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INTEGRAL MEAN ESTIMATES FOR AN OPERATOR
PRESERVING INEQUALITIES BETWEEN POLYNOMIALS

N. A. RATHER AND SUHAIL GULZAR

ABSTRACT. For polynomial P(z) of degree at most n which does not vanish in
|z| < 1, it was recently formulated by Shah and Liman [19, Integral estimates
for the family of B-operators, Operators and Matrices, 5(2011), 79 - 87] that
for every R>1,p > 1,

R™¢(Xos A1, A2)[ + Aol
p S

11+ =[],
where B is a By-operator with parameters \g, A1, A2 in the sense of Rahman
3

[13], o(2) = Rz and ¢(Xo, A1, A2) = Ao+A1 %2 + A2 % Unfortunately the
proof of this result is not correct. In this paper, we present certain more general
sharp Ly-inequalities for By-operators which not only provide a correct proof

of the above inequality as a special case but also extend them for 0 < p < 1
as well.

[BLP o o](2)]] 1Pl »

1. Introduction and statement of results

Let &, denote the space of all complex polynomials P(z) = 37 a;27 of degree
at most n. For P € &, define

1 2 )
1P = e { 5 [ 1og|Pe]av)
™ Jo

1/p

Pl = {5 [ 1PEr} T 0<p <o

1P(2) o == Maz [P(2)],
and denote for any complex function ¢ : C — C the composite function of P and
o, defined by (Poo)(z) :=P(o(z)) (z€C),as Poo.
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A famous result known as Bernstein’s inequality (for reference, see [12, p.531],
[T4, p.508] or [I8] states that if P € £, then

[P'(2)oe < nlP(2)]l » (1.1)

whereas concerning the maximum modulus of P(z) on the circle |z| = R > 1, we
have

I1P(Rz)|l o < R™ || P(2)

(for reference, see [11l p.442] or [12] vol.I, p.137] ).
Inequalities (1.1) and (1.2)) can be obtained by letting p — oo in the inequalities

1P ()M, <n PR, ,p =1 (1.3)

R>1, (1.2)

oo »

and
||P(Rz)||p <R" ||P(Z)Hp, R>1, p>0, (1.4)

respectively. Inequality was found by Zygmund [20] whereas inequality
is a simple consequence of a result of Hardy [8] (see also [I5, Th. 5.5]). Since
inequality was deduced from M. Riesz’s interpolation formula [I7] by means
of Minkowski’s inequality, it was not clear, whether the restriction on p was indeed
essential. This question was open for a long time. Finally Arestov [2] proved that
remains true for 0 < p < 1 as well.

If we restrict ourselves to the class of polynomials P € &2, having no zero in
|z| < 1, then inequalities and can be respectively replaced by

1P )lle < 5 1PE)oe (L)
and R
"4+1
IP(R) e < 5= 1Pl B> 1. (16)

Inequality ([1.5) was conjectured by Erdos and later verified by Lax [9], whereas
inequality (L.6) is due to Ankey and Ravilin [1].
Both the inequalities (1.5 and (1.6]) can be obtain by letting p — oo in the inequal-

ities

1P, <nilh g an
P S I, PE
and
P, < e py a1, pso (1.8)
=TT Al p P '

Inequality is due to De-Bruijn [6] for p > 1. Rahman and Schmeisser [16]
extended it for 0 < p < 1 whereas the inequality was proved by Boas and
Rahman [5] for p > 1 and later it was extended for 0 < p < 1 by Rahman and
Schmeisser [16].

Q. I. Rahman [I3] (see also Rahman and Schmeisser [I4], p. 538]) introduced a
class B, of operators B that carries a polynomial P € &2, into

BIP|(2) := \oP(2) + A1 (%) P/l(!z) + Ao (%)2 P;(!Z), (1.9)

where A\g, A1 and Ay are such that all the zeros of

U(2) := Ao+ MC(n, 1)z + A\oC(n,2)22 (1.10)
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n!
rli(n —r)!
As a generalization of inequality (1.1)) and (1.5), Q. I. Rahman [13] inequality
5.2 and 5.3] proved that if P € &,,, and B € B,, then

BIPI()| < 16000, A M) IPG)loes for (2121, (111)
and if P € &, P(z) #01in |z| < 1, then

where C'(n,r) = 0 < r < n, lie in half plane |z| < |z —n/2|.

1
IBIP](2)] < 5 {160 (20, Ar, A2)[ + Ao} | P(2) oo, for 2] 21, (1.12)
where , \
-1
6000, A0, 20) = X+ 40, Y, (1.13)

As a corresponding generalization of inequalities ((1.2) and (|1.4)), Rahman and
Schmeisser [14, p. 538] proved that if P € &2, then

|BIP 0 0](2)] < R"[dn(Ao, A1, Ao)| [[P(2)]| o for [2] = 1. (1.14)

and if P € &, P(z) # 0 in |z| < 1, then as a special case of Corollary 14.5.6 in
[I4, p. 539], we have

|B[Poo](z) < %{R"|¢n(/\o7>\17>\2)|+|/\o\}||P(Z)||oo for [2| =1, (1.15)

where 0(z) := Rz, R > 1 and ¢, (Ao, A1, A2) is defined by (1.13).
Inequality (1.15]) also follows by combining the inequalities (5.2) and (5.3) due
to Rahman [13].

