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GENERALIZED SOBOLEV SPACES IN QUANTUM CALCULUS AND
APPLICATIONS

HATEM MEJJAOLI AND NADIA SRAIEB

Dedicated to Khalifa Trimeéche for his 66 birthday

ABSTRACT. In this paper we introduce and we study Sobolev type spaces associated with g-Dunkl
operator on Ry. As applications on these spaces we establish the Sobolev embedding, the hypoellipticity
for the g-Dunkl operator. We give some properties including some estimates for the solution of the
generalized wave equation and the generalized Schrédinger equation. Finally, using the theory of kernel
reproducing some applications are given for these spaces.

1. INTRODUCTION

The Sobolev spaces have served as a very useful tool in the theory of partial differential equations,
mostly those related to quantum mechanics or physics. Their uses and the study of their properties were
facilitated by the theory of distributions and Fourier analysis. The Sobolev space W*?(R) is defined by
the use of the classical Fourier transform as the set of all tempered distribution u such that its classical
Fourier transform @ satisfying

(1+¢)?)2a € LP(R).
Generalization of the Sobolev space have been studied by replacing the classical Fourier transform by a
generalized one.

In the context of differential-differences operators, the generalized Sobolev has already been studied in
various settings. The rational Dunkl case was treated by Mejjaoli-Trimeche [8], Ben Salem and Ahmodou
have studied in [2] the generalized Soblev spaces in the Jacobi-Dunkl setting theory. The purpose of this
paper is to introduce new spaces associated with the g-Dunkl operator: the Sobolev spaces W3- (R), the
Potential space H j;f;(R), that generalizes the corresponding classical spaces.

The paper is organized as follows. In §2 we recall the main results about the harmonic analysis
associated with the g-Dunkl operator. In §3 generalized Sobolev spaces associated with the g-Dunkl
operator are studied. Some properties including completeness and Sobolev embedding theorems are
established. Next, we define the generalized potential transform and we study the generalized potential
space. In §4 we give some applications. Firstly we study the hypoellipticity for the g-Dunkl operator.
Some estimates of the solution for the generalized wave equation are given. We introduce also the
generalized Schrédinger equation, and we study the solution if the initial data belongs to the generalized
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Sobolev spaces. Finally, we give the practical real inversion formulas using the theory of reproducing
kernels for the generalized wavelet transform.
2. PRELIMINARIES

Throughout this paper, we will fix ¢ € (0,1). We recall some usual notions and notations used in the
g-theory. We refer to the book by Gasper and Rahmen [5], for the definitions, notations and properties
of the ¢-shifted factorials and the g-hypergeometric functions.

1. Basic symbols. For a € C, the g-shifted factorials are defined by

n—1 fe%s)
(@ q)o=1 (a:9)n = [J(1 —ag"), n=1, 2,5 (a:9)00 = [J (1 — ag") (2.1)
k=0 k=0
(alaa2a"7ap;q)n - (alaq)n(GQaq)n(apaq)n7 TLZO,l,..,OO. (22)
‘We also denote )
[x]qzl_q,xe(c (2.3)
and
[n]y! = (gq’_qc)];n, neN. (2.4)

2.2. Operators and elementary special functions. The g-Jakson integrals from 0 to a and from
—00 to oo are defined by

/0 " f@)dgr = (1 - )a S flag")" (2.5)
n=0

[ f@da =00 Y 1)+ F-ae" (26)
provided the sums converge absolutely.
The g-Jakson integral in a generic interval [a, b] is given by

/f dx—/f dx—/f 9T (2.7)

Jackson [6] defined the g-analogue of the Gamma function by

(¢; 9)o -
T,(z) = 222 (1 —g)'"% z#£0, -1, —2,.. 2.8
() (4% Qoo ) @8
The g-trigonometric functions g-cosine and ¢-sine are defined by

oo

2n

n _n(n x
cos(a,¢*) = 3_(-1)"q" "V oo
5

n=0

and
[e.e]
x2n+1

sin(a:,qZ) — (_1)nqn(n+l)7.
nzz;) [2n + 1] !

