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SOME FIXED POINT THEOREMS IN ORDERED PARTIAL
METRIC SPACES

HUSEYIN ISIK, DURAN TURKOGLU

ABSTRACT. The purpose of this paper is to present a fixed point theorem using
a contractive condition of rational type in the context of ordered partial metric
spaces.

1. INTRODUCTION AND PRELIMINARIES
In [I], Harjani et al. proved the following fixed point theorem.

Theorem 1.1. Let (X, <) be a partially ordered set and suppose that there exists

a metric d in X such that (X,d) is a complete metric space. Let F: X — X be a

continuous and nondecreasing mapping such that

d(z, Fz)-d(y, Fy)
d(z,y)

with a + B < 1. If there exists xg € X with xqg < Fxg, then F has a unique fized

point.

d(Fz,Fy) < a-

+p-d(z,y), zyeX, >y, x#y

The aim of this paper is to give a version of Theorem 1.1 in ordered partial
metric spaces.

Partial metric space is a generalized metric space in which each object does
not necessarily have to have a zero distance from itself [2]. A motivation behind
introducing the concept of a partial metric space was to give a modified version of
a Banach contraction mapping principle, more suitable to solve certain problems
arising in computer science [2]. Valero [3], Oltra and Valero [4] and Altun et al.
[5] gave some further generalization of the results in [2]. Romaguera [6] proved
the Caristi type fixed point theorem on a partial metric space. First, we start by
recalling some definitions and properties of partial metric spaces. For more details,
on fixed point results on such spaces, we refer the reader to [7]-...-[14].

A partial metric on a nonempty set X is a function p : X x X — R™ such that
for all z,y,z € X :

(pl) z =y p,z)=p(®,y) =py.y),

(p2) p(z,2) <p(7,9),

(p3) p(z,y) =p(y,2),
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(p4) p(z,y) <p(z,2) +p(2,y) —p(z2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X.

Remark. It is clear that if p (x,y) = 0, then from (pl), (p2), and (p3), v = y. But
if e =y, p(x,y) may not be 0.

If p is a partial metric on X, then the function p® : X x X — R¥ given by

P (z,y) =2p(z,y) —p(z,2) —p(y,9), (1.1)

is a metric on X.

Now, we give an example of partial metric spaces as follows.

Consider X = Rt with p(x,y) = max{z,y}. Then (RT,p) is a partial metric
space. It is clear that p is not a (usual) metric. Note that in this case p®(x,y) =
|z —yl.

Let (X, p) be a partial metric space and {z,} be a sequence in X. Then

(i) {xn} converges to a point z € X if and only if p (x,2) = limy,— 4 0o P (@, 2p) ;

(43) {z,,} is called a Cauchy sequence if there exists (and is finite) lim,, 1— 400 P (T, Tm) ;

A partial metric space (X,p) is said to be complete if every Cauchy sequence
{zn} in X converges to a point x € X, that is, p (z,z) = limp m—tco P (Tn, Tm) -

If F: X — X is continuous at z¢ € X, then for any sequences {z,,} in X such
that x, — xg as n — +o0 in (X, p), we have Fx,, — Fxg as n — +o0o in (X, p).

Lemma 1.2. Let (X,p) be a partial metric space;

(a) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence
in the metric space (X,p®),

(b) a partial metric space (X,p) is complete if and only if the metric space
(X, p®) is complete; furthermore, lim, 1o p* (xn,2) = 0 if and only if

p(z,2)= lm p(zn,z)=Hm p(@e,zm).

2. MAIN RESULTS

Let (X, <) be a partially ordered set and F' : X — X. We say that F is a
nondecreasing mapping if for x,y € X, x <y = Faz < Fy.

In the sequel, we prove the following theorem which is a version of Theorem 1.1
in the context of ordered partial metric spaces.

Theorem 2.1. Let (X, <) be a partially ordered set and p be a partial metric on X
such that (X,p) is a complete partial metric space. Let F : X — X be a continuous
and nondecreasing mapping such that

p(z,Fz) p(y, Fy)
p(z,y)
with o+ < 1. If there exists xg € X with xqg < Fxg, then F has a fized point.

p(Fx,Fy) < a-

Proof. If Fxy = x, then the proof is finished. Suppose that ¢y < Fzy. Since F' is
a nondecreasing mapping, we have that

zo < Faog < F?xg<--- < Flgg < F"Mlgy < - (2.2)
Put 41 = Fx,. If there exists n > 1 such that z,1 = x,, then from x,,1; =

Fz, = x,, x, is a fixed point and the proof is finished. Suppose that z, 1 # z,
for n > 1.
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Then, from (2.1) and as the elements x,, and x,,_1 are comparable, we get, for

n>1,
p(Tpy1,7n) = p(Fay, Fry )
ap (Tns Fzn) - p(@n—1, FTn_1)
P (T, Tn_1)
_ P (@Tns Tnt1) - P (Tn—1,Tn)
= « +6p($6’n,l‘n,1)
p($n,$n—1)

= a p@n,Tnt1) + 80 (@n, Tn-1). (2.3)

The last inequality gives us

+ ﬁp (:Cna xnfl)

