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ON A TWO-VARIABLE ANALOGUE OF THE BESSEL
FUNCTIONS

RABIA AKTAS, ABDULLAH ALTIN, BAYRAM CEKIM

ABSTRACT. The main object of this paper to construct a two-variable ana-
logue Ji s(x,y) of first kind of the Bessel functions Ji(x) and to give various
properties such as orthogonality, recurrence relations, differential equation and
generating function for these functions. Furthermore, some special cases of the
results presented in this study are also indicated.

1. INTRODUCTION

The Bessel functions Ji (z) are among the most important special functions
with very diverse applications to physics, engineering and mathematical analysis.
The importance of the Bessel functions has been further stressed by their various
generalizations: with more indices as well as with more variables. Among the first
kind of generalizations we mean Wright’s 2, 3 and 4 index Bessel type functions, in
the sense of [9]. Nowadays, new classes of multiindex functions are also introduced,
see e.g. [8, [MI]. For the works considering the second kind of generalizations we
refer to [11 2, Bl [ 5] [7].

The Bessel functions of the first kind of order k are defined by

N YTy
Jk(x)_pz:%p!l"(k-i-p-i-l) (3) (1.1)
or, equivalently, by
_ (/2 g
Ji () = ThtD) oF1 (-JC-I- 1; —4) (1.2)

where oF3; denotes the familiar hypergeometric function which corresponds to the
special case r +1 = s = 1 of the generalized hypergeometric function ,.Fy with
r numerator and s denominator parameters and Jji (z) is one solution of Bessel
differential equation:

2y +ay + (2* — k) y=0. (1.3)
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If k is an integer, it is hold that

Je (@)= (=D)* T, (2). (1.4)
If k is not an integer, Ji () and J_j (z) are two linearly independent solutions of

(1.3). It is well known that the set of functions {f, (z)} = {VzJk (@, )}, n =
1,2, ... forms orthogonal set over the interval (0,1). Actually, it is hold that

1

(fn, fm) = /:L‘Jk (an ) Jg (m x)dz =035 n#m (1.5)
0

where ay, ..., a,, are positive and real roots of Jiy(«) = 0. On the other hand, the
norms of functions f, () are

1
nll=—=J ) , n=12 .. 1.6
[ fnll N (an) (1.6)
where Ji (o) = 0. For orthogonality properties and zeros of the Bessel functions,
we refer [6] [16].
Furthermore, the Bessel functions Ji (z) satisfy the following recurrence formulas
for p real parameter [12] [T4]:

(@ o) = po T (o) (1.7)
and J
— (7" Ik (px)) = —pa™" Jpp1 (p) (1.8)

dx
and these functions are generated by

> 1
Z Jy (z) tF = exp (; (t - t)) (1.9)
k=—o0

for t # 0, t € C and for all finite = (see [12] [15]).

In the area of orthogonal polynomials, analogues in severable variables of some
orthogonal polynomials seem to be highly nontrivial generalizations of the one-
variable case. In fact, two-variable analogues of the Jacobi polynomials in several
different ways were introduced in [I0] (see also [13]). By the motivation of such
analogues, we define a two-variable analogue of the Bessel functions.

We organize the paper as follows:

In section 2, we define a two-variable analogue Jy, s(z,y) of first kind of the Bessel
functions Ji (z) and we show that they are orthogonal. We give a generating
function and differential equation satisfied by Ji s(z,y). In section 3, for these
functions, various recurrence formulas are derived. Furthermore, some special cases
of the results presented in previous sections are also indicated.

