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A NEW SPECTRUM OF MOCK THETA FUNCTIONS OF

ORDER TWO

PANKAJ SRIVASTAVA, ANWAR JAHAN WAHIDI

Abstract. The aim of the present paper is to established certain new repre-

sentations of Mock theta functions of order two and relationships among the

partial Mock theta functions and Mock theta functions of order two as well as
relationships among the Hikamis Mock theta functions.

1. Introduction

The Mock theta functions, most famous and very interesting topic in the Ra-
manujans Lost note book, were first introduced by Ramanujan in his last letter to
G.H. Hardy in January 1920. The celebrated letter contains a list of 17 functions
that were classified into four of order three, ten of order five and three of order
seven by Ramanujan though he gave no indication, what these orders were. G.N.
Watson [21] in his famous lecture The final problem given on the occasion of his
retirement as President of London Mathematical Society in 1935 introduced the
mathematical world about a new class of functions that Ramanujan discovered and
mentioned as Mock theta functions. After the discovery of Ramanujans Lost note
book Mock theta functions were supplemented by Mock theta functions of order
two, order six, order eight and order ten by Andrews and Hickerson [1], Gordon
and McIntosh [11] and Choi [6] respectively. The beautiful aspects of these mock
theta functions have been investigated extensively during the end of 20th century
and even a number of remarkable results have been noticed in the beginning of
21st century. The transformation theory has played a vital role in enriching the
literature of Mock theta functions. A number of representations of Mock theta
functions given by R.P. Agarwal [2, 3, 4], Fine [10], R.Y. Denis and S.N. Singh
[7], R.Y. Denis, S.N. Singh and S.P. Singh [8], R.Y. Denis, S.N. Singh and D. Su-
lata [9], Pankaj Srivastava [20], S. Ahmad Ali [5], A.K. Srivastava [16], Maheshwar
Pathak and Pankaj Srivastava [15], Bhaskar Srivastava [17, 18] and etc. Recently
McIntosh [14] has introduced a class of Mock theta functions and mentioned them
Mock theta functions of order two. Later on Hikami [12, 13] in 2005 and 2006 gave
new Mock theta functions of order four, order eight and order two respectively but
he was silent about their relationship. Andrews attempted to develop double series
representations of fifth, sixth and seventh order mock theta functions by making
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use of Heck operators. Later on B. Srivastava [17] used Bailey pair method to de-
velop double series representations of one of the Mock theta function of order two
and also developed relation between second order Mock theta functions D5(q) and
B(q) only.
In this paper, we have three aims; our first aim is to establish a bunch of double
series representations of all Mock theta functions of order two in a very compact
form by making use of identities due to H.M. Srivastava and V.K. Jain [19], Singh
and Denis [7] respectively. Our second aim is to develop relationships among the
partial Mock theta functions and Mock theta functions of order two making use
of identity due to Srivastava [16]. As per the third aim, we have used the Srivas-
tavas [16] identity again to develop relationship among the Mock theta functions
D5(q),D6(q), I12(q) and I13(q) introduced by Hikami [12, 13].

2. Definitions and Notations

We shall use the following usual basic hypergeometric notations. The q-shifted
factorial is defined by

for |q| < 1 and |qr| < 1

(a; q)n =

n−1∏
s=0

(1− aqs), n ≥ 1.

(a; qr)n =

n−1∏
s=0

(1− aqrs), n ≥ 1.

(a; q)0 = 1, (a; qr)0 = 1.

(a; qr)∞ =

∞∏
s=0

(1− aqrs).