P($n+1,$n) S l_ap(xnvxnfl)' (2 4)
Again, using induction
B n
plonenn < (125 plaz). (25)
Put t = 8/ (1 — ) < 1. Moreover, by (p4), we have, for m > n,
p(xmaxn) S p(x s Tm— 1)+p(xm lvxn) _p(xm—laxm—l)
S p(xm Tm— 1)+p(mm 1,33'”)
< p(@myTme1) + P (@1, Tm—2) + P (Tm—2,Tn) — P (Tm—2,Tm—2)
< p(xm7xm 1) (me 1y Tm— 2) +p(zm—25zn)
S p(xmvxmfl) +p(xm71a$m72) + - +p(xn+23xn+1) +p(xn+laxn)
< (TR T ) p (2, 20)
tn
< (15) plona). (2.6

Letting m,n — 400 in (2.6), we get
lim  p(xm,z,) =0. (2.7)

m,n——4o0o

By (1.1), we have

P° (T, Tn) < 2p (T, 20) - (2.8)
Taking m,n — 400 in (2.8) and using (2.7), we get that
lim p°(zm,z,) =0. (2.9)

m,n—+00

Then {z,} is a Cauchy sequence in the metric space (X,p®). Since (X,p) is
complete, from Lemma 1.2, (X, p®) is a complete metric space. Then, there exists
u € X such that

lim p® (z,,u) =0. (2.10)

n—-+4oo
On the other hand, we have
P* (Tn,u) = 2p (zn,u) — p(Tn, Tp) — p(u,u).
Letting n — +o00 in the above equation, using (2.7) and (2.10), we get

lim p(x,,u) = %p (u,u). (2.11)

n—-+o0o
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Furthermore, by (p2), we have p (u,u) < p(u,x,) for all n € N. On letting
n — 400, we get that

p(u,u) < lim p(u,z,). (2.12)

n—-+00

Using (2.11) and (2.12), we have
lim p(u,z,) =p(u,u) =0. (2.13)

n—-+o0o
Then, since z,, — uasn — 400 in (X, p), and F is continuous, we get Fx,, — Fu
as n — 400 in (X, p). Therefore, we get, by (p4),
p(u, Fu) < p(u,Zn41) +p (@ng1, Fu) = p (Tns1, Tntr)
< p(u,Tpg1) +p(Tntr, Fu)
p (U, Tpt1) + p(Fay,, Fu).

Letting n — 400 in the above inequality, we get that p (u, Fu) = 0. By (pl) and
(p2), we have u = Fu. O

In what follows, we prove that Theorem 2.1 is still valid for F' not necessarily
continuous, assuming the following hypothesis in X :

if (z,) is a nondecreasing sequence in X such that z, — z, then = sup {x,} for all n € N.
(2.14)

Theorem 2.2. Let (X, <) be a partially ordered set and p be a partial metric on X
such that (X, p) is a complete partial metric space. Assume that X satisfies (2.14).
Let F: X — X be a nondecreasing mapping such that

Pz, Fx)-p(y, Fy)
p(z,9)
with a + B < 1. If there exists xg € X with vo < Fxq, then F has a fized point.

p(Fz,Fy) <« +B-p(x,y), z,yeX, >y, x#y (2.15)

Proof. Following the proof of Theorem 2.1, we only have to check that F'u = u.

As {z,} is a nondecreasing sequence in X and z,, — wu, then, by (2.14), u =
sup {x, }. Particularly, z,, <wu for all n € N.

Since F' is a nondecreasing mapping, then Fz, < Fu, for all n € N or, equiva-
lently, z,+1 < Fu for all n € N. Moreover, as 2o < x; < Fu and u = sup {z, }, we
get u < Fu.

Suppose that u < Fu. Using a similar argument that in the proof of Theo-
rem 2.1 for 2y < Fxp, we obtain that {F"u} is a nondecreasing sequence and
lim, 4o F™u =y for certain y € X.

Again, using (2.14), we have that y = sup {F"u}. Moreover, from z¢ < u, we get
T, = F'xqg < F™u for n > 1 and z,, < F™u for n > 1 because z,, < u < Fu < F'u
for n > 1. As z, and F"u are comparable and distinct for n > 1, applying the
contractive condition we get

p (g1, F"u) = p(Fa,, F(F u))
p (@, Fay) - p (F u, F"T )
o
p (Tn, Fru)
P (Tn, Tpt1) - p (F™u, F" )
o
p (xna Fnu)

+ Bp (xna Fnu)

+ Bp (xp, Fu) . (2.16)
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Making n — +o0 in the last inequality and using (2.7), we obtain

p(u,y) < Bp(u,y). (2.17)

As B <1, p(u,y) =0, thus, u = y.
Particularly, v = y = sup{F"u} and, consequently, Fu < u and this is a
contradiction. Hence, we conclude that u = Fu. ([l

If 5 =0 in Theorem 2.1 (or Theorem 2.2), we obtain the following fixed point
theorem in ordered partial complete metric spaces.

Theorem 2.3. Let (X,<) be a partially ordered set and p be a partial metric
on X such that (X,p) is a complete partial metric space. Let F : X — X be a
nondecreasing mapping such that there exists a € [0,1) satisfying

p(z,Fx)-p(y, Fy)
p(z,y)

Suppose also that either F is continuous or X satisfies condition (2.14). If there
exists xg € X with xo < Fxq, then F has a fized point.

p(Fz,Fy) < o

, nyeX, x>y, v#y. (2.18)
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