(z) and fs(z)/f(z).

Theorem 2.4. If f of the form (1.1) satisfies condition (1.2), then

dm+s − δ
dm+s

≤ Re
{
f(z)

fs(z)

}
≤ dm+s + δ

dm+s
(z ∈ U), (2.11)

where

cn+m−1 ≥ δ (n = 2, 3, . . .) (2.12)

dn+m−1 ≥
{

δ, if n = 2, 3, . . . , s
dm+s, if n = s+ 1, s+ 2, . . .

(2.13)

The result is sharp for every m and p with the function

f(z) = zm +
δ

dm+s
z̄m+s. (2.14)
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Proof. To prove lower bound, we may write

1 + w(z)

1− w(z)
=
dm+s

δ

[
f(z)

fs(z)
− dm+s − δ

dm+s

]

=

1 +
∞∑
n=2

an+m−1z
n−1 + 1

zm

s∑
n=1

b̄n+m−1z̄
n+m−1 + dm+s

δzm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

s∑
n=1

b̄n+m−1z̄n+m−1

.

To prove upper bound,

1 + w(z)

1− w(z)
=
dm+s

δ

[
dm+s + δ

dm+s
− f(z)

fs(z)

]

=

1 +
∞∑
n=2

an+m−1z
n−1 + 1

zm

s∑
n=1

b̄n+m−1z̄
n+m−1 + dm+s

δzm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

s∑
n=1

b̄n+m−1z̄n+m−1

.

The details involved are fairly straightforward and may be omitted.
To see that f(z) = zm + δ

dm+s
z̄m+s gives the sharp result, for the left hand side

of (2.11) we set z = reiπ/m+s+1 that

f(z)

fs(z)
= 1 +

δ

dm+s
rse−i(

m+s+1
m+s+1 )π → 1− δ

dm+s

=
dm+s − δ
dm+s

,

when r → 1− and for the right hand side of (2.11) we set z = rei2π/m+s+1 that

f(z)

fs(z)
= 1 +

δ

dm+s
rse−i2( m+s+1

m+s+1 )π → 1 +
δ

dm+s

=
dm+s + δ

dm+s
,

when r → 1−. �

Theorem 2.5. If f of the form (1.1) satisfies condition (1.2), then

dm+s

dm+s + δ
≤ Re

{
fs(z)

f(z)

}
≤ dm+s

dm+s − δ
(z ∈ U),

where cn+m−1 and dn+m−1 as given in (2.12) and (2.13), respectively. The result
is sharp for every m and p with the function f(z) given by (2.14).

Proof. To prove lower bound, we may write
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1 + w(z)

1− w(z)

=
dm+s + δ

δ

[
fs(z)

f(z)
− dm+s

dm+s + δ

]

=

1 +
∞∑
n=2

an+m−1z
n−1 + 1

zm

s∑
n=1

b̄n+m−1z̄
n+m−1 − dm+s

δzm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

To prove upper bound, we may write

1 + w(z)

1− w(z)
=
dm+s − δ

δ

[
dm+s

dm+s − δ
− fs(z)

f(z)

]

=

1 +
∞∑
n=2

an+m−1z
n−1 + 1

zm

s∑
n=1

b̄n+m−1z̄
n+m−1 + dm+s

δzm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

We omit the details of the proof, because it runs parallel to that from Theorem
2.4. �

We next determine bounds for f(z)/fp,s(z).

Theorem 2.6. If f of the form (1.1) satisfies condition (1.2), then
(i)

cm+p − δ
cm+p

≤ Re
{

f(z)

fp,s(z)

}
≤ cm+p + δ

cm+p
(z ∈ U),

where cn+m−1 as given in (2.2) and

dn+m−1 ≥
{

δ, if n = 2, 3, . . . , s
cm+p, if n = s+ 1, s+ 2, . . .

(ii)

dm+s − δ
dm+s

≤ Re
{

f(z)

fp,s(z)

}
≤ dm+s + δ

dm+s
(z ∈ U),

where dn+m−1 as given in (2.13) and

cn+m−1 ≥
{

δ, if n = 2, 3, . . . , p
dm+s, if n = p+ 1, p+ 2, . . .

The results are sharp for every m and p with the functions given by (2.3)and (2.14),
respectively.