2. A TWO-VARIABLE ANALOGUE OF THE BESSEL FUNCTIONS AND THEIR
PROPERTIES

We define a two-variable analogue of the first kind of the Bessel functions as
follows:

Ti,s(2,y) = (@) Js(yp(x))
where p(x) > 0, x > 0. The following results can be easily proved by using (|1.2))
and (1.4)).
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Theorem 2.1. For the functions Ji s(z,y), we have the representations

i} (@)’
i 2O o 2) v 2

or

oo _qymtn o\ 2metk 2\ 2t
Jis (2, y) :an;O m! n!T (k +(m—)kl)1“(s+n+ 1) (5) (yp2( )) '
7 (2.1)
Theorem 2.2. Let k and s be integer, then Jy s(x,y) satisfies
Tops(z,y) = (1) Jis(z,y),
Je—s(@,y) = (=1)°Jis(z,y),
Top—s(,y) = (D I —s(@,y) = (1) Tops(z,y) = (1) Ty o2, y).

Theorem 2.3. Let ay,...,ap, and B, ..., Bm be positive and real roots of Ji(a) =0
and Js(8) = 0, respectively. The set of functions

fnm(2,y) = Vayp(x) Je(an®) Js(yp(x) Bm) 5 m,n =12, ..

is orthogonal over the domain
1
D=<q(z,y):0<2x <1, O<y<}.
{( ) p(x)

Proof. By the change of variable u = yp(x) and then by (L.5)), we get

(fam(@,y), frp(z,y)) (22)

- //fnm (2.9) (. )y

/ / ETOE) T (0 ) Ty (yp(@) Bon ) TG () T () T (yp ) By iy

Il

1
/ zudy (onx)Js(Bmu) Jk (apx) Js (Bpu)dudz
0

1 1
/l‘Jk (e 7%/ Jk arx /UJS Bmu)J, ﬁp )
0 0

= 0, (nam) 7é (T7p)
which completes the proof. 0

Theorem 2.4. Let Jy (a,) = 0 and Js (B) = 0. The norms of the functions
frm(z,y) are determined by

[ frm (2, )|

%Jk-‘rl(o‘n)%Js—i-l(ﬁm)

= %Jk+1(an)Js+l(6m)'

Proof. Tt is enough to use (|L.6]). O
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Theorem 2.5. Two-variable analogue Ji s(x,y) of the first kind of the Bessel func-
tions is one solution of differential equation of second order

2,2 () 2 2.7
2yx?p (x)
22 W, v? + z?y® (p'(2)) W _ W,, + W,
p*(x) v p(z) Y

yaz*p" (x) 2yx2 2 ayp'(z)
+{ @ @ PO e “’}Wy

+(z? + y?*p*(z )—szsz)W:O.

Proof. The function Wy, s(u,v) = Ji(u)Js (v) satisfies the differential equation of
second order

WP W + 02 Woy + uW,, + W, + (u2 +o? k% — 82)W =0.

By applying the change of variable

{ Uijpfx) ’

we find differential equation of second order satisfied by Ji s(z, y) = Ji(x)Js(yp(x)) :

2,2 ( 2 2 7
2
xQHrM <y2 Yy gﬂ (95)) >”ryy _LyrTp (x)”rxy W,

p*(x) p(x)
2 11 2 /
ya*p” (z) 2yx 2 zyp'(z)
+ +3 (¢ ()" - +y o W,
{ p(x) (z) p(z) Y
+(z? + y?*p*(z )*k2782)W:O.
([l
Theorem 2.6. The functions Jy s(x,y) are generated by
= 1 1 1
) ; Jp,s(z, y)tFw® = exp [2 (m <t - t) + yp(z) (w - w))}
fort#0, w+#0 and t,w € C.
Proof. 1t is enough to use (|1.9)). O

3. RECURRENCE RELATIONS FOR THE FUNCTIONS J 4(,y)

In this section, we obtain various recurrence relations for the functions Jy, s(z, y).
For p and r real parameters, let Jy s(x,y;p,r) be shown by

Jis(@,y5p,7) = Ji(p2) Js (ryp(2)). (3.1)
Theorem 3.1. For the functions Ji s(x,y;p, ), we have

% [2* (p())* Tk s (, y; p,7)]

= 2"(p(2))® [pJk—1.s(x, y; 0, 7) + 1yp (2) i 51 (2, Y3 p, 7)) -
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Proof. By multiplying both members of (3.1)) by #*(p(x))* and differentiating with
respect to x, and then using , we get
9]

