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KANTOROVICH PROCESS OF LINEAR POSITIVE OPERATORS
VIA BIORTHOGONAL POLYNOMIALS

GURHAN ICOZ, FATMA TASDELEN YESILDAL AND OGUN DOGRU

ABSTRACT. The goal of this paper is to investigate the Kantorovich type gen-
eralization of the operators L. Firstly, we remember Konhauser polynomials
and some inequalities of the operators. Then, we present the integral exten-
sion of Ly,,. Also, we study the approximation properties of these operators in
C'[0,b] norm. In the following section, we will give the order of approximation
by using modulus. Finally, we introduce the r — th order generalization of
these operators and we obtain approximation properties of them.

1. INTRODUCTION

In [9], the following sequence of linear positive operators (similarly in []]) were
considered:

B 080 = s S 1 (i gy ) Y0 G027, )

where z € [0,1), t € (—00,0], k <n+ 1 and {F, (x,t)} is the generating functions
for the sequence of functions {YU(") (t; k:)} (see [12] [13)) in the form

F, (x,t) = i Y™ (t; k) 2V (1.2)
v=0

and
n+1

Fy(a,t) = (1—2)" "% exp (—t [(1—95)*% —1}) (1.3)

also Y™ (t;k) > 0 for t € (—o0,0]. Notice that and were given by
Carlitz [5]. It can be easily seen that the operators L., defined in , is the
generalization of many well-known operators.

If we choose k=1 in , then the operators turn out to be

P (i) = (1= 0" e (2 )if( L)L )

11—z v+n
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which was introduced in [6]. For ¢t = 0 in P, (f;x), we get
o0
v n—+v
M, (f:z) = (1 —z)" zv.
n(fim) =1 -w) UZ:jOf ) U

These operators are called as Bernstein power series by Cheney and Sharma in [6].
The following results:

(L) 0 t58) ~ el < 7t 0
, , b kKltb kb
(s @8 =gy < il * iy @

are obtained in [9].
Firstly, we introduce the Kantorovich type generalization of the operators L,,.
Let us denote by M [0,b] (0 < b < 1), the class of measurable functions on [0, b] .

We modify the operators L,, (similarly in [2]) by replacing f (m) in

|i with an integral mean of f (x) over a small interval [ k(v_f)’ e kvi";llﬂ} as
ollows:
* v+n n vk+ u
(Lnf) (_’L‘7 t; ]{) = Fn(la:;t) Z k +n +1 Y’U( ) (t; k) ‘/I"gk} +kv+n+l f (k(v71)+n+1) du

v=0
(1.6)
where f € M [0, (0<b<1),z€]0,1),t€ (—00,0] and k < n + 1.
Notice that, this modification involves the Kantorovich type generalization of
the operators P,, and M,,.

2. APPROXIMATION PROPERTIES IN C'[0, D]

In this section, in order to obtain uniform convergence of the linear operators
L, we will use the classical Bohman-Korovkin theorem (see [4, [I4]).

If f is continuous on [0,b] and % — 0 then L} converges to f uniformly on
[0,0].

Proof. By (|1.2)), it is obvious that
(LX) (z,t; k) = 1. (2.1)
Consider then the function f (s) = s. From (L.1)) and (1], we have

%)
* . _ 1 1 n n . v
(LnS) (.T, t, k) T Fu(zst) Z 2(k(v—1)+n+1) (2’Uk' + m) YU( ) (t, ]{i) T
v=0
— . 1 n n (4. v
= (Lns) (2,6 F) + 57,0 Z oD Tt Do Yo (G F)2”.
v=0
2.2 3)

One can easily verify that

1), we get

Fo—D Tt Do) = 1 so0 from this inequality and

oo

1
1 n n . v
2F,, (x;t) Z (k(v—1)+n+1)(kv+n+1) YU( ) (t’ k) o< % (23)

v=0
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Taking maximum over [0,b] from two hand side of (3)), using (2.3)) and (L)) we have
W 1

I(Lys) (z,t: k) — 2l oo < n =5 "o (2.4)
On the other hand using (|1.1)) we have
(L:s?) (x,t:k) = Fn(lm;t) Z (kutnil) Y™ (t; k) 2V “’“*m(mﬁdu
v=0