Definitions and Notations of Mock theta functions that shall be used in our analysis
are as:
Mock theta functions of order two
Recently McIntosh[14] defined the second order mock theta functions:

A(q) =

∞∑
n=0

q(n+1)2(−q; q2)n
(q; q2)2(n+1)

=

∞∑
n=0

q(n+1)(−q2; q2)n
(q; q2)n+1

(2.1)

B(q) =

∞∑
n=0

qn(n+1)(−q2; q2)n
(q; q2)2n+1

=

∞∑
n=0

qn(−q; q2)n
(q; q2)n+1

(2.2)

µ(q) =

∞∑
n=0

(−1)nqn
2

(q; q2)n
(−q2; q2)2n

(2.3)

Hikami[13] introduced mock theta function of order two as:

D5(q) =

∞∑
n=0

qn(−q; q)n
(q; q2)n+1

(2.4)
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Hikami [12] introduced mock theta functions of order four and order eight as:

D6(q) =

∞∑
n=0

qn(−q2; q2)n
(qn+1; q)n+1

(2.5)

I12(q) =

∞∑
n=0

q2n(−q; q2)n
(qn+1; q)n+1

(2.6)

I13(q) =

∞∑
n=0

qn(−q; q2)n
(qn+1; q)n+1

(2.7)

D6(q) is of order four, I12(q) and I13(q) are of order eight.

If F(q)=
∑∞
n=0 f(q, n) is a mock theta function, then the corresponding partial

mock theta function is denoted by the truncated series, Fp(q) =
∑p
n=0 f(q, n).

3. We have used the following identities which are as follows:

The identity due to H.M. Srivastava and V.K. Jain [19] is as:

∞∑
l,m=0

Ωl+m
(λ; q)l(µ; q)m(µ)lzl+m

(q; q)l(q; q)m
=

∞∑
n=0

Ωn
(λµ; q)nz

n

(q; q)n
, (3.1)

where (Ωn)
∞
n=0 is a bounded sequence of complex numbers and the parameter λ

and µ are essentially arbitrary.
The identity due to S.N. Singh and Denis [7] is as:

∞∑
n=0

(aq/bc; q)nΩnx
n

(q, aq/b, aq/c; q)n
=

∞∑
l,m=0

(a, bc; q)m(1− aq2m)(−axq/bc)mqm(m−1)/2Ωl+mx
l

(q, aq/b, aq/c; q)m(1− a)(aq; q)2m+l(q; q)l
(3.2)

The identity due to Srivastava [16] is as:

n∑
r=0

αr

n∑
m=0

δm =

n∑
m=0

δm

m∑
r=0

αr +

n−1∑
r=0

αr+1

r∑
m=0

δm. (3.3)

4. Main Results

We have discussed the main results in three sections. The first section deals with
alternative representations of Mock theta function of order two and in the second
section, we have provided relations among the partial Mock theta functions and
Mock theta functions of order two. Finally in the section three, we have discussed
relationships among the newly introduced Hikamis mock theta function.

4.1. New representations of Mock theta functions of order two.

A(q) =

∞∑
n=0

q(n+1)2(−q; q2)n
(q; q2)2n+1

= (1− q)
∞∑

l,m=0

(−q; q2)l+mq
(l+m+1)2+l

(q; q2)2l+m+1(1− ql+m+1)
. (4.1)

A(q) =

∞∑
n=0

qn+1(−q2; q2)n
(q; q2)n+1

= (1− q)
∞∑

l,m=0

(−q2; q2)l+mq
2l+m+1

(q; q2)l+m+1(1− ql+m+1)
. (4.2)
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A(q) =

∞∑
n=0

(−q; q2)nq
(n+1)2

(q; q2)2n+1

=

∞∑
l,m=0

(−1)m(−q; q2)l+mq
(l+m+)2+m(m+1)/2

(q; q2)2l+m+1(q; q)l(q; q)m
. (4.3)

A(q) =

∞∑
n=0

(−q2; q2)nq
(n+1)

(q; q2)n+1
=

∞∑
l,m=0

(−1)m(−q2; q2)l+mq
(m2+3m+2l+2)/2

(q; q2)l+m+1(q; q)l(q; q)m
. (4.4)

B(q) =

∞∑
n=0

qn(n+1)(−q2; q2)n
(q; q2)2n+1

= (1− q)
∞∑

l,m=0

q(l+m)2+2l+m(−q2; q2)l+m
(1− ql+m+1)(q; q2)2l+m+1

. (4.5)

B(q) =

∞∑
n=0

qn(−q; q2)n
(q; q2)n+1

= (1− q)
∞∑

l,m=0

q2l+m(−q; q2)l+m
(1− ql+m+1)(q; q2)l+m+1

. (4.6)

