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GENERAL SOLUTION OF SECOND ORDER LINEAR

ORDINARY DIFFERENTIAL EQUATIONS WITH VARIABLE

COEFFICIENTS

A. TUNGATAROV, D. K. AKHMED-ZAKI

Abstract. In this article the general solution of one class of second order

ordinary differential equations is found. The Cauchy problems for this class
are solved.

1. Introduction

Let us choose −∞ < x1 < x2 < ∞. By S[x1, x2] we denote the class of
measurable essentially bounded functions on [x1, x2]. The norm of an element from
S[x1, x2] is defined by the formula

‖f‖S[x1, x2] = supvraix∈[x1, x2]|f(x)| = lim
p→∞

‖f‖Lp[x1, x2].

We consider the equation

d2V

dx2
+ f1(x)

dV

dx
+ f2(x)V = f3(x), (1)

in [x1, x2], where f1(x) ∈ C1[x1, x2]; f2(x), f3(x) ∈ S[x1, x2].
The general solution of equation (1) and solution of Cauchy type problem with

the initial boundary problem in the point x0 ∈ [x1, x2) for this equation from class

W 2
∞[x1, x2]

⋂
C[x1, x2]. (2)

has constructed.
Here W 2

∞[x1, x2] is the class of functions f(x), for which

df

dx
,
d2f

dx2
∈ S[x1, x2].

If f2(x), f3(x) ∈ C[x1, x2], then general solution was being found by us in this
article belong the class C2[x1, x2]. In the article [1] for x1 = 0 the Cauchy problem
with the initial condition in point x0 = 0 for following equation
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d2u

dx2
+ a(x)u = f(x), (3)

has solved, where a(x), f(x) ∈ S[0, x2].
In the second item some results of articles [1] has considered. In the third item

this results for construction of general solution of equation (1) has used. In the
fourth item the Cauchy problems with initial conditions in point x0 ∈ [x1, x2) for
equation (1) has solved.

2. Construction of general solution to equation (3)

Let us choose x0 ∈ [x1, x2). Integrating twice the equation (3), we get

u(x) = −(Bu)(x) + g(x) + c1(x− x0) + c2, (4)

where c1, c2 are arbitrary real numbers,

(Bu)(x) = −
x∫

x0

y∫
x0

a(t)u(t)dtdy, g(x) = −
x∫

x0

y∫
x0

f(t)dtdy.

Applying the operator B to equation (4) we get

(Bu)(x) = (B2u)(x) + (Bg)(x) + c1a1(x) + c2b1(x), (5)

where

(B2u)(x) = (B(Bu)(x))(x), a1(x) = −
x∫

x0

y∫
x0

(t−x0)a(t)dtdy, b1(x) = −
x∫

x0

y∫
x0

a(t)dtdy.

From (4) and (5) it follows

u(x) = (B2u) + c1(x− x0 + a1(x)) + c2(1 + b1(x)) + g(x) + (Bg)(x). (6)

In the following we use the formulas

(Bnu)(x) = (B(Bn−1u)(x))(x), (n = 2, 3, ...), (B1u)(x) = (Bu)(x),

ak(x) = −
x∫

x0

y∫
x0

a(t)ak−1(t)dtdy, bk(x) = −
x∫

x0

y∫
x0

a(t)bk−1(t)dtdy, (k = 2, 3, ...).

Applying the operator B to both sides of equation (6) and using the previous
formulas implies

(Bu)(x) = (B3u) + c1(a1(x) + a2(x)) + c2(b1(x) + b2(x))

+(Bg)(x) + (B2g)(x).
(7)

From (4) and (7) it follows

u(x) = (B3u) + c1(x− x0 + a1(x) + a2(x)) + c2(1 + b1(x) + b2(x)) + g(x)

+(Bg)(x) + (B2g)(x).