= (L,s%) (z,t;k)

1 n (n)
+ D Z Fo—DFnt D hotntD) (o= 1)+n+1Y " (t; k)
=0

00
2
1 n n . v
+3Fn(w;t) Z ((k(u—1)+n+1)(kv+n+1)) YIS ) (t,k‘)ﬂ? 2.5 (4)
v=0

So taking maximum over [0, D]

One can easily see that (k(v71)+nf1)(kv+n+1) < .
from two hand side of and using we have

2
1(Lis?) (@85 K) = 2| ooy < |2 + 7ty + 2] + & (i +0) + 5
(2.6)

From (2.1), (2.4) and (2.6) , the proof is completed. |

3. ORDER OF APPROXIMATION

Let f € C'[0,b]. The modulus of continuity of f denoted by w (f,d), is defined
to be

w(f,0) = S [ (s) = f (@)]-
5,16[0_,17]

It is well known that necessary and sufficient condition for a function f € C'[0, ]
is 511m+ w(f,0) =0. It is also well known that for any ¢ > 0 and each s € [0, 8]
—0

Fe-r@le(re (14250, (3.1)

The next results gives the rates of convergence of the sequence L} f to f by the
means of the modulus continuity.
If feC[0,b] (0<b<1)and % — 0(n — oo) then we have

(L7 ) (ot k) = | (Dl o < 20 (f56n)

where

6 = milsy (k430 + 1) + (b +2) £+ L. (3.2)

Proof. Let f € C'[0,b]. By linearity and monotonicity of L and using (3.1), we
obtain

(LEF) (@t k) — £ (@)] < w (£,5) (1 b o (L ls = al) oot k)) .
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By the Cauchy-Schwarz inequality, we have

(@) k) = @ < w50 (143 (B 6= o) @en) ). @)
So by and 7 we have

* 2 . * 2 . 2
|(z =) @asm| < 1) @ t8) =22
+2b([(Ly,s) (z, k) — 2l oo,
t|b> E|t|b t|b k+1)b
< nl(l‘—b) + n(l—lb) + nzl(l‘—b) + { n ) + 3%
tb
+2b( 1 + )34 (5)

If we take maximum on [0, b] in (3.3]) and use (5, then we have
L) ) = £ Olegon < 29 (F60)
where §,, is given by (3.2) . a

Now, we get the rates of convergence of the sequence L} f to f by means of the
elements of the Lipschitz class Lipy (@), for 0 < a < 1.
We recall that a function f belongs to Lipps (o) if the inequality

[f (s) = f ()] < M]s— x| (3.5)
holds for each s,z € [0, b].
If f € Lipy (o) (0<a<1)and % — 0(n — o) then we have

(L) (@t k) = f (@)l g, < MOy

where

6 = /ity (k+3b+ 1)+ (k+2) & + gl

Proof. Let f € Lippy () (0 < @ < 1). By linearity and monotonicity of L} and
(3.5), we write
[(Lyf) (x,t k) — f(x)] < M (Ly, [s — 2|) (z,t: k) .

By the Holder inequality for p = % and ¢ = ﬁ7 we have

(La) @t k) = f @) < M (L5 (s = 2)°) (@, 6:0))
If we take maximum on [0, b] and use () , then we have

1L f) Gt k) = f Ol < Moy

where §,, is the same in Theorem 2. O

Now, we compute the rate of convergence of the sequence L} f to f by means of
the Peetre’s K-functional.

Firstly we recall the following notations.

C?[0,b] := The space of those functions f for which f, f/, " € C'[0,b]. The
norm in the space C? [0, b] was given by

1 fllezo = Ifleon + 1 e + 1 Moo - (3.6)
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The Peetre’s K-functional was introduced by

K(fi0)= _int {7 = gllops + 6 llollcaros }- (37)
The Peetre K-functional and the norm ||.[[c2p) were introduced by Bleimann
Butzer and Hahn in [3] for the space Cp (D) which is the space of uniformly con-
tinuous and bounded functions on D.