B(q) =

∞∑
n=0

qn(n+1)(−q2; q2)n
(q; q2)2n+1

=

∞∑
l,m=0

(−1)mq(2l
2+3m2+3m+2l+4lm)/2

(q; q2)2l+m+1(q; q)l(q; q)m
. (4.7)

B(q) =

∞∑
n=0

qn(−q; q2)n
(q; q2)n+1

=

∞∑
l,m=0

(−1)mq(m
2+3m+2l)/2

(q; q2)l+m+1(q; q)l(q; q)m
. (4.8)

µ(q) =

∞∑
n=0

(−1)nqn
2

(q; q2)n
(−q2; q2)2n

= (1− q)
∞∑

l,m=0

(−1)l+mq(l+m)2+l(q; q2)l+m
(1− ql+m+1)(−q2; q2)2l+m

. (4.9)

µ(q) =

∞∑
n=0

(−1)nqn
2

(q; q2)n
(−q2; q2)2n

= (1− q)
∞∑

l,m=0

(−1)l+2mq(2l
2+3m2+4lm+m)/2(q; q2)l+m

(q; q)l(q; q)m(−q2; q2)2l+m
.

(4.10)

D5(q) =

∞∑
n=0

qn(−q; q)n
(q; q2)n+1

=

∞∑
l,m=0

q2l+m(q2; q2)l+m
(q; q2)l+m+1(q2; q)l+m

. (4.11)

D5(q) =

∞∑
n=0

qn(−q; q)n
(q; q2)n+1

=

∞∑
l,m=0

(−1)mq(m
2+3m+2l)/2(q; q)l+m

(q; q2)l+m+1(q; q)l(q; q)m
. (4.12)

4.2. Relationship among the partial mock theta functions and mock theta
functions of order two.

D5n(q)An(q) =

n∑
m=0

q(m+1)2(−q; q2)m
(q; q2)2m+1

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
Ar(q).(4.13)

D5(q)A(q) =

∞∑
m=0

q(m+1)2(−q; q2)m
(q; q2)2m+1

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
Ar(q). (4.14)

D5n(q)Bn(q) =

n∑
m=0

qm(m+1)(−q2; q2)m
(q; q2)2m+1

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
Br(q).(4.15)
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D5(q)B(q) =

∞∑
m=0

qm(m+1)(−q2; q2)m
(q; q2)2m+1

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
Br(q). (4.16)

D5n(q)µn(q) =

n∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
µr(q).(4.17)

D5(q)µ(q) =

∞∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
µr(q). (4.18)

An(q)Bn(q) =

n∑
m=0

qm(m+1)(−q2; q2)m
(q; q2)2m+1

Am(q) +

n−1∑
r=0

q(r+2)2(−q; q2)r+1

(q; q2)2r+2

Br(q).(4.19)

A(q)B(q) =

∞∑
m=0

qm(m+1)(−q2; q2)m
(q; q2)2m+1

Am(q) +

∞∑
r=0

q(r+2)2(−q; q2)r+1

(q; q2)2r+2

Br(q). (4.20)

An(q)µn(q) =

n∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

Am(q) +

n−1∑
r=0

q(r+2)2(−q; q2)r+1

(q; q2)2r+2

µr(q).(4.21)

A(q)µ(q) =

∞∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

Am(q) +

∞∑
r=0

q(r+2)2(−q; q2)r+1

(q; q2)2r+2

µr(q). (4.22)

Bn(q)µn(q) =

n∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

Bm(q) +

n−1∑
r=0

q(r+1)(r+2)(−q2; q2)r+1

(q; q2)2r+2

µr(q).(4.23)

B(q)µ(q) =

∞∑
m=0

(−1)mqm
2

(q; q2)m
(−q2; q2)2m

Bm(q) +

∞∑
r=0

q(r+1)(r+2)(−q2; q2)r+1

(q; q2)2r+2

µr(q).(4.24)

4.3. Relationship among Hikami’s mock theta functions.

D5n(q)D6n(q) =

n∑
m=0

qm(−q2; q2)m
(qm+1; q)m+1

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
D6r(q). (4.25)