These functions induce a 9, adapted ¢*-analogue exponential function by

e(z;¢%) = cos(—iz, ¢*) + isin(—iz, ¢?).
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The ¢?-analogue differential operator 9, f is defined by
fla™'2) + f(=q""2) — flaz) + f(=q2) — 2f(=%)

if  z#0,
2(1 —q)z
0,f (=) = (1-q)
;i_r)% 0, f(2) in Ry, if z2=0,
where
Ry :={£¢" : ne Z} U{0}. (2.9)

Remark 1. If f is differentiable at z, then lim,_,1 04(f)(2) = f'(2).

2.3. Harmonic analysis associated with ¢—Dunkl operator. In the following we denote by
e CP(R,) the space of functions p times g—differentiable on R,, continuous at 0.
o £,(Ry) the space of functions infinitely g—differentiable on Ry, satisfying

VneN,a>0 P,q(f) ::sup{|3§f(x)|: 0<k<n;z€l[-aaN Rq} < oo

and

}g% Oy f(x) (in Ry) exists.
We provide it with the topology defined by the semi norms P, ,.
e D,(R,) the space of functions infinitely g—differentiable on R, with compact supports.
o S,(R,), the g—analogue of Schwartz space of functions defined on R,. and satisfying

Vn, meN P, q(f) = sup |70, f(z)] < oo,
reERy
and
iiix%) Oy f(x) (in R,) exists.

o &'y (R,) the space of temperate distributions on R,. It is the topological dual of Sy(Ry).
o L (Ry), 1 <p < oo, the set of all functions defined on R, such that

1

sz e ={ [ P00} < o (2.10)
o LY (Ry), the set of all functions defined on R, such that
Ifllzee, m,) = €ss sup |f(z)] < oo. (2.11)
' zER,

The ¢—Dunkl operator is defined in [3] by

Nog (&) = O[Hoo(F))@) + 20+ 1), D) (2.12)

where
Ha,q : f = fe +fo = fe +q2a+1fo-

Aa,qf = l)‘fa
{ F0)=1 (2.13)

admits a unique analytic solution on R,, which will be denoted by %37 and called g—Dunkl kernel.
Moreover we have

For A € C, the problem

AT

YU(z) = ja(Ar; %) +
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where j, is the normalized g-Bessel function defined by

' %) F2(a+1)qn(n+l) ( x >2n
ol 2 — _1\n q 2.15
Ja(@;q7) nz:%( )qu(a+n+1>rq2(n+1) T1q (2.15)
The g-Dunkl kernel has an unique extension to C x C and verifies the following properties.
Proposition 1. i) A, 037 = iAyp9.
i) Y34 (z) = PerN), Yv1(x) =¥ (ax) and Y5 (z) = v (z), for A, z € Ry and a € C.
iii) For allm € N we have
orpt@) < 2y ser (2.16)
a7 (6D’ - '
In particular for all X\ € Ry, ¥ is bounded on R, and we have
4
W2z < ——— Yz eR,. 2.17
3 ()] 0= g (2.17)
iv) For all X\ € Ry, 937 € Sg(Ry).
The ¢-Dunkl transform is defined for f € L}, ,(R,) by
FEI(f)(A) = C‘W/ F@)® 3 (2)|a 2 g, (2.18)
where ¢, 4 is given by
(1+q)~"
g = ———————. 2.1
et = To(a+1) (2.19)
Some properties of the ¢g-Dunkl transform are given in the following proposition.
Proposition 2. i) If f € L}, ,(R,) then Fy(f) € L3, (Ry),
a, 2Ca,q
IFp (Pl eee, ry) < (€ 0 £z, (=y)- (2.20)
ii) For f € L, ,(Ry)
Fpt(Aagf)(A) = iXFRU(f)(A), AeC. (2.21)

iii) Let f, g € L}, ,(R,), then
/ FEUH)NgNAPHdA = / (@) FS(g) ()] dye. (2.22)

