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RELATIONSHIP BETWEEN CHARACTERIZATIONS OF THE
Q-GAMMA FUNCTION

HEDI ELMONSER & KAMEL BRAHIM & AHMED FITOUHI

ABSTRACT. In this work we are interested by giving two new characterizations
of the ¢-Gamma function other than given by Askey and show that there
are intimately related. This study leads to discover a good candidate of the
analogue of the Euler’s constant.

1. INTRODUCTION

In literature the characterisations of the well known Gamma function are stud-
ied by many authors. For our study let us recall the following ones. We begin by
recalling that In 1922, Bohr and Mollerup [2] proved their famous theorem:

Theorem 1. If a function f(x) satisfies the following three conditions:
(a) f(z+1) =af(z),

(b) F(1) = 1,

(c) Logf(x) is convex for x >0,

then f(x) =T'(z).

A second characterization formulated and proved by Laugwitz and Rodewald [3]
says that the convexity of InI'(z) can be replaced by the property, call it property
(L), that the function L(z) = InT'(z + 1) satisfies:

Lin4+2z)=Ln)+zn(n+ 1) + r,(x),

where 7, (z) — 0 as n — +o0.

In [8], the author gave a third characterization and proved how are these char-
acterizations related:

Theorem 2. The Gamma function is the unique positive function f on ]0,+00]
satisfying the following three properties:

(a) f(x+1) =zf(x)

(b)f(1) =1

(c) f(x+n)= f(n)n"t,(x), where t,(x) = 1 as n — co.
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The ¢-Gamma function, a g-analogue of Euler’s Gamma function, was introduced
by Jackson [5]. As same as the Gamma function, the g-Gamma function played an
important role in g-analysis and many interesting results are derived.

In 1978, R. Askey [I] proved that the g-Gamma function satisfies a g-analogue
of the Bohr-Mollerup theorem:

Theorem 3. The function I'y(z) is uniquely determined by the conditions:
(a) Ty(x +1) = [z],Tq(2).
(b) Ty(1) = 1.

(c) LogT'y(x) is convex for positive x.

Since the first characterization of ¢-Gamma function was given by Askey [1], in
the present paper we only show explicitly the second one because the third can be
deduced easily. Our aim is to prove that they are intimately related. The reader
can found in this work a g-analogue of the well-known Euler’s constant.

2. NOTATIONS AND PRELIMINARIES

We recall some usual notions and notations used in the g-theory (see [4] and [6]).
Throughout this paper, we assume ¢ €]0, 1[.

For a € C, the g-shifted factorials are defined by

n—1
(a;Q)O = 17 (a;Q)n = H(l_a’qz) = (l_a)(l_a’(I)(l_aqnil)a n= 1a25 """ (21)
i=0
(a:q)oe = [ J(1 = ag"). (2.2)
i=0
We also denote )
= 2
[x]q 1_q7 Z‘E(C, ( 3)
and
(@ @)n
nly) = -—"——, neN 2.4
Inspired by the relation
(@)= 5D e, (25)
(aq™; q)oo

It’s natural to generalize the notion of the g-shifted factorial in the following way:
for any number «, define

(a;9)oo
;) = —2 B 2.6
(@9) (aq%; @)oo (26)
For a,z € C and n € N, we note
1 if  n=0
(z—a)m={ "3 (2.7)

a H(x—aqi) if n=12,..

=0
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The g-derivatives Dy f and D;L f of a function f are given by

_ f(=) — flgx) oo S —f@)
(Daf)@) = =3 =, , (Dg f)(=) Togr o700 (28

(Dgf)(0) = f/(0) and (Df f)(0) = ¢~ ' f'(0) provided f(0) exists.

The ¢-Jackson integrals from 0 to a and from 0 to co are defined by (see [5])

/0 @) = (- g)a Y Flag")d", (2.9)
n=0
/0 T @ =(1-9) Y f@", (2.10)

provided the sums converge absolutely.

The ¢-Jackson integral in a generic interval [a, b] is given by (see [5])

/f dx—/f dx—/f (2.11)

The g-integration by parts is given for suitable functions f and g by (see [7])

b b
/g(ﬂf)qu(I)dq:v:f(b)g(q’lb)*f(a)g((fla)*/ f@)Dyg(x)dgr.  (2.12)

Finally we consider the following useful sets: N
Ry ={xq" :ne€Z}U{0}, Ry + ={¢" : n € Z} and Ry =R,y U{0}.

3. THE ¢-GAMMA FUNCTION:
The ¢-Gamma function I';(z) was introduced by Jackson [5] as the infinite prod-

uct:
(4901 =)'

Fol) = (4% 4) o

,x >0, (3.1)

where ¢ €]0,1[.
It’s easy to see that I';(x) satisfies the following properties:

Lo(z +1) = []Tq(x), Ty(1)=1. (3:2)
It follows that:
Lg(n+1) = []q...[n]q = [n]4!- (3.3)
The first integral representation of I'y(z) is given by Koelink and Koornwinder
in [7]:
1

T—q
T, (z) = /0 " E, Tt (3.4)

where Efl is one of the two g-analogue of the exponential function:

E, = ;}q"(_)[;;q, = (-1 =9t oo, (3.5)
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t_o"t”_ 1
= 2 Gl T (@ gE e (3:6)

In the rest of the following section we will derive a product expression of the
g-Gamma function and a g-analogue of the Euler’s constant.