D5(q)D6(q) =

∞∑
m=0

qm(−q2; q2)m
(qm+1; q)m+1

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
D6r(q). (4.26)

D5n(q)I12n(q) =

n∑
m=0

q2m(−q; q2)m
(qm+1; q)m+1

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
I12r(q). (4.27)

D5(q)I12(q) =

∞∑
m=0

q2m(−q; q2)m
(qm+1; q)m+1

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
I12r(q). (4.28)

D5n(q)I13n(q) =

n∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

D5m(q) +

n−1∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
I13r(q). (4.29)
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D5(q)I13(q) =

∞∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

D5m(q) +

∞∑
r=0

q(r+1)(−q; q)r+1

(q; q2)r+2
I13r(q). (4.30)

D6n(q)I12n(q) =

n∑
m=0

q2m(−q; q2)m
(qm+1; q)m+1

D6m(q) +

n−1∑
r=0

q(r+1)(−q2; q2)r+1

(qr+2; q)r+2
I12r(q).(4.31)

D6(q)I12(q) =

∞∑
m=0

q2m(−q; q2)m
(qm+1; q)m+1

D6m(q) +

∞∑
r=0

q(r+1)(−q2; q2)r+1

(qr+2; q)r+2
I12r(q). (4.32)

D6n(q)I13n(q) =

n∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

D6m(q) +

n−1∑
r=0

q(r+1)(−q2; q2)r+1

(qr+2; q)r+2
I13r(q).(4.33)

D6(q)I13(q) =

∞∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

D6m(q) +

∞∑
r=0

q(r+1)(−q2; q2)r+1

(qr+2; q)r+2
I13r(q). (4.34)

I12n(q)I13n(q) =

n∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

I12m(q) +

n−1∑
r=0

q2(r+1)(−q; q2)r+1

(qr+2; q)r+2
I13r(q).(4.35)

I12(q)I13(q) =

∞∑
m=0

qm(−q; q2)m
(qm+1; q)m+1

I12m(q) +

∞∑
r=0

q2(r+1)(−q; q2)r+1

(qr+2; q)r+2
I13r(q). (4.36)

5. Proof of main results

5.1. Proof of section (4.1). As an illustration, we shall prove results (4.1) and
(4.2).

To prove (4.1) replace Ωn by Ωn
(a2;q2)n
(λµ;q)n

in (3.1) and then we take λ = µ = q and

z = q, after some simplification, identity (3.1) becomes

∞∑
n=0

Ωn(−q; q)nqn =
∞∑

l,m=0

Ωl+m
(q2; q2)l+mq

2l+m

(q2; q)l+m
. (5.1)

Choosing Ωn = (−q;q2)nq(n+1)2−n

(q;q2)2n+1(−q;q)n
in (5.1) and simplifying further, we obtain the

result (4.1).
To prove (4.2), assuming a = bc and taking b = c = 0 in (3.2) and further putting
x=q, we get

∞∑
n=0

Ωnq
n =

∞∑
l,m=0

Ωl+m
(−1)mql+mqm(m+1)/2

(q; q)l(q; q)m
. (5.2)

Taking Ωn = (−q;q2)nq(n+1)2−n

(q;q2)2n+1
in (5.2) and after simplification we get the result

(4.2).
Similarly, suitable selections of Ωn and making use of respective identity one can
establish the results (4.3) to (4.12).
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5.2. Proof of section (4.2 and 4.3). As an illustration, we shall prove the result
(4.13 ).

Taking αr = qr(−q;q)r
(q;q2)r+1

and δm = q(m+1)2 (−q;q2)m
(q;q2)2m+1

in identity (3.3) and after simplifi-

cation, we get (4.13),which provides the relationship among the partial Mock theta
function of order two.
Again taking limn→∞ in (4.13), we obtain relation (4.14), which provides the rela-
tionship among partial Mock theta function and Mock theta function of order two.
Choosing properly the value of αr and δm and proceeding as above, one can obtain
the results (4.15) to (4.36).
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