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EXTENSIONS OF GENERALIZED BESSEL FUNCTIONS

IBRAHIM A. SALEHBHAI, R.K. JANA, A.K. SHUKLA

Abstract. The present paper deals with results on Generalized Bessels func-
tions. Some properties have also been obtained.

1. Introduction

Modern developments in theoretical and applied science depend on knowledge
of the properties of special functions. These functions appear whenever natural
phenomena are studied, engineering problems are formulated, and numerical simu-
lations are performed (Olver [2]). We have often been regarded as those functions
that arise in the solution of the second order linear partial differential equations
arising in physical and engineering problems are called special functions (see Temme
[5]).
The Bessel functions (see Watson [6]) are more frequently defined as solutions to
the differential equation

z2
d2y

dz2
+ z

dy

dz
+
(

z2 − v2
)

y = 0.

There are two classes of solution, called the Bessel function of the first kind Jv (z)
and Bessel function of the second kind Yv (z). The generalization of the special
functions has proved even more useful than the special functions themselves (see
Qadir [3]). Due to its importance in mathematical, physical and engineering sci-
ences many researcher motivated towards the study of Bessel functions.
The Bessel function (see Rainville [4]) is defined by

Jv (z) =

∞
∑

k=0

(−1)
k

Γ (1 + v + k) k!

(z

2

)2k+v

, (1.1)

where |z| < ∞, |arg z| < π. Here (1.1) is an analytic function of z ∈ C, except for a
branch point at z = 0 when v is not an integer. When v an integer is then Jv (z) is
entire function in z.
Wright [7] generalized Bessel function as

Jh
v (z) =

∞
∑

k=0

(−1)
k
zk

Γ (1 + v + hk) k!
, (1.2)
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where h > 0, |z| < ∞, |arg z| < π.
Galue [1] generalized Bessel function as

hJv (z) =

∞
∑

k=0

(−1)k

Γ (1 + v + hk) k!

(z

2

)2k+v

, (1.3)

where h ∈ N, |z| < ∞, |arg z| < π.

Note: we use N as a set of positive integer throughout this paper.
On setting h = 1 the equation (1.2) reduces to (1.1) and one can easily verify that

J1
v (z) = z−

v
2 Jv

(

2
√
z
)

. (1.4)

We generalize (1.3) in following form

m
h Jv (z) =

∞
∑

k=0

(−1)
k

Γ (1 +mv + hk) k!

(z

2

)2k+v

, (1.5)

where |z| < ∞; |arg z| < π;m and v ∈ C;h > 0.
We generalize (1.2) in following form

hJ
m
v (z) =

∞
∑

k=0

(−1)
k
zk

Γ (1 +mv + hk) k!
, (1.6)

where h > 0, |z| < ∞, |arg z| < π;m and v ∈ C.
The rising and falling factorials (see Olver et al. [2]) are defined respectively as
follows:

αn = α (α+ 1) (α+ 2) ... (α+ n− 1) (1.7)

αn = α (α− 1) (α− 2) ... (α− n+ 1) (1.8)

Some Properties of Gamma Function (see Olver et al.[2]) are defined as follows:

1

µ
Γ

(

n

µ

)

1

an/µ
=

∞
∫

0

e−atµtn−1dt;ℜ (a) > 0,ℜ (n) > 0,

∣

∣

∣

∣

arg

{

n

µ

}∣

∣

∣

∣

< π;µ > 0.

(1.9)

2. Differential Properties

In this section, we derive some differential properties of functions defined in (1.5)
and (1.6).