If f € CJ0,b] and % — 0(n — o00) then we have

I(Z5f) (ot k) = F Ol < 2K (F:6)

where

« _ 3[tb? kt|b [t]b (k+1)b b 1
O0p = 2n(1-b) + 2n(1—0) + 2n2(1-b) + 2t T

Proof. Let g € C%0,b], from the Taylor expansion for g function, we have
(Lng) (@, t5k) —g ()] < |(Ly, (t —2)) (z, k)| |9’ (2)]
. 2 lg” (=)
+‘(Ln (t—2)) (2.t k)’ L 3 6)
Taking maximum over [0, ] from two hand side (@ and using (2.4 and , we get

I(Lng) (6 R) =g (Ol < II(L*( 2)) (ot )l oo 119" Ollogo e

(=) 1R o 19" Ollegony
< (n(‘;'_bb) +35) 9’ Olloos
+3 {nl(tl‘izb) + n,(cl‘t—ll;)) + an(tllib) + 00y L
26l + )} 9" Ollego
<

3[t[p? K[t]b t[b k+1)b
{n(‘ll b) + n(l ‘b) + n2|(1‘—b) + : n )
o+ gzt 19O llezpy -39 (7)
On the other hand, it is obvious that
(Lo f) (@5 k) = f (@) < [(Ly, (f = 9)) (z, k)| + |f (x) — g ()]
+1(Lyg) (z, t; k) — g ()] .3.10 (8)
Taking maximum over [0, b] from two hand side of and using we can write
[(Lnf) (2, t:k) — f (x)HC[O,b] <2 {”f () —g (ff)”c[o,b] +0nllg (x)”c?[o,b]} .

(3.11)
If we take infimum over g € C? [0, b] from two hand side of (3.11]) and choose

(lc+1)

3t k|t]b [t]b 1
on = 2n(1-b) + 2n(1-b) + 2n2(1-b) + + % + Gz

then the proof is completed. (I
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4. r —th ORDER GENERALIZATION OF THE OPERATORS L}

Let’s denote by C"[0,b], (0 <b< 1, r=0,1,2,...), the set of all functions f
having continuous r — th derivative f(") (f(o) (z) = f (z)) on the segment [0,b].

Similarly in [IT] (see also [1L [7, [10]), consider the following generalization of the
positive linear operators L} defined by

(L:;rf) (;L'ﬂf; k) = Fn(lm;t) Z kv+nn+1 Yv(n) (t; k) e
v=0
Xzz+m T f ( o= 1)4_n+1)(3’7 W) du
4.1 9)
where f € C"[0,0], r 0, 1,2 ... and n € N. Note that taking r = 0 we get the

sequence L defined by (|L.6|
If feC"[0,b] and f( szM «) then we have

* M @
(L5, f) (@t k) — f (x)HC[O,b] mﬁB (a,r)
* _ a+r .
<[z te—a) ],
where B (a,r) is the beta function and r, n € N.
Proof. By (2.1) and @D, we have
J@) = (L) @ k) = gy Y0 BV (4 ) 0y AR [ ()
v=0
(o= m=stzer)’
—j= Of (k(u 1 +n+1) 71 Jdu.
4.2 (10)

It is known from Taylor’s formula (see [I1]) that

J
_ r ) u (.’IJ - k:('ufl)JrnJrl)
j;ofj (k(v—1)+n+1) j

J!

()

= =D (1—s)" [f(r) (m +s (x - m))

- 1 (m) d“} :
4.3 (11)

Ot —

Since f() € Lipy (), one can get

7 (e + 5 (7~ wottem)) — £ (et

< Ms® “’3 ~ RO T
4.4 (12)

[e%
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From the well known expansion of the beta function we can write
1

/ (1—3s)""" s%s = n rB (a,7). (4.5)

(07
0

Now using (4.5) and in (TI]), we conclude that

r

f(z) - Z 9 (k(v711;+n+1) (z_W)

J

j=0
a+r
M a u
< werar B (@) 1T - s
4.6 (13)
Taking into consideration and , then the proof is completed. O

Now, consider the function g € C[0,b] defined by g(s) = |s —z|*"". Since

g (x) = 0, Theorem 1 yields lim [|(Lng) (z,t;k)| o4 = 0- So, from Theorem 5,
n— oo ’
for all f € C" [0,b] such that f") € Lipys (a), we have
Tim (L5, 6) Cotsk) = F Ol oo = O
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