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GENERALIZATION OF SOME INEQUALITIES FOR THE
SPECIAL FUNCTIONS

VALMIR KRASNIQI, FATON MEROVCI

ABSTRACT. It has been shown that if f is a differntiable, logarithmically con-

vex function on nonnegative semi-axis, then the function g(z) = %,
a—+br <c+dx and eb < fd, is decreasing on its domain.
n
IT f(ai + bsz)e
It has been shown that if h(z) = Z:I—M where
0+ (509
i=1
f: Ry — R4, differentiable log convex function and ¢;,e,i =1,...,n are

positive real numbers and a;, b;,d,i = 1,...n are real numbers such that e >

’ n
. £ (d+ (3 b))
ci,i=1,...n,d+ > bix > a;+bix >0,i=1,...n. Ifa(z) = +
=t fld+ (32 bi)z)
i=1
and b; > 0,9 = 1,...n then the function f is decreasing on its domain. In
particular, if € [0, 1], then the following inequalities:

ﬁ1 flai + b)) ﬁ1 flai)e
Z:—ne <h(z) < 1:76 1)
r(a+(Z0)2) 1

hold true.
Application of this paper is generalization the paper [9],[14],[15],[7].

1. INTRODUCTION AND PRELIMINARIES

Logarithmically convex (log-convex) functions are of interest in many areas of
mathematics and science. They have been found to play an important role in the
theory of special functions and mathematical statistics ( see e.g [3]).

In what follows the symbol R} and R~ will stand for the nonnegative semi -axis
and positive semi -axis, respectively.

Recall that a function f : [¢,d] — R- is said to be log-convex if

fluz + 1 —wy] < [f@)"[f )]0 <u<])
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holds for all z,y € [c,d]. It is well - know that a family of log-convex functions is
closed under both addition and multiplication.

The Euler gamma function I'(z) is defined for = > 0 by

F(x)z/ t*~le~tdt.
0

The digamma (or psi) function is defined for positive real numbers x as the loga-
rithmic derivative of Euler’s gamma function, that is

d I (z)
— InT .
vle) = g nTle) = [
The following integral and series representations are valid (see [I]):
R 1 x
- _ —  dt=—~—= _ 1.1
() 7+/0 T v I+Zn(n+x), (1.1)
n>1
where v = 0.57721--- denotes Euler’s constant. Euler, gave another equivalent
definition for the I'(z) (see [g]),
p'p” p*
r = = , >0, 1.2
p(2) pz+1) - (@+p) a(1+%)-(1+2) z (1.2)
where
I(z) = lim T'y(x). (1.3)
p—00

The p-analogue of the psi function is defined as the logarithmic derivative of the
I, function (see [9]), that is
d I, (x)
InT .
/(/)P (LL') d n ( ) Fp(JU)

The function 1, defined in (1.4} satisfies the following properties (see [J]). It has
the following series representation

(1.4)

P
1
:lnp—Zerk. (1.5)
k=0

It is increasing on (0,00) and it is strictly completely monotonic on (0,00). It’s
derivatives are given by

n 1,

p
Z x+kn+1' (1.6)

Jackson (see [10, 11 12| [13]) defined the g-analogue of the gamma function as

_ @D o vi-e
Iy(z) = (0 0 (I1-¢) % 0<qg<1, (1.7)
and ( )
o 050 e i () ,
Pq( ) (qfr;qfl)oo (q 1) q » 4 > 17 (1 8)

where (a;¢)oo = [[;50(1 — ag’).
The g-analogue of the psi function is defined for 0 < ¢ < 1 as the logarithmic
derivative of the g-gamma function, that is, ¥q(x) = % logI'y(z). Many properties
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of the g-gamma function were derived by Askey [2]. It is well known that I';(z) —
I'(z) and Yq(x) = Y(x) as ¢ = 17. From (|L.7), for 0 < ¢ < 1 and = > 0 we get

n—+x nx
Yq(x) = —log(l —¢q) + long T_gie —log(1 —q) + long 1 (1.9)
n>0 n>1
and from (1.8)) for ¢ > 1 and = > 0 we obtain
be(z) =—log(q—1)+logq |z —3— 13;:2)
n=0 (1.10)

—log(g—1)+logg|z—3— 2 1"_qn>.
n>1

A Stieltjes integral representation for 1q(x) with 0 < ¢ < 1 is given in []. It is
well-known that 1)’ is strictly completely monotonic on (0, c0), that is,

(=)™ (' (x ))(”) >0 forz>0andn >0,

see [, Page 260]. From (1.9) and ([L.10) we conclude that 1} has the same property
for any ¢ > 0,

(=)™ (2))™ >0 forz>0andn > 0.
If g € (0,1), using the second representation of 14(x) given in (1.9) can be shown
that

*) () = log" ' 1.11
WS g qT;l_ (1.11)

and hence (—1)k_1w§k)(x) > 0 with > 1, for all £ > 1. If ¢ > 1, from the second
representation of ¢, (x) given in (1.10) we obtain

nq nT
Yy () = logq(l—I—Zim) (1.12)
n>1 q
and for k > 2,
k) k 1 ntq "
Y (x) = (=1)* log™* QZ (1.13)
n>1

and hence (—1)k_1wék)(x) > 0 with z > 0, for all ¢ > 1.

2. MAIN RESULTS AND ITS APPLICATIONS
The following Theorem is the main result of these notes.

Theorem 2.1. Let f: Ry — Ry differentiable log convex function and let a +
br < c+ dx and eb < fd,then the function

_ fla+bx)°
9(z) = flc+dx)!

decreases on its domain. In particular, if x € [0,1], then the following inequali-
ties:

(2.1)

flat by _ flatba)r _ f(a)

fle+d)! = fle+dx)l = f(e)f
hold true. If a 4+ bx > c+ dx and eb > fd, then the function g is an increasing
function on Ry and the inequalities are reserved.