Theorem 1. i) Plancherel formula
For oo > —% the q-Dunkl transform Fpy? is an isomorphism of Sq(Ry) onto itself.
Moreover, for all f € Sq(Ry), we have

1759 (s, @) = 1711z, ®,)- (2.23)

ii) Plancherel theorem
The q-Dunkl transform can be uniquely extended to an isometric isomorphism on Li)q(Rq). Its inverse
transform (Fp?) ™t is given by:

(Fp )M H)) = FU(f)(~a). (2.24)
iii) For all function f € L}, (R,), we have
J@) = 5[ FRUHO @A (2:25)
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The generalized translation operator 7"

)

x € Ry, associated with the operator A, 4 is defined by

VyeR, To,f(y) =5 /_ Fpl (OO @)wR @) APdgA, (2:26)

where f € L2 (R,).

Remark 2. For a function f € Sy(R,) and y € Ry the generalized translation 7,0 f is defined by the
following relation :

Fp ()€ = ¢ (y) Fp? ()(E)- (2.27)

By using the generalized translation, we define the generalized convolution product fx*, g of functions
f,9 € 84(Ry) as follows:

CO!, o « [e%
[ *ga gla) = 2 / P F () g () g2 dyy, (2.28)

where c, 4 is given by .
Proposition 3. For f, g € §,(R,) we have
Fp'(f *q.0 9) = Fp (/) Fp(9)- (2.29)
Let us now introduce
Qo = {q €(0,1): 7., ispositive, forall x € Rq}

the set of the positivity. We recall that 7', is said positive if 70, f > for f > 0.

In the following proposition, we assume that g € Q.

Proposition 4. Let 1 < p,n,r < oo such that % + % - % =1 Iffell (Ry) and g € Ly, (R,), then
f*qa0€ Lg)q(Rq) and

1S *q,a gHLg’q(Rq) <C Hf”Lg,q(]Rq) ||9||Lqu(]Rq) . (2.30)
Definition 1. The g-Dunkl transform of a distribution u in S'((R,) is defined by
(Fp(w), ) = (u, Fp(9)), u€ Si(Ry), ¢ € Sq(Ry). (2.31)

Proposition 5. The g-Dunkl transform Fp?

is a topological isomorphism from S;(R,) onto itself.
Let 7 be in §’¢(Ry). We define the distribution A, 47, by
(Aaqm ) = —(1,Aqq¥), forally € Sy(Ry). (2.32)
Thus, if we define the g—Dunkl Laplace operator A, 4 := Aiq we deduce
(Do g, 0) = (T,Daq0), forally € S;(Ry). (2.33)

These distributions satisfies the following properties

Foq(NaqT) = yFuq(7). (2.34)
Fog(DagT) = —y>Faq(r). (2.35)
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3. SOBOLEV AND POTENTIALS SPACES

In this Section we establish the main properties of the Sobolev spaces associated with the g-Dunkl
operator.

Definition 2. Let s € R and 1 < p < oo, we define the space Wi H(R,) as
{ue R (14 DEFE () € 12,y
We provide this space with the norm

lulbwzgy == ([ 0+ 162175 @I de) " (3.36)

Proposition 6. i) Let 1 <p < oo. The space W3H(Ry) provided with the norm ||.||ws®
space.
ii) Let 1 <p < oo and s1, 82 in R such that s1 > so then

o) is a Banach

Wil (Ry) = WiZP(R,).

iii) Let s € R and 1 < p < oo. Then S4(R;) C Wib(R,).
iv) For (s,p) € R x [1,00), the g-Dunkl operator Ay q is continuous from Wib(R,) into W5 1P(R,)
and we have

HAa,q“HW;;IlJ’(Rq) < |\U||W;15(Rq)~

Proof. i) 1t is clear that LP (R, 1+ 7 §|2‘”1dq§) is complete and since Fpy'? is an isomorphism from