Continuing this procedure n times we obtain the following integral equation for
the solutions of equation (3)
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u(x) = (Bnu) + c1(x− x0 +
n−1∑
k=1

ak(x)) + c2(1 +
n−1∑
k=1

bk(x))

+
n−1∑
k=0

(Bkg)(x),

(8)

where (B0g)(x) = g(x).
Let us choose u(x) ∈ S[x1, x2]. Taking into consideration the definition of the

iterated operators (Bnu)(x) and the iterated functions ak(x), bk(x) the following
estimates are obtained without any difficulties:

|(Bnu)(x)| ≤ |u|1 ·
(|a|0 · |x− x0|2)n

2n!
, (9)

|ak(x)| ≤ |a|k0 ·
|x− x0|2k+1

(2k + 1)!
, |bk(x)| ≤ |a|k0 ·

|x− x0|2k

(2k)!
,

where |f |0 = supvraix∈[x1, x2]|f(x)|, |f |1 = max
x∈[x1, x2]

|f(x)|.

Passing to the limit n→∞ in the representation(8), by virtue of (9), we conclude

u(x) = c1I(x) + c2J(x) + F (x), (10)

where

I(x) = x− x0 +

∞∑
k=1

ak(x), J(x) = 1 +

∞∑
k=1

bk(x), F (x) =

∞∑
k=0

(Bkg)(x).

Using the estimates (9) we get

|J(x)| ≤ cosh(
√
|a|0 · |x− x0|),

|I(x)| ≤ |x− x0|+
1√
|a|0

sinh(
√
|a|0 · |x− x0|), (11)

|F (x)| ≤ |g|1 cosh(
√
|a|0 · |x− x0|).

The following relations for the functions I(x), J(x) and F (x) are of importance:

I ′(x) = 1−
x∫

x0

a(t)I(t)dt, J ′(x) = −
x∫

x0

a(t)J(t)dt, (12)

F ′(x) =

x∫
x0

f(t)dt−
x∫

x0

a(t)F (t)dt,

I ′′(x) = −a(x)I(x), J ′′(x) = −a(x)J(x), (13)

F ′′(x) = f(x)− a(x)F (x), (14)

I(x0) = F (x0) = F ′(x0) = J ′(x0) = I ′′(x0) = 0,

(15)
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J(x0) = I ′(x0) = 1, J ′′(x0) = −a(x0), F ′′(x0) = f(x0).

The formulas (13) and (14) tell us, that the functions I(x), J(x) are particular
solutions from the class (2) of the homogeneous equation

d2u

dx2
+ a(x)u = 0,

and F (x) is a particular solution of the inhomogeneous equation (3). From (12)
and the above relations for the functions I(x) and J(x) we see that the Wronskian
W (x) is equal −1 in x = x0. Therefore the functions I(x) and J(x) are linear
independent on [x1, x2] and the general solution to equation (3) is determined by
the formula (10) belonging to the class (2).

Summarizing we proved the following theorem.
Theorem 1. The general solution of equation (3) from the class (2) is given by

the formula (10).

3. General solution of the second order linear ordinary differential
equations with variable of coefficients

Now we consider the equation (1) on [x1, x2]. As know, if we use the transfor-
mation (see [2])

V (x) = u(x) · exp(−1

2

x∫
x0

f1(t)dt) (16)

the equation (1) we will represented by the form of equation (3), where

a(x) = f2(x)− 1

2

d

dx
f1(x)− 1

4
f21 (x), f(x) = f3(x) · exp(

1

2

x∫
x0

f1(t)dt).