(2.2)
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Proof. We prove the theorem when a + bxr < ¢+ dx and eb < fd. Logarithmic
convexity of f implies that its logarithmic derivative

ey = L@

f(x)
is an increasing function on Ry ie that
ala+br) < alc+ dr) (2.3)
Logarithmic differentiation of (2.1) gives

’

@ flatba) et dn
g(z) bf(a-i—bx) fdf(c+dx)

[f (a+ bx) fl(c—i—dsc)

<Y o)~ Jlotdn)
=df (a(a+ bx) — alc+ dx))
a+bx
=df [ (Inf(z)) dx (2.4)
c+{z

This is conjunction with (2.3) yields ¢’ (z) < 0, because g(z) > 0 for all z € Ry.
This proves the monotonicity property of the function g inequalities (2.2)) now
follow because for 0 <z < 1,¢(1) < g(z) < ¢g(0). The proof is completed. O

Theorem 2.2. Let h be a function defined by

ﬁ fla; + bjx)%

h(z) = —=1 _ ~ (2.5)
rd+ (Z0))
i=1
where f : Ry — Ry, differentiable log convex function and c;,e,i = 1,...,n are

positive real numbers and a;,b;,d,i = 1,...n are real numbers such that e > ¢;,1 =

1,..n,d+ > . bix>a;+bax>0i=1,...n
i=1

M:

Fd+ (3 b))
Ifa(z) = —21
Fld+ (2 bi)z)

ing on its domain. In partzcular if x € [0,1], then the following inequalities:

and b; > 0,9 =1,...n then the function f is decreas-

S

ﬁ flai +b;)% ﬁ flai)e

hold true. .
Fd+ (3 bi)z)

Ifa(z)= ——=1 — and b; < 0,i=1,...n then the function h is increas-

Fd+ (2 bi)o)

ing on Ry and the mequalzt@es (@ are reserved.
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Proof. Let g be a function defined by g(x) = Inh(x) for = € [0, 00)

g (x) = Z cibio(a; + bir) — e(z bi)a(d + szﬂf)
i (cl (a; + bx) — ea d—l—be)

i=1

It is easy to see that
ala; + bix) < ald+ Z bix)

i=1
n
Multiplying both sides of inequality e > ¢; with a(d+ Y b;z) we obtain
i=1

a(d+ Z bix) > c;ad + Z bix) > ala; + bx).

=1 i=1

i b; (cioz(ai +biz) — ea(d + z”: bw)) <0.
i=1

i=1

Hence,

We have ¢ (z) < 0. It means that g is decreasing on [0, 00). This implies that A is
decreasing on [0, 00).
Now for x € [0, 1] we have

Thus

3. APPLICATION OF THEOREM 2.1 AND 2.2

3.1 Inequalities involving the gamma function. Letf(x) = I'(z). It is
well know that the function f is log -convex( see e.g [3]]. Making use theorem ({2.1))
we conclude that the function ;Ezisg + is decreases for all x > 0 and the inequalities

T'(a+b)° < I'(a + bx)° < I'(a)°
L(c+d)f = T(c+dx)f — T(c)f
hold true for « € [0,1]. Inequalities (3.1]) have been obtained in [14].

3.2 Inequalities involving the ¢— gamma function.

Letf(z) = T'y(z). It is well know that the function f is log -convex( see e.g [3]].
Making use theorem 1) we conclude that the function % is decreases for

all z > 0 and the inequalities

(3.1)

Pyla+b)° _ Tylatba) _ Tyla)’
< <
Ly(c+d)f = Ty(e+dx)l ~ Ty(e)
hold true for z € [0,1].
Inequalities (3.2)) have been obtained in [I5].

(3.2)
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3.3 Inequalities involving the p— gamma function. Letf(z) =Tp(z). It

is well know that the function f is log -convex( see e.g [9]]. Making use theorem
1' we conclude that the function % is decreases for all x > 0 and the
inequalities

Dy(a+ b _ Tylatbr)® _ Tyay
(et d)f = Tyletda) = T,(0)
hold true for z € [0, 1].
Inequalities have been obtained in [9].
3.4 Inequalities for the Riemann zeta function. A formula which connects
Euler’s gamma function and Riemann’s zeta function

(3.3)

o0
tz—l

Na)gle) = [ e (3.4
0
is well know (see e.g [1]) It is well know function f(z) = I'(z){(x) is log -convex for

x € Ry ( see e.g [3]]. Making use theorem (2.1)) the inequalities
[['(a+b)C(a+b)]° < [T(a+ bc)¢(a+ bx)]®

[C(c+d)C(c+d)f = [D(c+ dx)C(c+ dx)]f (3.5)

hold for = € [0, 1]
3.3 Inequalities involving the gamma function.

ﬁ T'(a;+bjz)c
Let h(z) = ——————=. It is well know that the function h is log -convex.
EEDE
i=1

ﬁ T(a;i+biz)°
Making use theorem ({2.2) we conclude that the function (lle is de-
()
i=1

creases for all x > 0 and the inequalities

ﬁ [(a; +bi)" ﬁ [(a; + b;z) ﬁ I'(a;)*
R < — e < Sh (3.6)
F(d—i—(l;bi)x) r d+(;bi)x> ()

hold true for z € [0,1].
Inequalities (3.6)) have been obtained in [7].
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