Ox [2* (p())* Tk s (, y; p,7)]

_ %[mk(p(a?))sjk(pw)Js(Typ($>)]

= (o))" o (ryp () e () + () < ()" o) - (32)

Furthermore, we can write

(o))" e (ryp(a)

AR (—1)" ryp(z) )" .
T ox Zn!F(n+s+l)( 2 ) (p(x))]

n=0
n=0 "
_ T N G ryp(x) \ "
= 1)@ Y s (57
= 1y(p(x))*p'(z) Js-1(ryp()). (3.3)
Substituting in , we complete the proof. O

Theorem 3.2. The functions Ji s(z,y;p,7) satisfy the following differential for-
mula: 5

y [ Tk, (@, y;0,7)] = rp(x)y’ Jrs—1 (2, 450, 7).

Proof. By multiplying both members of (3.1) by y® and then differentiating with
respect to y, we obtain

a% [Y° Jk,s(z,y;p,7)] = a% [y° i (px) Js(ryp(x))]

0
= Jk(px)a—y

_ RS G VN £ T ORI
= Jk(px)aylzn!r(n+s+1)< 2 > y]

n=0

[y* Js(ryp(x))]

oo

—1)™"(2n s ro(z)\ 2"
_ Jk (px) Z n'( 1) (2 +2 ) < p( )> y2n+2sfl
n=0

'(n+s)T'(n+s) 2

= rp(@)y*Je(pr)Js—1(ryp(z))
= rp(@)y’ I s-1(z,y;p,7)
which completes the proof. [l

As a result of Theorem 8, by induction, we obtain the following corollary.

Corollary 3.3. The functions Ji s(z,y;p,r) satisfy the following equality

1 3 " s m _s—m .
<yay) [y Jk7s(x7y7p7 T)} - (Tp(x)) Y Jhs—m(x,y;p, T)
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form=12 ...

Theorem 3.4. For Jy, s(x,y;p,r), we have

8 . —k —s
% [Jk,s(xvyvpﬂ’r)x (p(.’E)) ]
= =2 " (p(2))"* {pJrrrs(@, 0, 7) + yrp (2) Tk sp1 (2, 550,7) )
Proof. From 7 we get
0 - —s
5 [Ths(@yip, )™ (p(2)) 7]

= 2 o)y o)~

= —pz *(p(x)) " Jig1 (px) Js(ryp(x)) + Ji(pz)a ™" % [Js(ryp(x))(p(z)) %] .

Moreover, by (|L.1]), we can write

0

55 [Ts(ryp(@)) (p(2)) ]

_ 9% (-1) ryp(x) " .
- %[Zn.rms 5 (22) T (ot ]

- - Z oty (5) e )

- s g — (=)™ ryp(x) 2n+s+1
= —ry(p(z)) p(x),;)”! e 1Y) ( : )

= —ry(p( ))‘Sp’( )Js+1(ryp(z)). (3.5)
If we replace (3.5)) in , we complete the proof. O

Similar to Theorem 8, we can give the following relation.

Theorem 3.5. For Ji s(x,y;p, ), we have the differential formula
9 —s —s
67]./ [Jk,s(mvy;pv r)y ] = —Tp([L’)y Jk,s+1(xay;p7 T)'

By induction, we have the next result:

Corollary 3.6. The functions Ji s(x,y;p,r) satisfy the relation

(i%) [k, 0,y ™) = (1) (rp(@))™ 5™ " T s (2,5 7)

form=1,2 ...
Theorem 3.7. The functions Jy s(x,y;p, ) hold that

0
%Jk,s(x,y;p,ﬂ = ple-rs(@yipr) +yre (2) e s—1 (2, y;p,7)

_ (k n Spl(x)) Jio,s (T, 45, 7).

z  p(x)
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Proof. By multiplying (3.1) by 2*(p(z))* and then differentiating with respect to

x, we get

o sy ) (o))

= Jrs(z,yip,r) {kaH(p(2))* + aPs(p(x)) ' (2)}

0
+xk(p(x))s%Jk,s(w7 yip,T)

and by Theorem 7, we can write

el (0]

= xk(p(x))s {ka—l,s(may;pa T) + yTP/@)Jk,s—l(fan;pa 7‘)} .