Proof. (i) To prove lower bound, we may write
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1 + w(z)

1− w(z)
=
cm+p

δ

[
f(z)

fp,s(z)
− cm+p − δ

cm+p

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

s∑
n=1

b̄n+m−1z̄n+m−1

+

cm+p

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

p∑
n=2

an+m−1zn−1 + 1
zm

s∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

cm+p

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

]

2− 2

(
p∑

n=2
|an+m−1|+

s∑
n=1
|bn+m−1|

)
− cm+p

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

] .
This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
s∑

n=1

|bn+m−1|+
cm+p

δ

[ ∞∑
n=p+1

|an+m−1|+
∞∑

n=s+1

|bn+m−1|

]
≤ 1.

(2.15)
It suffices to show that the left hand side of (2.15) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|

+

∞∑
n=p+1

cn+m−1 − cm+p

δ
|an+m−1|+

∞∑
n=s+1

dn+m−1 − cm+p

δ
|bn+m−1| ≥ 0.

To prove upper bound, we write

1 + w(z)

1− w(z)
=

cm+p

δ

[
cm+p + δ

cm+p
− f(z)

fp,s(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

s∑
n=1

b̄n+m−1z̄n+m−1

−

cm+p

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

p∑
n=2

an+m−1zn−1 +
s∑

n=1
b̄n+m−1z̄n+m−1
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where

|w(z)| ≤

cm+p

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

]

2− 2

(
p∑

n=2
|an+m−1|+

s∑
n=1
|bn+m−1|

)
− cm+p

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

] .
This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
s∑

n=1

|bn+m−1|+
cm+p

δ

[ ∞∑
n=p+1

|an+m−1|+
∞∑

n=s+1

|bn+m−1|

]
≤ 1.

(2.16)
It suffices to show that the left hand side of (2.16) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|

+

∞∑
n=p+1

cn+m−1 − cm+p

δ
|an+m−1|+

∞∑
n=s+1

dn+m−1 − cm+p

δ
|bn+m−1| ≥ 0.

(ii) To prove lower bound, we write

1 + w(z)

1− w(z)
=
dm+s

δ

[
f(z)

fp,s(z)
− dm+s − δ

dm+s

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

s∑
n=1

b̄n+m−1z̄n+m−1

+

dm+s

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

p∑
n=2

an+m−1zn−1 + 1
zm

s∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

dm+s

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

]

2− 2

(
p∑

n=2
|an+m−1|+

s∑
n=1
|bn+m−1|

)
− dm+s

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

] .
This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
s∑

n=1

|bn+m−1|+
dm+s

δ

[ ∞∑
n=p+1

|an+m−1|+
∞∑

n=s+1

|bn+m−1|

]
≤ 1.

(2.17)
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It suffices to show that the left hand side of (2.17) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|

+

∞∑
n=p+1

cn+m−1 − dm+s

δ
|an+m−1|+

∞∑
n=s+1

dn+m−1 − dm+s

δ
|bn+m−1| ≥ 0.

To prove upper bound, we write

1 + w(z)

1− w(z)
=
dm+s

δ

[
dm+s + δ

dm+s
− f(z)

fp,s(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
p∑

n=2
an+m−1zn−1 + 1

zm

s∑
n=1

b̄n+m−1z̄n+m−1

−

dm+s

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

p∑
n=2

an+m−1zn−1 + 1
zm

s∑
n=1

b̄n+m−1z̄n+m−1

,

where

|w(z)| ≤

dm+s

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

]

2− 2

(
p∑

n=2
|an+m−1|+

s∑
n=1
|bn+m−1|

)
− dm+s

δ

[
∞∑

n=p+1
|an+m−1|+

∞∑
n=s+1

|bn+m−1|

] .
This last expression is bounded above by 1, if and only if

p∑
n=2

|an+m−1|+
s∑

n=1

|bn+m−1|+
dm+s

δ

[ ∞∑
n=p+1

|an+m−1|+
∞∑

n=s+1

|bn+m−1|

]
≤ 1.

(2.18)
It suffices to show that the left hand side of (2.18) is bounded above by
∞∑
n=2

cn+m−1

δ |an+m−1|+
∞∑
n=1

dn+m−1

δ |bn+m−1| , which is equivalent to

p∑
n=2

cn+m−1 − δ
δ

|an+m−1|+
∞∑
n=1

dn+m−1 − δ
δ

|bn+m−1|

+

∞∑
n=p+1

cn+m−1 − dm+s

δ
|an+m−1|+

∞∑
n=s+1

dn+m−1 − dm+s

δ
|bn+m−1| ≥ 0.