As an extension of inequality (1.14)) to L,-norm, recently Shah and Liman [19}
Theorem 1] proved:

Theorem A. If P € &, then for every R>1 and p>1,
IBIP o 0](2)[l,, < R"|¢n (A1, Az, As) [ P(2)]],,
where B € By, 0(z) = Rz and ¢n(Xo, A1, A2) is defined by (1.13)).

(1.16)

While seeking the analogue of (1.15)) in L, norm, they [I9, Theorem 2] have
made an incomplete attempt by claiming to have proved the following result:

Theorem B. If P € &, and P(z) does not vanish for |z| < 1, then for each
p=1, R>1,
R™|dn (A1, A2, As)| + [Ao
v 1+ 2],
where B € By, 0(z) = Rz and ¢n(A1, A2, A3) is defined by (1.13)).

IB[P o o] ()] | 1P, (1.17)

Further, it has been claimed by [19] to have proved the inequality (1.17) for
self-inversive polynomials as well.

Unfortunately the proof of inequality (1.17) and other related results including
the key lemma [19, Lemma 4] given by Shah and Liman is not correct. The reason
being that the authors in [I9] deduce [19] line 10 from line 7 on page 84, line 19
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on page 85 from Lemma 3, line 16 from line 14 on page 86] by using the argument

that if P*(z) := 2" P(1/Z), then for 0(2) = Rz, R > 1 and |2| =1,
|B[P" 0 0](z)| = |B[(P" 0 0)"](2)],

which is not true, in general, for every R > 1 and |z| = 1. To see this, let
P(2)=anz"+ - +apz* + -+ a1z +ag

be an arbitrary polynomial of degree n, then

P*(z):=2"P(1/z) = apz" + a2 V@2 R+ d,.
Now with wy := A\n/2 and ws := A\an?/8, we have
B[P*oo](z) = Y (Ao +wi(n—k)+wy(n—k)(n—k—1))az""*R"*,

k=0

and in particular for |z| =1, we get

n

B[P*o0](z) = R"2" Y (Ao +wi(n—k) +wa(n—k)(n—k—1))a (%)k’

k=0
whence
|B[P* 0 0](2)| = R" Y~ (Ao +wi(n — k) + wa(n — k) (n — k — 1))ay (%)k '
k=0

But

n

2\ K
>~ (o +wik +wok(k — 1) ()
k=0

so the asserted identity does not hold in general for every R > 1 and |2| =1 as e.g.
the immediate counterexample of P(z) := 2™ demonstrates in view of P*(z) = 1,
| B[P* o 0](2)| = |Ao| and

|B[(P" 0 0)*](2)| = R"

)

[BI(P* 0 0)"](2)] = [Ao + A (n?/2) + Aan®(n = 1) /8] (]2 =1).

As claimed by [19], Theorem B and its analogue for self-inversive polynomial [I9]
Theorem 3] are sharp has remained to be verified. In fact, these claims are also
wrong.

The main aim of this paper is to establish L,-mean extensions of the inequal-
ities ((1.14) and (L.15)) for 0 < p < oo and present correct proofs of the results
mentioned in [19]. In this direction, we first present the following result which is

a compact generalization of the inequalities (1.1]), (L.2]), (1.14)) and (1.16]) and also

extend ([1.16]) result for 0 < p < 1 as well.

Theorem 1.1. If P € &, then for a € C with |a] <1,0<p < oo and R > 1,
B[P o 0](z) — aB[P|(2)[|, < [R" — af |¢n(Xo, A1, A2)[ [|P(2)]], , (1.18)

where B € B, 0(z) = Rz and ¢n(Ao, A1, A2) is given by (1.13). The result is best

possible and equality holds in (L.18)) for P(z) = z™.

If we choose a = 0 in (1.18]), we get the following result which extends Theorem
Ato0<p<l,
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Corollary 1.2. If P € &, then for 0 <p < oo and R > 1,

B[P o o](2)[l,, < R™ |$n(Ao, A1, A2)| [|1P(2)]l,, » (1.19)
where B € By, 0(z) = Rz and ¢n (Ao, A1, A2) is given by (1.13). The result is sharp
and equality in (1.19) holds for P(z) = z™.

Remark. Taking A\p = 0 = A in ([1.19) and noting that in this case all the zeros
of U(z) defined in (1.10) lie in |2| < |z —n/2|, we get for R > 1 and 0 < p < o0
[P'(R2)], <nR*™ | P()]l,,,

which includes (L.4) as a special case. Next if we choose Ay = 0 = Az in (1.19),
we get inequality (1.4). Inequality (1.11) also follows from Theorem by letting

p — oo in ([L.18).