Theorem 2.1. If m
h Jv (z) is defined as (1.5) then for |z| < ∞, |arg z| < π,m and v ∈

C;m 6= 0 and h > 0

d

dz

[

z−vm
h Jv (z)

]

= −2
h
m

−1z1−v− h
m

m
h Jv+ h

m
(z) (2.1)

m
h J ′

v (z)−
v

z
m
h Jv (z) = −2

h
m

−1z1−
h
m

m
h Jv+ h

m
(z) (2.2)

d

dz

[

z(2vm/h)−vm
h Jv (z)

]

=
z(

2vm
h

+ 1
m )−v−1

h
m
h Jv− 1

m
(z) (2.3)

m
h J ′

v (z) +

(

2mv
h − v

)

z
m
h Jv (z) =

z
1
m

−1

h
m
h Jv− 1

m
(z) (2.4)

z
1
m

m
h Jv− 1

m
(z) + h2

h
m

−1z2−
h
m

m
h Jv+ h

m
(z) = 2mvmh Jv (z) . (2.5)
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Proof of (2.1). From definition (1.5),

d

dz

[

z−vm
h Jv (z)

]

=
d

dz

[

∞
∑

k=0

(−1)
k
z2k

Γ (1 +mv + hk) k! (2)
2k+v

]

On differentiating term by term, we get

d

dz

[

z−vm
h Jv (z)

]

=

∞
∑

k=1

(−1)
k
z2k−1

Γ (1 +mv + hk) (k − 1)! (2)
2k+v−1

.

On setting k = r + 1and simplification, gives

d

dz

[

z−vm
h Jv (z)

]

= −2
h
m

−1z1−v− h
m

∞
∑

r=0

(−1)r

Γ
(

1 +m
{

v + h
m

}

+ hr
)

(r)!

(z

2

)2r+v+ h
m

.

This can be written as

d

dz

[

z−vm
h Jv (z)

]

= −2
h
m

−1z1−v− h
m

m
h Jv+ h

m
(z) .

This completes the proof. �

Proof of (2.2). Development of the left hand side of (2.1) gives

−vz−v−1m
h Jv (z) + z−vm

h J ′
v (z) = −2

h
m

−1z1−v− h
m

m
h Jv+ h

m
(z) .

Further simplifications lead us to (2.2). �

Proof of (2.3). Starting from left hand side of (2.3), we get

d

dz

[

z(2vm/h)−vm
h Jv (z)

]

=
d

dz

[

∞
∑

k=0

(−1)k z2k+(2vm/h)

Γ (1 +mv + hk) k!22k+v

]

.

On differentiating term by term in the right hand side, we get

d

dz

[

z(2vm/h)−vm
h Jv (z)

]

=
1

h

∞
∑

k=0

(−1)k (hk +mv) z(2k+2vm/h)−1

Γ (1 +mv + hk) k!22k+v−1

Using the property of Gamma function, we get

d

dz

[

z(2vm/h)−vm
h Jv (z)

]

=
z(

2vm
h

−1+ 1
m )−v

h

∞
∑

k=0

(−1)
k

Γ
(

1 +m
(

v − 1
m

)

+ hk
)

k!

(z

2

)2k+v− 1
m

,

Further simplification leads us to the right hand side of (2.3).
This completes the proof. �

Proof of (2.4). Development in the left hand side of (2.3) yields

z(2vm/h)−vm
h J ′

v (z)+

(

2mv

h
− v

)

z(2vm/h)−v−1m
h Jv (z) =

z(
2vm
h

+ 1
m )−v−1

h
m
h Jv− 1

m
(z) .

On dividing both sides by z(2vm/h)−v , we get

m
h J ′

v (z) +

(

2mv
h − v

)

z
m
h Jv (z) =

z
1
m

−1

h
m
h Jv− 1

m
(z) .

This completes the proof. �
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Proof of (2.5). From (2.4), we can write

z
1
m

−1

h
m
h Jv− 1

m
(z)−

(

2mv
h

)

z
m
h Jv (z) =

m
h J ′

v (z)−
v

z
m
h Jv (z) .