Obvious, that a(x), f(x) ∈ S[x1, x2]. Therefore, taking into account the trans-
formation (16) the general solution of equation (1) will be written in the form

V (x) = exp(−1

2

x∫
x0

f1(t)dt)(c1J1(x) + c2J2(x) + J3(x)), (17)

where

J1(x) = x− x0 +

∞∑
k=1

ak(x), J2(x) = 1 +

∞∑
k=1

bk(x), J3(x) = g(x) +

∞∑
k=1

gk(x),

a1(x) = −
x∫

x0

y∫
x0

(t−x0)a(t)dtdy, b1(x) = −
x∫

x0

y∫
x0

a(t)dtdy, g(x) = −
x∫

x0

y∫
x0

f(t)dtdy,

g1(x) = −
x∫

x0

y∫
x0

a(t)g(t)dtdy, ak(x) = −
x∫

x0

y∫
x0

a(t)ak−1(t)dtdy,
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bk(x) = −
x∫

x0

y∫
x0

a(t)bk−1(t)dtdy, gk(x) = −
x∫

x0

y∫
x0

a(t)gk−1(t)dtdy, (k = 2, 3, ...),

c1, c2 are any real numbers.
From (9) and (16) it follows

|J1(x)| ≤ |x− x0|+
1√
|a|0

sinh(
√
|a|0 · |x− x0|), |J2(x)| ≤ cosh(

√
|a|0 · |x− x0|),

|J3(x)| ≤ |g|1 cosh(
√
|a|0 · |x− x0|).

Therefore the following theorem holds.

Theorem 1. General solution of equation (1) from class (2) is given by the formula
(17).

4. Cauchy type problems

For equation (1) we will consider some Cauchy type problems.
Problem K1. Find a solution of equation (1) from the class (2), satisfying the

Cauchy conditions

α1V (x0) + β1V
′(x0) = γ1,

α2V (x0) + β2V
′(x0) = γ2,

(18)

where α1, α2, β1, β2, γ1, γ2 are given real numbers, moreover
α2
1 + β2

1 6= 0, α2
2 + β2

2 6= 0

Solve of the problem K1. To solve the problem K1 we use the general solution
of the equation (1), which given by formula (17). Substituting the function V (x)
given by the formula (17) in initial boundary problem (18), taking into consideration
(12) to (15) we get

V (x0) = c2, V
′(x0) = c1 − f1(x0)

2 c2,

V ′′(x0) = (1
2f

2
1 (x0)− f2(x0))c2 − f1(x0)c1 + f3(x0).

(19)

Substituting (17) in initial condition (18) taking into consideration (19), we have
get

β1c1 + (α1 − f1(x0)
2 β1)c2 = γ1,

β2c1 + (α2 − f1(x0)
2 β2)c2 = γ2.

(20)

By ∆ = β1α2 − α1β2 6= 0 from (20) we get

c1 =
1

∆
(γ1α2 − γ2α1 −

f1(x0)

2
(γ1β2 − γ2β1)), c2 =

α1γ2 − α2γ1
∆

. (21)
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If ∆ = 0 then for solvability of algebraic system (20) it is necessary and sufficient
that the conditions

β1
β2

=
2α1 − f1(x0)β1
2α2 − f1(x0)β2

=
γ1
γ2
. (22)

are satisfied.
If the relation (22) satisfied then the algebraic system (20) has an infinite number

of solutions.
Thus, the following theorem holds.

Theorem 2. 1) If ∆ 6= 0 then the problem K1 has a unique solution, which found
by the formulas (17) and (21). 2) If ∆ = 0 then for the solvability of the problem
K1 it is necessary and sufficient that the equalities (22) was satisfying. In this case
the problem K1 has an infinite number of solutions, which found by the formula
(17), where the any constants c1, c2 has connected by the relation (20).

Problem K2. Find a solution of equation (1) from the class (2), satisfying the
initial boundary conditions

α1V
′(x0) + β1V

′′(x0) = γ1,

α2V
′(x0) + β2V

′′(x0) = γ2,
(23)

and α1, α2, β1, β2, γ1, γ2 are given real numbers, moreover
α2
1 + β2

1 6= 0, α2
2 + β2

2 6= 0.
Solve of the problem K2. To solve the problem we use the general solution

of the equation (1), which is given by formula (17). Substituting the function V (x)
given by the formula (17) in initial boundary problem (23), taking into consideration
(19) we get

(α1 − β1f1(x0))c1 + (
β1
2
f21 (x0)− β1f2(x0)− α1

2
f1(x0))c2 =

= γ1 − β1f3(x0),

(24)

(α2 − β2f1(x0))c1 + (
β2
2
f21 (x0)− β2f2(x0)− α2

2
f1(x0))c2 =

= γ2 − β2f3(x0).