Theorem can be sharpened if we restrict ourselves to the class of polynomials
P(z) which does not vanish in |z| < 1. In this direction, we next present the following
interesting compact generalization of Theorem B which yields L, mean extension
of the inequality (1.12)) for 0 < p < co which among other things includes a correct
proof of inequalit for 1 < p < oo as a special case.

Theorem 1.3. If P € &, and P(z) does not vanish for |z| < 1, then for a € C
with |a| <1,0<p< oo and R > 1,

[(R™ — a)¢n (Ao, A1, Az)z + (1 — a) Ao
P 11+ 2]l

IB[P 0 0](2) — aB[P](z)]| =P,

(1.20)

where B € By, 0(z) = Rz and ¢n (Ao, A1, A2) is defined by (1.13)). The result is best
possible and equality in (1.20)) holds for P(z) = az™ + b, |a| = |b] = 1.

If we take = 0 in ([1.20)), we get the following result which is the generalization
of Theorem B for p > 1 and also extends it for 0 < p < oco.
Corollary 1.4. If P € &, and P(z) does not vanish for |z| < 1, then for 0 < p <
oo and R > 1,
||Rn¢n()\o, /\17 )\2)2’ + /\0”
P 114 2l

B € B, 0(z) = Rz and ¢n(No, A1, A2) is defined by (1.13). The result is sharp as
shown by P(z) = az™ + b, |a| = |b] = 1.

IB[P o al(2)]|

=NPE), (1.21)

By triangle inequality, the following result follows immediately from Corollary

T4

Corollary 1.5. If P € &, and P(z) does not vanish for |z| < 1, then for 0 <p <
oo and R > 1,

R" |¢’n()‘07A17)‘2)| + |AO| ||P
P 11+ 2]
B € B, o(z) = Rz and ¢n(No, A1, A2) is defined by (1.13)).

Remark. Corollary establishes a correct proof of a result due to Shah and
Liman [19, Theorem 3] for p > 1 and also extends it for 0 < p < 1 as well.

B[P o a]()]l

@, (1.22)
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Remark. If we choose \p = 0 = Ay in ([1.21)), we get for R > 1 and 0 < p < oo,
an,1

P'(Rz < —||P(=
P (R2)],, H1+z||p” (2)

which, in particular, yields inequality (1.7]). Next if we take Ay =0 = A in (1.21]),
we get inequality (1.8)). Inequality (1.12]) can be obtained from corollary [1.4] by
120,

letting p — oo in

||p?

By using triangle inequality, the following result immediately follows from The-
orem

Corollary 1.6. If P € &, and P(z) does not vanish for |z| < 1, then for a € C
with o] <1,0<p< oo and R > 1,

< B" = a)¢n (Ao, A, Ao)[ +[(1 — a)
P 11+ 2]l

b yp)l, -
(1.23)

B[P o 0](2) — aB[P](2)]

B € B, o(z) = Rz and ¢n(No, A1, A2) is defined by (1.13)).
A polynomial P € 2, is said be self-inversive if P(z) = vP*(z) where |v]| =1
and P*(z) is the conjugate polynomial of P(z), that is, P*(z) := 2" P(1/Z).

Finally in this paper, we establish the following result for self-inversive polyno-
mials , which includes a correct proof of an another result of Shah and Liman [I9]
Theorem 3] as a special case.

Theorem 1.7. If P € &, and P(z) is a self-inversive polynomial, then for a € C
with o] <1,0<p< oo and R > 1,

[(R™ — a)n (Ao, A1, Az)z + (1 — @) Ao
P 11+ 2l

B[P o 0](z) — aB[P](2)]| =PI,
(1.24)

where B € By, 0(z) = Rz and ¢n (Ao, A1, A2) is given by (1.13)). The result is sharp
and an extremal polynomial is P(z) = c(az™ + a), ac # 0.

For a = 0, we get the following result.

Corollary 1.8. If P € &, and P(z) is a self-inversive polynomial, then for 0 <
p<ooand R>1,

| R ®n(Xos A1, A2)z + Ao
P 11+ 2
where B € By, 0(2) = Rz and ¢, (Ao, A1, A2) is given by (L.13). The result is sharp.

The following result is an immediate consequence of Corollary

B[P o o](2)]l =P, (1.25)

Corollary 1.9. If P € &, and P(z) is a self-inversive polynomial, then for 0 <
p<ooand R>1,

R™ |n(Nos A1, A2)| + | Ao
P 11+ z[p
where B € By, 0(z) = Rz and ¢n(No, A1, A2) is given by (1.13)).

1BPoo](2)] Lip(z)

[ (1.26)
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Remark. Corollary [I.9] establishes a correct proof of a result due to Shah and
Liman [I9, Theorem 3] for p > 1 and also extends it for 0 < p < 1 as well.