On making the use of (2.2) and simplification leads to the proof of (2.5). �

Theorem 2.2. If hJ
m
v (z) is defined as (1.6) then for h > 0; |z| < ∞; |arg z| <

π;m and n ∈ N; v ∈ N ∪ {0}
dn

dzn
[hJ

m
v (z)] = (−1)

n
hJ

m
v+ n

m
h (z) (2.6)

θn [hJ
m
v (z)] = (−z)n hJ

m
v+nh

m

(z) (2.7)

where θn is defined as (1.8) and θ ≡ z d
dz

{

z
d

dz

(

z
d

dz
− 1

)(

z
d

dz
− 2

)

...

(

z
d

dz
− n+ 1

)

− zn
dn

dzn

}

hJ
m
v (z) = 0 (2.8)

Proof of (2.6). From definition (1.6), we get

d

dz
[hJ

m
v (z)] =

d

dz

[

∞
∑

k=0

(−1)
k
zk

Γ (1 +mv + hk) k!

]

.

On differentiating term by term of right hand side, we get

d
dz [hJ

m
v (z)] =

∞
∑

k=1

(−1)kzk−1

Γ(1+mv+hk)(k−1)! . On setting k = r + 1, we get

d

dz
[hJ

m
v (z)] = −

∞
∑

r=0

(−1)
r
zr

Γ
(

1 +m
(

v + h
m

)

+ hr
)

(r)!
.

Therefore,
d

dz
[hJ

m
v (z)] = −hJ

m
v+ h

m

(z) . (2.9)

On differentiating (2.9) with respect to z, we get

d2

dz2
[hJ

m
v (z)] =

d

dz

[

−hJ
m
v+ h

m

(z)
]

.

Further making the use of (2.9), gives

d2

dz2
[hJ

m
v (z)] = (−1)

2
hJ

m
v+ 2h

m

(z) .

On repeating the same process with the help of (2.9) leads us to the proof of
(2.6). �

Proof of (2.7). We prove this result by mathematical induction.
From (1.8) and (2.9), we can write

θ1 [hJ
m
v (z)] = (−z)

1
hJ

m
v+ h

m

(z) .

Hence, the result is true for n = 1.
Let the result is true for some n = k,

θk [hJ
m
v (z)] = (−z)

k
hJ

m
v+ kh

m

(z) (2.10)

Now, using (1.8),

θk+1 ≡ θk (θ − k) ,
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θk+1 [hJ
m
v (z)] = θk (θ − k) [hJ

m
v (z)] ,

Using (2.10),

θk+1 [hJ
m
v (z)] = (θ − k)

[

(−z)
k
hJ

m
v+ kh

m

(z)
]

Development in the left hand side gives

θk+1 [hJ
m
v (z)] = k (−z)

k
hJ

m
v+ kh

m

(z) + (−z)
k+1

hJ
m

v+ (k+1)h
m

(z)− k (−z)
k
hJ

m
v+ kh

m

(z)

This gives result for n = k+1. Hence result is true for every positive integer n. �

Proof of (2.8). Using (2.6) and (2.7),
(

z
d

dz

)n

[hJ
m
v (z)] = zn

dn

dzn
[hJ

m
v (z)]

Further simplification gives (2.8). �

3. Integral involving Generalized Bessel Functions

In this section we derive some integral expression involving functions defined in
(1.5) and (1.6).

Theorem 3.1. If m
h Jv (x) is defined as (1.5) then for ℜ (a) ,ℜ (b) ,ℜ (c) and ℜ (v) >

0;µ and h > 0;m ∈ N ∪ {0} ; v ∈ C
∞
∫

0

xc−1e−axµm
h Jv (bx) dx

= a
v+c
µ bv2

v(1−µ)+c−µ
µ

√
πµ

∞
∑

k=0

(−1)ka
−

2k
µ b2k2

2k(1−µ)
µ

Γ(1+mv+hk)k! Γ
(

2k+v+c
2µ

)

Γ
(

2k+v+c+2µ
2µ

)

.

(3.1)

Proof of Theorem 3.1. Now, let denote the R.H.S. of (3.1) by I and using the def-
inition (1.5),

I =

∞
∑

k=0

(−1)
k

Γ (1 +mv + hk) k!