Definition 1. For each positive integer n, we define the function T',, qon ]0,+o00[
by

)y
Pral®) = 1 Tglo 11, 3.7

Lemma 1. The sequence (*yn,q => % - ln[n]q) converges for any q €0, 1].

Proof.
gt [n+1]q
n —In = —1In
e O A (O
qn+1 1— qn+1
= —In
[n+ 1], 1—qn
n+1 n _ n+l
n+1], 1— g
n+1 n
= L <1 + q)
[n+ 1] [n]q
n+1 n n
= 4 -4y o(q—).
n+1], [n)g [n]q
Using the fact that ﬁ = f:q% < 1, the series Y Yn+1,g — Vn,q converges and so
the sequence (v,,4),, converges. O

Definition 2. The limit of the sequence (Vn,q), 45 denoted by v, and it will be
called q-Fuler’s constant.

The following table gives some approximative values of ~,:

q=0.2 [ q=0.5 | q=0.9 [ g=0.99 | q=0.999 | q=0.9999
0.0182 [ 0.110 | 0.406 | 0.549 | 0.574 | 0.578

We note that when ¢ tends to 1,the g-Euler constant v, tends to the classical
Euler constant v = 0,5772...
Lemma 2. The sequence (I'y, 4(x)), of functions on ]0,+00[ converges for any
x> 0.

n
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Proof. Taking logarithms, we have

ITg(e) = [oly ol + bl = bl ..~ nfa-+ 1]
= [z]4In[n], Zln Zlnw—l—k
— o]yl Zl e

= [z]gIn[n], — Infz], — z_:ln(l + qkﬁ)

~ q - [2]q K [%]q
- <Z[ )*2( e o)
= —Infz]g — [2]gyn.q + Cnq(2)
The sequence (7y,4), converges (see lemm.
Also the sequence (cmq(:z:) => (qk% —In(1+ qk%))) converges, since for
k>xz>0, Wehave%<1andso

Y - . o (—1)it! z]g i 2km§
0<qk[]q 11’1(1+q []q)_q %k}q_Zzzl( 1) (qk&) < 4 [x] §q2k

(Klq [k]q i (Kl = 2[k];
Thus, the sequence (InT",, 4(x)), converges and hence so does the sequence (I', 4(2)),,
for z > 0. This completes the proof of lemma [2] O

Theorem 4. The limit function of the sequence ((1 — q)[z]q_ml"n,q(x))n is the func-
tion g-Gamma:

T ()= lim (1—q)@a= [ ]! 2> 0. (3.8)
q n—+o00 [x]q[IJrl]fl[ +?’L]q7

Proof. Using the g-integration by parts rule, we obtain

1 1

/ T - Qat ittt = — / T~ @)t q)n Dy(t)dyt
0 q JO

[]
1

1
1—q
= —7/ F((1 = q)qt; q)nt*dyt
0

[z]q

D
- (1—q>{ﬂq - s e
- Q)QW /Oﬁ((l — @)qt; Qn—2t" T d,t.

By successive g-integration by parts, we have

=

1

\/17(1((1 7Q)qt'Q)ntw71d t = (1 7(])”’ [n]q' /ﬁ D (tm+n)d t
0 ’ ! flale+ g fetn—1g Jo  [e+nl, * “
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Hence
. 1-a _ . . (1—q ? [n],!
1 1—q)gt; Q)ut® tdgt = lim (1—g)lela== g
[x]q |
— lim (1 _ q)[z]q—z [n]q [n]q ]
n—4oo [#]q[x + 1g-.[x + nlq

On the other hand and by using the dominated convergence theorem we have

1 1

e (1= q)gt;@)nt™ "dyt = / (1= @)qt; @)oot™ " dyt
n—+oo Jq 0
ﬁ x—1
= / Eq(iqt)t dqt
0
= Dy(z).
This completes the proof of the theorem. O

4. CHARACTERIZATION OF THE q—GAMMA FUNCTION:

Theorem 5. There exists a unique function f(x) > 0 on |0,4o0[ that satisfies the
following properties:

a) f(1) =1

b)f (x+1) = [a]qf(x

c)f(x+n)=(1-gq) w]q*wf(n)[n][q"”]%n(x), where t,(z) = 1 as n — oo.

Proof. First we prove that I'y(x) satisfies conditions (a), (b) and (c).
Its well-known that the function ¢g-Gamma satisfies the conditions (a) I';(1) =1
and (b) g(z + 1) = [z]gT'g(2).

As a consequence of the two properties, we get I';(n) = [n — 1],!