Remark. A variety of interesting results can be easily deduced from Theorem [I.7]
in the same way as we have deduced from Theorem [I.3] Here we mention a few of
these. Taking A\g =0 = A2 = in (1.25)), we get for R > 1 and 0 < p < oo,

an—l

/
[ —
1P (R, < o PG,

which, in particular, yields a result due to Dewan and Govil [7] and A.Aziz [3] for
polynomials P € P’. Next if we choose A\; =0 = Ag in ([1.25)), we get

I7% 4 1y iy

PR, < e
p

P R>1, 0<p<oc.
The above inequality is a special case of a result proved by Aziz and Rather [4].
Lastly letting p — oo in (|1.25)), it follows that if P(z), is a self-inversive polyno-
mial then
1 n
IBIP 0 0](2)llo < 5 {B" [én(Ao, Ar, A2)| + [Ao[} | P(2)

= Hoo’

where B € By, 0(z) = Rz and ¢n(Xo, A1, A2) is defined by (1.13). The result is
sharp.

Inequality ((1.27)) is a special case of a result due to Rahman and Schmeisser [14]
Cor. 14.5.6].

(1.27)

2. Lemma

For the proofs of these theorems, we need the following lemmas. The first lemma
follows from Corollary 18.3 of [I0} p. 86].

Lemma 2.1. If P € &, and P(z) has all zeros in |z| < 1, then all the zeros of
B[P](2) also lie in |z| < 1.

Lemma 2.2. If P € &, and P(z) have all its zeros in |z| < 1 then for every
R>1, and|z| =1,

Pz (B P

Proof. Since all the zeros of P(z) lie in |z| < 1, we write

n

P(z) = CH (z — rjewj) ,

j=1
where r; < 1. Now for 0 < 6 < 2w, R > 1, we have

_ {R2 + 7“]2. — 2Rr; cos(§ — 6,) }1/2

Re'? — rjei‘gf

10 __ 0 10
e 7’]6 J

L+ 75 —2rjcos(f — 0;)
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Hence
'P(Rew) B " | Ret? — 1 et
i0 7T
P(e') oyl e rje
- (R + 1> 7
- 2
Jj=1
_ (R+1\"
=) -

for 0 < 6 < 2m. This implies for |z| =1 and R > 1,
R+1\"
P = (55 v,

which completes the proof of Lemma O

Lemma 2.3. If P € &, and P(z) has no zero in |z| < 1, then for every a € C
with o] <1, R>1 and |z| > 1,

|B[P o 0](2) — aB[P](z)| <|B[P" 0 0](z) — aB[P"](2)], (2.1)
where P*(z) = z"P(1/Z) and o(z) = Rz.
Proof. Since the polynomial P(z) has all its zeros in |z| > 1, therefore, for every real
or complex number A with [A| > 1, the polynomial f(z) = P(z) — AP*(z), where
P*(z) = 2" P(1/Z), has all zeros in |z| < 1. Applying Lemma [2.2| to the polynomial
f(z), we obtain for every R > 1 and 0 < 6 < 27,

eyt (B e (22

Since f(Re') # 0 for every R > 1,0 <6 < 27 and R+ 1 > 2, it follows from (2.2)
that

e > (52 ) 1) 2 1)

for every R > 1 and 0 < 6 < 2x. This gives
|f(2)] <|f(Rz)| for |z| =1, and R > 1.

Using Rouche’s theorem and noting that all the zeros of f(Rz) liein |z| < 1/R < 1,
we conclude that the polynomial

T(z) = f(Rz) — af(z) = {P(Rz) — aP(2)} = AM{P"(Rz) — aP"(2)}

has all its zeros in |z| < 1 for every real or complex « with |a| > 1 and R > 1.
Applying Lemma to polynomial 7T'(z) and noting that B is a linear operator, it
follows that all the zeros of polynomial

B[T|(z) = B[f 0 0](z) — aB|f](2)
— {BIPoo)(2) — aB[P)(=)} — AMBIP* 0 0](z) — aB[P*)(2)}
lie in |z| < 1 where o(z) = Rz. This implies

|B[P o 0](z) — aB[P](2)| < |B[P" o g](z) — aB[P"](2)] (2:3)
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for |z| > 1 and R > 1. If inequality (2.3) is not true, then there exits a point z = 2
with |zg| > 1 such that

[BIP 0 0](z0) — aB[P)(z0)| > [BIP* 0 0](z0) — aBIP*I(0)l.  (2.4)

But all the zeros of P*(Rz) lie in |z| < 1/R < 1, therefore, it follows (as in case of
f(2)) that all the zeros of P*(Rz) — aP*(z) lie in |z| < 1. Hence, by Lemma
we have

B[P* o 0](z0) — aB[P*]|(20) # 0.
We take

B[P o 0](z9) — aB[P](z0)

A= BP0 ol(0) — aBP*](x0)’

then A is well defined real or complex number with |A] > 1 and with this choice
of A, we obtain B[T'](z9) = 0 where |zo| > 1. This contradicts the fact that all the
zeros of B[T|(z) lie in |z| < 1. Thus (2.3]) holds true for |o| <1 and R > 1. O

Next we describe a result of Arestov [2].

For § = (80,01, ,0,) € C"™ and P(2) = Y1 a;27 € Py, we define

A(;P(Z) = Z éjajzj.
7=0

The operator As is said to be admissible if it preserves one of the following prop-
erties:
(i) P(z) has all its zeros in {z € C : |z| < 1},
(ii) P(z) has all its zeros in{z € C: |z| > 1}.
The result of Arestov [2] may now be stated as follows.