From (3.6) and (3.7)), it is obvious that
k /
( L 5P@)

z  px)
= pli—1s(@ y;p,r) +yre (@) Ik s—1 (2, y; p,7).

) Je,s(x,y;0,7) + %Jk,s(%y;p, 7)

In a similar manner, using Theorem 10, we can give as follows:
Theorem 3.8. For Jy s(x,y;p, ), it is hold that

kE sp(x
gec

z  px)

0
%Jk,s(w,y;p, 7) > Ji,s(T,y3p,7)

- {ka+1,s(z,y;p, )+ yrp (2) Jp,s1 (2, Y3 p, 7’)} :

By means of Theorem 13 and 14, one can easily show as follows:

Theorem 3.9. Ji ((z,y;p,r) satisfies the following relations:

9 P
ap @ yipr) = ST (@ yip,r) = i (2,550, 7)}
rp’ (x
+%() {Jk,s—l(xa Y, p, T) — Jk7s+1(1’7y;p7 T’)}
and
k  sp'(z
2 <x * //))(:Ec))> Jrs(@yipr) = p{Je—1,s(@, y:0,7) + Jeg1,s(z, 450, 7)}

(3.7)

+yrp () {Tps1 (2,9 0,7) + Jpsr1(2,9;0,7)} -

4. SOME SPECIAL CASES

In this section, we give some special cases of the functions Jy s(z,y). For the

Bessel functions Ji (z), it is well-known that

2
J_1(x) = /—cosz,
2 T
2 .
%(x) = y/asmx
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and

2
Py @)+ ) ==

T

By means of these equalities, we can give the following equalities.

Theorem 4.1. For k = :i:%,s = :i:% in Ji,s(z,y), it follows

Jia(xy) = Ji(x)Ji(yp(x)) = <\/zsinz><

2

W sin z sin (yp(z)) ,

2 sin z cos (yp(z))
T/ zyp(z) ’

2

W cos x sin (yp(z))

1oa(@y) = Joi(x)J_1(yp(a)) = (\/ZCOSHS)(

2z cos z cos (yp(z))
T/ zyp(z) '

Corollary 4.2. As a result of Theorem 16, we have

(J%’%(x,y))Q—l— (J%ﬁ%(m,?ﬁ)z + (J,

11
272

Corollary 4.3. Choosing p(z) =

— 2

R Bmy ) _
fn,m(xvy)_ l_xQJk(anx)Js <W) 9 mvn_1721'“

is orthogonal over the domain

D:{(x,y):0<x<1 , O<y< \/1—3:2}.

The norms of these functions are

1
||fn,m|| = §Jk+1(an)t}s+l(6m) y, m,n = 1a27~-~

(z,y) = J%(:E)J,%(yp(w)): <\/Zsinx>< wyj(x)

11(zy) = J_é(ﬂi)t];(yﬂ(x)):<\/zcosx>< wyp(x)

Typ(z)

(:w))2 + (J,%,,%(x,y)) _

sin (yp(x))>

2

cos (yp(:v))>

sin (yp(ﬂ?))>

cos (yp(w))>

4

m2zyp(z)’

in Theorem 3, the set of functions

(4.1)
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Due to results obtained in section 3, the recurrence relations satisfied by (4.1))
are given below:

N 0 _s
i) % [2"(1 = 2%) "2 Jis(@,y5p,7)]

_s _3
= 2F(1-2?)"2 {kafl,s(:ay;p,r)+my(1—w2) 2Jps—1(z,y50,7)]