By β1α2 − β2α1 6= 0 and f2(x0) 6= 0 from (24) we get

c1 =
1

∆1
(
γ1β2 − γ2β1

2
f21 (x0) + (γ2β1 − γ1β2)f2(x0)+

+
γ2α1 − α2γ1

2
f1(x0) + +

α2β1 − α1β2
2

f1(x0)f3(x0)),

(25)

c2 =
1

∆1
((α1γ2 − α2γ1) + (α2β1 − α1β2)f3(x0)+
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+(γ1β2 − γ2β1)f1(x0)),

where ∆1 = ∆ · f2(x0).
If ∆1 = 0 then for solvability the algebraic system (24) it is necessary and

sufficient that satisfied the condition

α1−β1f1(x0)
α2−β2f1(x0)

=
β1f

2
1 (x0)−2β1f2(x0)−α1f1(x0)

β2f2
1 (x0)−2β2f2(x0)−α2f1(x0)

=

γ1−β1f3(x0)
γ2−β2f3(x0)

.

(26)

For satisfying the relation (26) the algebraic system (24) has an infinite number
of solutions.

Summarizing the following theorem holds.

Theorem 3. 1) If ∆1 6= 0 then the problem K2 has a unique solution, which found
by the formulas (17) and (25). 2) If ∆1 = 0 then for the solvability of the problem
K2 it is necessary and sufficient that the equalities (26) was satisfying. In this case
the problem K2 has an infinite number of solutions, which found by the formula
(17), where the any constants c1, c2 has connected by the relation (24).

Problem K3. Find a solution of equation (1) from the class (2), satisfying the
initial boundary conditions

α1V (x0) + β1V
′′(x0) = γ1,

α2V (x0) + β2V
′′(x0) = γ2,

(27)

where α1, α2, β1, β2, γ1, γ2 are given real numbers, moreover
α2
1 + β2

1 6= 0, α2
2 + β2

2 6= 0.

Solve of the problem K3. To solve the problem K3 we use the general solution
of the equation (1), which is given by formula (17). Substituting the function V (x)
given by the formula(17) in initial boundary problem (27), taking into consideration
(19) we get

−β1f1(x0)c1 + (α1 + β1(
1

2
f21 (x0)− f2(x0)))c2 = γ1 − β1f3(x0),

(28)

−β2f1(x0)c1 + (α2 + β2(
1

2
f21 (x0)− f2(x0)))c2 = γ2 − β2f3(x0).

If ∆2 = −∆ · f1(x0) 6= 0 then from here we get

c1 =
1

∆2
(γ1α2 − γ2α1 + (γ1β2 − γ2β1)(

1

2
f21 (x0)− f2(x0))

+(β2α1 − β1α2)f3(x0)),

(29)
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c2 =
1

∆2
(γ1β2 − β1γ2).

If ∆2 = 0 then for solvability the algebraic system (28) it is necessary and
sufficient that satisfied the condition

β1
β2

=
2α1 + β1(f21 (x0)− 2f2(x0))

2α2 + β2(f21 (x0)− 2f2(x0))
=
γ1 − β1f3(x0)

γ2 − β2f3(x0)
. (30)

For satisfying the relation (30) the algebraic system (28) has an infinite number
of solutions.

Summarizing the following theorem is proved.

Theorem 4. 1) If ∆2 6= 0 then the problem K3 has a unique solution, which found
by the formulas (17) and (29). 2) If ∆2 = 0 then for the solvability of the problem
K3 it is necessary and sufficient that the equalities (30) was satisfying. In this case
the problem K3 has an infinite number of solutions, which found by the formula
(17), where the any constants c1, c2 has connected by the relation (28).
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