Lemma 2.4. [2] Theorem 4] Let ¢p(x) = 1(logzx) where ¥ is a convex non decreasing
function on R. Then for all P € &2, and each admissible operator As,

0 " (1A P()])do < 0 " (C(6.m)|P(e”))do,

where C(0,n) = max(|dol, |0n])-
In particular, Lemma applies with ¢ : z — zP for every p € (0, 00). Therefore,

we have
{/Ozﬂ(|A5P(ei0)|p)d9}1/p < C(5,n) {/0% |p(ew)|pd0}1/p, (2.5)

We use (2.5)) to prove the following interesting result.
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Lemma 2.5. If P € &, and P(z) does not vanish in |z| < 1, then for every p > 0,
R > 1 and for v real, 0 < v < 2,

2m
/0

{B[p o o](e?) — aB[P](em)} e

+{B[P* 0 o] (¢) — aB[P"]"(¢*)} | do

27
< |(B" = )60, A, da)e™ + (1= a)ho| / P do,  (2.6)
0

where B € B, 0(z) := Rz, B[P* o 0]*(z) := (B[P* o 0](2))* and (Ao, A\1,A2) is
defined by (1.13)).

Proof. Since P € &, and P*(z) = 2"P(1/%), by Lemma , we have for |z| > 1,
|B[P o 0](z) — aB[P](z)| < |B[P" 0 0](z) — aB[P"](2)[, (2.7)
Also, since P*(Rz) — aP*(z) = R"2"P(1/Rz) — az"P(1/Z%),

B[P* 0 0](2) — aB[P*)(z) = AO{R"Z”P(I/RZ) - az"P(l/z)}

+A1 (7> { (nR”z”flm — R”flz””W)

-« (nz”flp(l/f) - 2n72pl(1/z)) }
8 (5" (- e

—9(n — 1)R" 1" SPI(1/Rz) + R"*ZZ"*‘*P"(URE))

—a(n(n —1)2"2P(1/2) — 2(n — 1)2"3P'(1/2)
+ 2P ) |

and therefore,

BIP* 0 o]*(2) — aB[P*]*(z) = (B[P* 0al(z) aB[p*](z))* (2.8)
- (X0+X1”; + XQW) {R”P(Z/R) - dP(z)}
— (Xlg + Xg%) {R"_lzP'(z/R) - dzP’(z)}
+X2%2{R"_2z2P”(z/R) - &zQP”(z)}.
Also,

|B[P* o 0](2) — aB[P*](z)| = |B[P* o 0]*(2) — aB[P*]*(z)| for |z| =1.
Using this in , we get
|B[P o c](z) — aB[P](z)| < |B[P* o 0]*(2) — aB[P*]*(z)| for |z] =1.

As in Lemma [2.3] the polynomial P* o o(z) — aP*(z), has all its zeros in |z]| < 1
and by Lemma B[P* o 0](z) — aB[P*](z), also has all its zero in |z| < 1,
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therefore, B[P* o 0]*(z) — aB[P*]*(z) has all its zeros in |z| > 1. Hence by the
maximum modulus principle,

|B[P o c](z) — aB[P|(z)| < |B[P* o 0]*(z) — aB[P*]*(z)| for |z| <1 (2.9)
A direct application of Rouche’s theorem shows that with P(z) = a,z™ + -+ + ao,

AsP(2) :{B[P oo)(z) — ozB[P](z)}eiAY + B[P* o g]*(2) — aB[P*|*(2),
= {(R” — ) ()\0 + )\1%2 + )\2113(718—1)> e+ (1 - a))\o} anz"
n? - n3n

o -1 _
+ -+ {(Rn - Q) ()\0 +>\1? +>\28)> +e7(1 —Oé))\o}ﬂo,

has all its zeros in |z| > 1, for every real v, 0 < v < 27. Therefore, A5 is an admissi-
ble operator. Applying of Lemma the desired result follows immediately
for each p > 0.

O

From Lemma 2.5 we deduce the following more general result.

Lemma 2.6. If P € &, then for every a € C with |a| <1, p>0, R>1 and vy
real 0 < v < 2,

27
/0

{BIP o o](e) ~ aBIP](e")} "
+ {BIP* o o]*(e®) — aB[P*]*(c®)} ]”da
< ‘(R” — )Moy Aty Ao)el + (1 — oz)xo‘p /0277 |P(c?)["do,  (2.10)
where B € By, 0(z) = Rz, B[P* 0 0]*(2) = (B[P* 0 0]())* and ¢(Ao, A1, \a) is

defined by .