�

Theorem 2.7. If f of the form (1.1) satisfies condition (1.2), then
(i)

cm+p

cm+p + δ
≤ Re

{
fp,s(z)

f(z)

}
≤ cm+p

cm+p − δ
(z ∈ U),
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where cn+m−1 as given in (2.2) and

dn+m−1 ≥
{

δ, if n = 2, 3, . . . , s
cm+p, if n = s+ 1, s+ 2, . . .

(ii)

dm+s

dm+s + δ
≤ Re

{
fp,s(z)

f(z)

}
≤ dm+s

dm+s − δ
(z ∈ U).

where dn+m−1 as given in (2.13) and

cn+m−1 ≥
{

δ, if n = 2, 3, . . . , p
dm+s, if n = p+ 1, p+ 2, . . .

The results are sharp for every m and p with the functions given by (2.3)and (2.14),
respectively.

Proof. (i) To prove lower bound, we may write

1 + w(z)

1− w(z)
=
cm+p + δ

δ

[
fp,s(z)

f(z)
− cm+p

cm+p + δ

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

−

cm+p

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

To prove upper bound, we write

1 + w(z)

1− w(z)
=
cm+p − δ

δ

[
cm+p

cm+p − δ
− fp,s(z)

f(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n−1

+

cm+p

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

We omit the details of the proof, because it runs parallel to that from Theorem 2.2.
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(ii) To prove lower bound, we may write

1 + w(z)

1− w(z)
=
dm+s + δ

δ

[
fp,s(z)

f(z)
− dm+s

dm+s + δ

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

−

dm+s

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

To prove upper bound, we may write

1 + w(z)

1− w(z)
=
dm+s − δ

δ

[
dm+s

dm+s − δ
− fp,s(z)

f(z)

]

=

1 +
p∑

n=2
an+m−1z

n−1 + 1
zm

s∑
n=1

b̄n+m−1z̄
n+m−1

1 +
∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

+

dm+s

δ

[
∞∑

n=p+1
an+m−1z

n−1 + 1
zm

∞∑
n=s+1

b̄n+m−1z̄
n+m−1

]
1 +

∞∑
n=2

an+m−1zn−1 + 1
zm

∞∑
n=1

b̄n+m−1z̄n+m−1

.

We omit the details of the proof, because it runs parallel to that from Theorem
2.4. �

Theorem 2.8. If f of the form (1.1) satisfies condition (1.2), then

cm+p

cm+p + (m+ p)δ
≤ Re

{
f ′p,s(z)

f ′(z)

}
≤ cm+p

cm+p − (m+ p)δ
(z ∈ U),

where

cn+m−1 ≥

{
(n+m−1)δ

m if n = 2, 3, . . . , p
(n+m−1)cm+p

m(m+p) if n = p+ 1, p+ 2, . . .

and

dn+m−1 ≥

{
(n+m−1)δ

m if n = 2, 3, . . . , s
(n+m−1)cm+p

m(m+p) if n = s+ 1, s+ 2, . . .

The result is sharp for every m and p with the function given by (2.3).

Proof. The proof of the above theorem is similar to that of Theorem 2.7 so we omit
the details involved. �

Remark. (i) Putting m = 1, cn = n − α, dn = n + α, δ = 1 − α in the previous
theorems we get the results obtained by Porwal and Dixit [12].
(ii) Putting m = 1 in the previous theorems we get the lower bounds on the real
part of quotients between the harmonic univalent function satisfying the condition
(1.2)and its sequences of partial sums obtained by Porwal [13].
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(iii) Putting m = 1 and dn = 0 in the previous theorems we get the upper bounds
on the real part of quotients between the harmonic univalent function satisfying the
condition (1.2)and its sequences of partial sums obtained by Li and Fei [10].

Remark. As a special case of the previous theorems, we can determine new lower
bounds and upper bounds for various function classes by specializing the values of
m, cn+m−1, dn+m−1 and δ as stated in Introduction.
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[19] S. Yalçın, A new Class of Salagean-type Harmonic Univalent Functions, Applied Mathemat-
ics Letters 18 (2005) 191-198.

Department of Mathematics, Faculty of Arts and Sciences,, Uludag University,

16059 Bursa, Turkey.
E-mail address: elifyasar@uludag.edu.tr and syalcin@uludag.edu.tr


	1. Introduction
	2. MAIN RESULTS
	References