Cy(z — T)g—x
(c) Let s,(x) = m Then T'y(2) = s,(2)(1 — ¢)#e=*T,, ,(2) and

limy, 400 Sn(x) = 1.
For n € N and = > 0, we apply (b) n times to get

Tylx+n) = [x+n—1,..[x+1x]Tq(x)
_ lwtnlg [z + o[zl  N\[zlg—=
N [z 4+ n], (-

= (1= )Ty (n)tn ().

Where t,(x) = [w[i]rf]q Sp(x). Thus, Ty(z +n) = (1 — q)*la=2T(n) [n]gz]qtn(x) and

tn(x) = 1 as n — +oo.

To show uniqueness, we assume f(z) is a function that satisfies (a), (b) and (c).
From properties (a) and (b), we have

Fn) = I — 11,0 (4.1)
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Fo+m) = o+ n— gle +n— 2gfz + Uglelof(2). (42)

Combining , and (c) together, we have
5 [ - 1],

[z +n -1z +n—2]..[z+1]4]x],

[z[:;ﬁ]qtn(x) — 1 as n — +o0. Therefore f(z) = I'y(z) and hence f

is uniquely determined. This completes the proof of the third characterization of
the ¢-Gamma function. O

flz) = (1—g)t=" tu(2) = (1-¢)11 7Ty 4 () 80 (),

where s, (x) =

5. RELATIONSHIP BETWEEN CHARACTERIZATIONS
In what follows, we will adopt the terminology of the following definition.

Definition 3. A function f is said to be a g-PG function ( pre-qg-gamma function),
if f is positive on ]0,4o00] and satisfies the functional equation f(xz+1) = [z],f(x).

In the previous section we showed that the property f(z-+n) = (1—q)*la= f(n) [n]g"’]%n(m)
characterizes the ¢g-gamma function. In this section we will give three properties
which are equivalent to one another for a ¢-PG function and characterize the g¢-
gamma function.

Theorem 6. For a q-PG function f, the following properties are equivalent:

(C) 1In f is convex on |0, 4o0],

(L)L(n+z) = ([z]g — ) In(1 — ¢) + L(n) + zln(n + 1) + r,(x),

where L(x) = In f(x + 1) and r,(z) — 0 as n — oo,

(P) f(x+n) = (1 — )" f(n) 0]t (),

where t,(z) = 1 as n — oo.

A q-PG function f satisfying these properties is equal to cI'y(x), for some constant
c.

Proof. (a) (P) < (L). We have
(P) & flat+m+1)=0- " f(n+ 1)+ 1t (@), by (2) = 1

S Inf(z+(n+1)=(z];—2z)In(l—q¢)+Inf(n+1)+ [z]yIn[n + 1], + Int, 41 (2)
& Liz+n) = (alg — 2) (1 — g) + L(n) + 2] I + 1], + 7a(2), Pa(z) = 0

< (L).

(b) (C) = (P). Let m < & < m + 1, where m = 0,1,2,... For any natural n,

n+m—1<n+m<n+z<n+m+1. The convexity of In f gives us ( we write

L, — L1 < Inf(n+z)—Inf(n+m) < Lyy1— Ly,
n+m—(n+m-—1) ~ (n+2z)—(n+m) “(n+m+1)—(n+m)
f(n+x)
@(xfm)ln[n+mfl}q§1nm < (z —m)In[n+ml,
_1]z—m f(n—i—x) n - mlE—m
Sl S G o 2l =
f(n+2) [n+m— 1]

S n+m-—1];T, < <[n+m-—1]]T,

f(n) [n+mlg
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[n+m—1]gn+m— 2]q...[n]q'

where T;,, =
[n+m—1]m

Therefore, we have

o fntw)
N (R (T

by the squeezing theorem. If we let

f(n+x)
(1 — @)= f(n) ]l f(n)

ty(z) =

then
fln+z) = (1= )= f(n)[n]{ ety (),
where ¢,(x) — 1 as n — oco. This proves that f satisfies (P).
(¢) (P) = (C). From the uniqueness part of the proof of the Theorem [5| we have
f(@) = f)limppo T g ().
Using the fact that the limit function of a convergent sequence of convex functions
is convex, it suffices to show that In ((1 — ¢)[#l«=2T,, ,(2)) is convex.
Now

In (1= )T, 4(2) ) = ([ely—2) In(1=q)+[a] In[n]g+In(fnly!) ~Infely—..~Infa-+nl,.

Therefore, we have
!
(ln ((1 - Q)[z]qimrn,q(x)))

1 I Ing ¢° Ing ¢o"
— (L 1)t (g, )+ L L B

1-g¢ - 1—qla], l—gqle+n],
And so .
(ln ((1 - Q)[z]q_mrn,q(g«")))
2@ 2(x+mn)
(Ing)? , 1—q", (ng)? [¢"[z]q+ 1= ¢ +nfg +
=— (In(1—q)+1
lqu(n( q)+nlfq)+1—q [z]2 Tt [z +n]2
2 2(z+n)
0 g gy g W0 | Rl i el
= T—¢ | @R FEP
Then .
(In ((1 — g)lla=2T,, o (2)))" > 0.
This completes the proof.
O
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