Proof. Let P € &, and let 21, 22,..., 2, be the zeros of P(z). If |z;| > 1 for all
j =1,2,...,n, then the result follows by Lemma Henceforth, we assume that
P(z) has at least one zero in |z| < 1 so that we can write

n

P(z) = Pi(z faHzfzJ H(zfzj),()gkgnfl,a#o,
Jj=k+1
where the zeros z1, 2o, ..., 2, of Pi(2) lie in |z| > 1 and the zeros zg41, 2k+2, - - - 2n

of Py(z) lie in |z| < 1. First we suppose that P;(z) has no zero on |z| = 1 so that all
the zeros of P;(z) lie in |z| > 1. Since all the zeros of (n — k)th degree polynomial
Py(2) lie in |z| < 1, all the zeroes of its conjugate polynomial Py (z) = 2" "% Py(1/%)
lie in |z| > 1 and |P5(2)| = |P2(2)| for |z| = 1. Now consider the polynomial
Z - ZJ H (1 - ZZ_J)?

j=k+1
then all the zeroes of f(z) lie in |z| > 1, and for |z] =1,

[f(2)| = [P(2)[ |5 (2)] = [PL(z)| [P2(2)] = [P(2)]- (2.11)

f(z) = Pi(z

H'Ew
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Therefore, it follows by Rouche’s Theorem that the polynomial g(z) = P(z)+8f(2)
has all its zeros in |z| > 1 for every B, with |8] > 1 so that all the zeros of
T(z) = g(7z) lie in |z| > 1 for some 7 > 1. Applying (2.9) and (2.8) to the
polynomial T'(z), we get for R > 1 and |z| < 1,

|B[T 0 0](2) — aB[T|(2)| < |B[T" 0 0]"(z) — aB[T"]"(2)|

(/\0 + A}”; n AQ”B(’;_I» {R”T(Z/R) - @T(z)}

that is,

ot Mg+ 0O (Rt ) - agtr))

_ ( _12 + )\_27”2(”4_ 1)> {R"_szg'(Tz/R) — deg'(Tz)}

2

+ XQ%{R"_QZQTQg”(Tz/R) - 64227'29”(7'2')} , (2.12)

for |z| < 1. If z =€ /7,0 < 0 < 27, then |z| = (1/7) < 1as T > 1 and we get
| Blgool(e” /1) — aBlg(e” /7))

- _n? ~n3(n—1 ) )
<| (o nTy + R (gl m) - agte)
- ~n?(n—1 X ) ) )
- (Aln + AQ”(")> {R=1eg/ (e /R) — aeg' () }
2 4
2
+ )\_an{Rnizewg”(ew/R) _ C_veieg”(ew)} ,
8
Equivalently,

|Blg o 0](z) — aBlg](2)| <[Blg" 00]"(z) —aB[g"]"(z)| for |z[=1,
where o(z) = Rz.

Since g(z) has all its zeros in |z| > 1, it follows that g*(z) has its zeros in |z]| < 1
and hence (as in the proof of Lemma the polynomial g* o o(z) — ag*(2) also
has all its zeros in |z| < 1. Applying Lemma Blg* o 0](z) — aB[g*](#) has all
zeros in |z| < 1 and thus B[g* o o]*(2) — @B[g*]*(z) does not vanish in |z| < 1.

An application of Rouche’s theorem shows that the polynomial

L(z) = {Blg o 0](2) — aBlg](2)} ¢ + Blg* 0 0]*(2) — aBlg"]"(2) (2.13)
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has all zeros in |z| > 1. Replacing g(z) by P(z) + Sf(z) and noting that B is a
linear operator, it follows that the polynomial

L(z) = {B[P 0 0)(z) — aB[P](z)} g {B[P* o o]*(2) — dB[P*]*(z)}
+ 8|{Blf 0 0)(=) = aBIfI() } e + { BIf* 0 0]*(2) — GBI () }]. (219)

has all its zeros in |z| > 1 for every 8 with |3| > 1.
We claim

HB[P 00]() = aBIP|(2)} e + { B[P 0 o]"(2) - dB[P*]*(z)H
< [{Blf o olz) = aBIfI) } €7 + {BIf* 001 (2) — aBIF T (2)}],  (215)
for |z| < 1. If inequality is not true, then there exists a point z = 2o with
20| < 1 such that
HB[P o 0] (z0) — aB[P](zO)} el + {B[P* o o]*(20) — o‘zB[P*]*(zO)H
> [{Blr 0 0l(20) — aBIf)(z0) } e + { BI* 0 0] (20) — GBI (20)}

Since f(z) has all its zeros in |z| > 1, proceeding similarly as in the proof of (2.13)),
it follows that

{B[f o 0(z) — aB[f](z)} e 4 {B[f* o a]*(2) — aB[f*]*@)} £0 for |2] < 1. We
take

)

{B[p o 0 (z0) — aB[P](zo)} e+ {B[P* o a]*(20) — dB[P*]*(zO)}
{BIf 0 0l(20) = aBIf](z0) } 87 + { BIf* 0 0]*(20) — aBf*]*(z0) } -

so that [ is a well-defined real or complex number with |3| > 1 and with this choice
of B, from (2.14), we get L(29) = 0. This clearly is a contradiction to the fact that
L(z) has all its zeros in |z| > 1. Thus holds, which in particular gives for
each p > 0 and + real,

2T
/(;

< /0% {Blf 00)(e) — aBIf() } e + { Blf* 0 0*() — aB1*(e) )| db.