0 ry®
i) — [y°J, s\T,Y; D, = T s— yYsDyT)s
i) 5, W ks (@ yip )] = i Js 1 (@, 430,7)
1o\"
iii —a SJ s\L, Y5 P,
i) (1) o)

Tm

= 7y87m<]k,s— (337931777") , M= 1727"'7
(1 —xz)m/2 "

.y 0 _ s
iv) o [hs(@,0p,m)2 7 (1= 2?)?]

s

_3
= -z F(1-2?%)> {kaH,s(w,y;p, r)+ray (1—2%) 2 Jysp1(z,y3p, 7")} ,

0 e TTY° )
V) aiy [Jk:,s(xayapv T)y } - ﬁJk,S+l(x7y7p7 'I’),

1 0\™
vi) (yay> [y~ Jis(@,y;p,7)]

(_1)m P
= my S ka)s_i_m(-/E;y;p,?”) , m= 1’2,“.,

. 0 k sx
Vll) %Jk,s(x7y7p’ T) + (fE + ].—(Ez) Jk,s(mayapa T)

_3
= {ka_l,s(x, yip,r) +ray (1—a?) % Jps1(z,y;p, r)} ,

1—x

ST
p. 2) Jr,s(@,y5p,7)

ey, O k
viii) —Ji o(z,y;p,7) — (m +
_3
= —plprs(zyipr) —ray (1—2%) 2 Jepa(z,y:p,7),

., 0 D
ix) %Jk,s(% yip,T) = 3 {Jh—1s(@,950,7) = Jer1,s(2, y5p,7) }

1 3
+§my(1 — 2?72 {Jpsr (2,43 0,7) — Thsir (@, 430,7)}
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k sx
X) 2 ;"_1_7372 Jk,s(xay;par) :P{qu,s(%y;pﬂ")+Jk+1,s(=’ﬂ>y§29a7“)}

+ray(l—2%) 72 {Jrs1 (@, 450,7) + Jioir (2,559,7)}
Corollary 4.4. Choosing p(x) = 1 in Theorem 3, the set of functions
Fim(@:9) = VEGI(@n2) T (Bry) 5 mn=1,2,.. (1.2)
is orthogonal over the domain
D={(z,y):0<z<1l, O0<y<l1}

and the norms of these functions are determined by

”fnm” Jk-‘rl(an) s+1(/6m) ; man:1727"'

Due to results obtained in section 3, the recurrence relations satisfied by (4.2)
are given below:

. 0
i) o (2% T s (z, yip,7)] = pa®Jp—1s(@, y5p,7),

li) 87 [ SJk S(‘T Yysp, T )} = rySJk,sfl(xvy;pa 71)7
31313 1 m,,S—m
iii) y) W Jk,s(x,y;0,7)] = 1"y " T se—m (T, Y50, 7) , m=1,2, ...
: 9 1 & —k
lV) % [QL' Jk,s(irvy;pv T)] = —px Jk+1,s(m7y;pv T)v
ay = Js(@,y;p,7)] = —ry~* T sp1(z,¥;0,7),
s 1 a —s m . m,—s—m
Vl) ;87 Jk,s(x,y;;m T)] = (_1) Uy Jk,s+m(xay;p7 T) ,m=12,..
.. k
Vll) 8 Jk s(w ysp, T ) kafl,s(xﬂ/;pv T) - ;Jk,s(wvy;z% T)v
0 k
viii) a—Jk,s(Ly;p, r) = —Jrs(x,¥;0,7) = pIpyr,s (T, y5p0,7),
X X
. 0 D
ix) %Jk,s(a% Yip,T) = 3 {Ih—1s(@ys0,r) = Jegr,s(2,y50,7) )

2k
X) ;Jk,s(m, y;p, ) = p{Je—1,s(x, y;p,7) + Jry1,s(x, y50,7) } -

Corollary 4.5. We have the following relation between the functions Jy s(x,y) and
the first kind of the Bessel functions Ji(x) :

ili%«]mo(% y) = Ji(x).
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