(

b

2

)2k+v
∞
∫

0

e−axµ

x2k+v+c−1dx. (3.2)

Using (1.9), we have

I =

∞
∑

k=0

(−1)
k

Γ (1 +mv + hk) k!

(

b

2

)2k+v
1

µ
Γ

(

2k + v + c

µ

)

1

a
2k+v+c

µ

. (3.3)

Using well-known duplication formula for Gamma function (see [2]),

Γ

(

2k + v + c

µ

)

=
2

2k+v+c−µ
µ

√
π

Γ

(

2k + v + c

2µ

)

Γ

(

2k + v + c+ 2µ

2µ

)

. (3.4)

Use of (3.4) in (3.3) leads the result (3.1) �

Theorem 3.2. If hJ
m
v (x) is defined as (1.6) then for ℜ (a) ,ℜ (b) ,ℜ (c) and ℜ (v) >

0;µ and h > 0;m ∈ N ∪ {0} ; v ∈ C
∞
∫

0

xc−1e−axµ

hJ
m
v (bx) dx

= 2
µ
√
π

∞
∑

k=0

(−b)k

Γ(1+mv+hk)k!

(

2
a

)
k+c
µ Γ

(

k+c
2µ

)

Γ
(

k+c+2µ
2µ

)

.
(3.5)

Here note that the proof of Theorem 3.2 is similar to Theorem 3.1.
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4. Some special cases and Graphs

In this section, we discuss some special cases and graphs of m
h Jv (z) and hJ

m
v (z)

for different values that exhibit very interesting behavior of these functions.
Some special cases of m

h Jv (x) are listed below:

2
2J 3

2
(x) =

1

24
x3/2

√
20F2

(

−; 2,
5

2
;

(−x2

16

))

(4.1)

2
3J 1

2
(x) =

1

2

√
2x0F3

(

−;
2

3
, 1,

4

3
;

(−x2

108

))

(4.2)

3
3
2

J 1
2
(x) = 2

2

√

2x
π 0F4

(

−; 12 ,
5
6 ,

7
6 ,

3
2 ;
(

x4

1728

))

− 1
48x

5/2
√
20F4

(

−; 43 ,
3
2 ,

5
3 , 2;

(

x4

1728

)) (4.3)

1
1J 1

2
(x) =

√

2

πx
sinx (4.4)

1
1J− 3

2
(x) = −

√

2

πx

(

x sinx+ cosx

x

)

(4.5)

Some special cases of hJ
m
v (x) are listed below:

4J
−2
3
2

(x) = −x0F4

(

−;
1

2
,
3

4
,
5

4
, 2;

(−x

256

))

(4.6)

2J
2
1
2
(x) =

√
20F2

(

−; 1,
3

2
;

(−x

4

))

(4.7)

1
2
J3

1
2
(x) =

4

3
√
π

0F2

(

−;
1

2
,
5

2
;

(

x2

4

))

− 1

2
x0F2

(

−;
3

2
, 3;

(

x2

4

))

(4.8)

1J
1
1
2
(−x) =

1√
πx

sinh
(

2
√
x
)

(4.9)

1J
1
− 3

2
(−x) =

1

2

(

2 sinh (2
√
x) + cosh (2

√
x)√

π

)

(4.10)
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Some graphs are listed below:

Figure 1. Graphs of m
h Jv (x)

Figure 2. Graphs of m
h Jv (x)
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Figure 3. Graphs of m
h Jv (x)

Figure 4. Graphs of hJ
m
v (x)
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Figure 5. Graphs of hJ
m
v (x)

Figure 6. Graphs of hJ
m
v (x)
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Figure 7. Conformal Map of m
h Jv (z)

Figure 8. Conformal Map of m
h Jv (z)
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Figure 9. Conformal Map of hJ
m
v (z)

Figure 10. Conformal Map of hJ
m
v (z)
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