Lemma and (2.7)) applied to f, gives for each p > 0,

2m
/0

{BIPoo](e®) — aBIP](e?) } ¢ + { B[P* 0 0" (¢*) - @B[P*}*(ei‘g)}‘p do

P

do

{B[Poa](ew) - aB[P](eie)} g {B[P* o o]*(ei?) — o?B[P*]*(ew)}
g TR o,

) _p 27 )
- ‘(R” — a)d(Ao, A1, A2)e” + (1 — d))\o‘ / |P(e)[" do. (2.16)
0

< ‘(R" —a)d(Aos A1y Ao)e + (1 — @) o

_ Now if Pi(2) has a zero on |z| = 1, then applying (2.16) to the polynomial
P(z) = Pi1(uz)P2(z) where 0 < u < 1, we get foreach p >0, R>1,0<6 < 27
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and -~y real,

27
~/0

p

do

{B[p o ](ei?) — aB[P](ew)} el + {B[P* o o]*(ei®) — aB[P*]*(ew)}

) _w [T p
g‘(R” — )Moy Aty Aa)el + (1 — d))\o‘ / P(e“’)’ do. (2.17)
0

Letting 1 — 1 in (2.17)) and using continuity, the desired result follows immediately
and this proves Lemma [2.6] O

Lemma 2.7. If P € &, then for every « € C with |a| <1, p >0, R > 1 and
0<vy<2m,

27 2m
/0 A
27
S /
0

where B € B,,, 0(z) = Rz and ¢, (o, A1, \2) is defined by (L.13|). The result is best
possible and P(z) = bz"™ is an extremal polynomial for any b # 0.

{B[P o a](ew)—aB[P](ew)}
+ e { BIP* o 0](e") — aB[P*](¢)} ’pded’y

27
(B" = )6l hda)e™ + (1= o[y [ [Pee)[ o, (215)
0

Proof. By Lemma for each p > 0, 0 < @ < 27 and R > 1, the inequality (2.6
holds. Since B[P* o o]|*(z) — aB[P*]*(z) is the conjugate polynomial of B[P* o
o](z) — aB[P*](2),

[BIP* 0 0](e”) — aBIP*](")] = [BIP* 0 o]*(e'") — aBIP**(¢)], 0<6 < 2m,

and therefore for each p > 0, R > 1 and 0 < 6 < 27, we have

27

/0
2T

/0
27

A

{BIPoal(e"”) — aB[PY(e)} + ¢ { BIP* 0 0] () - aB[P*](em)defy

|B[P o 0](?) — aB[P](¢")|¢"” + | B[P* 0 0] (¢ — aB[P*](e”)de%

|B[P o 0](¢"?) — aB[P] ()| + | B[P* 0 o]*(¢"?) — dB[P*]*(e”)dev.
(2.19)
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Integrating (2.19) both sides with respect to 6 from 0 to 27 and using (2.10)), we
get
27 2
/o
27 27
I

L

{BIPoo)(e?) - aBIP)(e”) }e" + { BP* 0 0](¢*) — aB[P*) (") } | dya0

|B[P o o](e?) — aB[P](ei0)|e”

+|BIP* o o] (e?) — @B[P*}*(ew)}‘pdfyde,

{B[Poo](e"”) — aB[P](")}e"
+{B[P* 0 o] (") — o‘zB[P*]*(ew)}‘de}dv,

. _|p 2w )
< ‘(Rn — a)Pn(Xo, A1, A2)e"” + (1 — CY)/\O‘ d’Y/ ‘P(ew)’p‘wy
0

27T
</0

which establishes inequality (2.18)).

) P 2 )
(R" = 0)¢n (Mo, At Ae)e™ + (1= a)ho| dy / [P(e”)]" b,
0

|
3. Proof of Theorems
Proof of Theorem [I.1l By hypothesis P € £,,, we can write
k n
P(z)=Pi(2)Pa(z) =a[(z—2) [] (z—2), k>1, a#0,
j=1 j=k+1
where the zeros z1, za, ..., 2z of Pi(z) lie in |z| < 1 and the zeros zp41, 2k+2, - - - 2n

of Py(z) lie in |z] > 1. . First, we suppose that all the zeros of P;(z) lie in |z] < 1.
Since all the zeros of Py(2) lie in |z| > 1, the polynomial Py(z) = 2" *kP,(1/2)
has all its zeroes in |z| < 1 and |P3(z)| = |Pa(z2)| for |z| = 1. Now consider the
polynomial

k n
M) = PP =a] -2 T] (1 -25).
j=1

j=k+1
then all the zeros of M(z) lie in |z| < 1, and for |z| = 1,

(M (2)| = |P1(2)] |5 (2)] = [PL(z)] [P2(2)] = [P(2)]- (3.1)

Observe that P(z)/M(z) — 1/H?:k+1(—z_j) when z — 00, so it is regular even at
oo and thus from (3.1) and by the maximum modulus principle, it follows that

[P(2)] < [M(z)| for |z > 1.

Since M(z) # 0 for |z| > 1, a direct application of Rouche’s theorem shows that
the polynomial H(z) = P(z) + AM(z) has all its zeros in |z| < 1 for every A with
|A] > 1. Applying Lemma to the polynomial H(z) and noting that the zeros
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of H(Rz) lie in |z| < 1/R < 1, we deduce (as in the proof of Lemma [2.3)) that for
every real or complex « with |a] <1, all the zeros of polynomial
G(z) = H(Rz) — aH(z)
={P(Rz) —aP(2)} = A{M(Rz) — aM(2)}

lie in |z| < 1. Applying Lemma to G(z) and noting that B is a linear operator,
it follows that all the zeroes of

BIG](2) = {BIP 0 0](z) — aB[P)(2)} — \{B[M o 0](2) — aB[M](2)}
lie in |z| < 1 for every A with |A| > 1. This implies
|B[P o 0](2) — aB[P](z)| < |B[M o o](z) — aB[M](z)| for |z| > 1,

which, in particular, gives for each p > 0, R > 1 and 0 < 0 < 2,

2m 2
/ |B[P o o](¢?) — aB[P)(e")|” db g/ |B[M o o](e”) — aB[M](e")|" do.
0 0
(3.2)
Again,(as in case of H(z)) M(Rz) — aM(z) has all its zeros in |z| < 1, thus by
Lemma B[M o 0](z) — aB[M](z) also has all its zeros in |z| < 1. Therefore,

if E(z) = epz™ + -+ 4 e12 + e has all its zeros in |z] < 1, then the operator Ag
defined by

AsE(z) = B[E o 0](2) — aB[FE](2)

2 3(71

-1
= (R" —a) (/\0 + /\1% + /\gns)) enz” + -+ (1 — a)roep, (3.3)

is admissible. Since M(z) = b, 2™ + - - - + by, has all its zeros in |z| < 1, in view of
(3.3) it follows by ([2.5) of Lemma that for each p > 0,
27 2T
| 1B o o)) — aBIE) db < IR =aPlonOa i P [ (31" db
0 0
(3.4)
Combining inequalities (3.3)), (3.4) and noting that |M ()| = |P(e)|, we obtain
for each p >0 and R > 1,
2 2
| 1Bl o o))~ aBlPIe)]" a8 < R ~aPlon(ho M e [ [Pl s,
0 0
(3.5)
In case Pi(z) has a zero on |z| = 1, then inequality (3.5) follows by continuity. This
proves Theorem for p > 0. To obtain this result for p = 0, we simply make
p — 0+.

O

Proof of Theorem [1.3l By hypothesis P(z) does not vanish in |z| < 1, 0(z) = Rz
and R > 1, therefore, for 0 < 6 < 2, (2.1) holds. Also, for each p > 0 and ~ real,

(2.18) holds.

Now it can be easily verified that for every real number v and s > 1,

|s+e”| > |1 +e”}.
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This implies for each p > 0,
27 ) 2 )
/ |s+e”|pdyz/ 14 e[ dy. (3.6)
0 0

If B[P o g](e?) — aB[P](e?) # 0, we take

_ B[P*o o](e?) — aB[P*](e?)

- B[Poo](e") — aB[P](e'?)
then by (2.1]), s > 1 and we get with the help of (3.6)),

| 1P ool - aBIPY)} + e {BIP oale?) - aB{P )} dy

_ o al(e? 10 et P OU]<€i0) _ aB[P*](em) '

_ ‘B[P 1(e?) — ‘ / ’1—&- [Poo'](eie)—OZB[P](ew) dry,
_ i i0y|P i | BIP* o a](e”) — aB[P*](e")
,|B[Poa](69)*O‘B[P](€0)| /0 1+e B[P o o](¢??) — aB[P](e?) d%

. . 27T .
> |B[Poo](e") - aB[P](e“")V’/O |1+ e’ dy.

For B[P o o](e?) — aB[P](e'®) = 0, this inequality is trivially true. Using this in
(2.18]), we conclude that for each p > 0,
2m

27
|
27
< / [(R™ = a)é(ho, A1, A2)e’ + (1 — a)Ao\pdv/ |P(e")[" d,
0 0

from which Theorem follows for p > 0. To establish this result for p = 0, we
simply let p — 0+. This completes the proof of Theorem

0 N L 2 p
BIP o 0](e") ~ aB{P)(c")] d9/ 114 e Py
0

O

Proof of Theorem [I.7l Since P(z) is a self-inversive polynomial, then we have
for some v, with |v| =1 P(z) = vP*(z) for all z € C, where P*(z) is the conjugate
polynomial P(z). This gives, for 0 < 6 < 27

B[P o 0)(e") — aBIP|(¢)| = [BIP* o o](¢"*) — aBP*](¢").

Using this in place of (2.1)) and proceeding similarly as in the proof of Theorem
we get the desired result for each p > 0. The extension to p = 0 obtains by letting
p — 0+.

O
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