S'q(Ry) onto §'y(Ry), Wi H(R,) is then a Banach space.
The results ii) and iii) are immediately from definition of the generalized Sobolev space. Using

equality (2.34) we deduce iv). |

Proposition 7. Let 1 < p < oo, and s1,s, s2 be three real numbers : s1 < s < s3. Then, for all € > 0,
there exists a nonnegative constant C. such that for all u in Wi (R,)

lullwez®, < Cellullwa,rw,) + ellullwazr @,)- (3.37)

Proof. We consider s = (1 —t)s1 + tsa, (with ¢t € (0,1)). Moreover it is easy to see

gy < ey e Il e, -
Thus
|\U|\W§;2(Rq) < (57%||U|\W;}L;P(Rq))l_t(ﬂ\“HW;?;’(RQ))t
< e T lullwagr e, tellullwezrw,)-
Hence the proof is completed for C. = e T, [ ]

A characterization of W5 (R, ), for s = m, a positive integer, is given below.

Proposition 8. Let m € N, then for 1 < p < oo

WEFR,) = {u e Sy(Ry): Fl(Mqu) € L4 ,(R,), 0< j <m}.
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Proof. Let u € Wi'P(R;). Then using the formula (2.34) we have
Fil(Ag,qu) = —iANFyN(u), fe S (Ry).
and

vo<j<m, / FEUAL ) OPIEP g = [ (i) Py () ©)PIEP g8

Ry

< / (L4 €)% | FS () () PJE[2*H dyt < oo.

q

Conversely assume now that F7,(AJ, ) € LE ,(R,), 0 < j < m. It is easy to see that there exists a

m

positive constant C' such that (1 + [£]?) Z ‘pj. Then
§=0
| a+iepFF e as < °y / (6P FR (@O 162 dyg

- CZ 1 @I g < o

Corollary 1. For m € N, we have
Wr2R) = {F € L2 (R) s AL f € L2 R,), j=0,..m.}

Proof. The result follows from Proposition [8| together with g-Plancherel theorem. [ |

Proposition 9. Let p € N and s € R such that s > o+ 1+ p, then
Wé:g(Rq) — Cg(Rq)'

Proof. Let u be in W2 2(R,) with s € R such that s > o+ 1.
We have

/|F‘“’ MIAPT A = / L+ AP TE @+ AP EFR (@) (VAP dgA.

Using Holder inequality we deduce that there exists a positive constant C(q, s, @) such that
IFD (Wllzy =, < C(g: 8 ullyyz2 g, (3.38)
where

Clasio) = ([ L+ P AR1d,)

As s > o+ 1 we see that this constant is finite. Hence F7,%(u) belongs to L/, ,(R,).

Thus from (2.25) we have
COL, (&N (e [e%
=% [ F @0 @A, a e R,

We identify u with the second member, then we deduce that u belongs to Cy(R,) and using (3.38) we
show that the injection of W2 2(R,) into Cy(R,) is continuous.
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Now let u be in W5 2(R,) with s € R such that s > a4+ 1+ p with p € N\{0}. From (2.16), for all
z,A € Ry, and n € N such that n < p, we have
\6;11,&;"‘1(95)\ < CIAI™.
Using the same method as for p = 0, and the derivation theorem under the integral sign we deduce that

Vo € Ry, Olu(x) = Caq/ F&(u) (N5 (x) A2 T d A,

Thus J;u belongs to Cy(R,), for all n € N such that n < p. Then we show that u is in CF(R,) and the
injection of W352(R,) into CZ(R,) is continuous. ]

Theorem 2. For all s € (0,1), we have
s < = NP o
WAR,) = {f it m): [ ([ P <oop.
where 7', is the generalized q—Dunkl translation operator.
Proof. Since s > 0, it is easy to see that

wide) = {reiz,m): [

— 00

L —()?
Ig,s,a :/ |¢[1+2s dqt.
—0o0

Using the change of variables t = u, we get

. oo |171/Ja’q(u)‘2
Igs.0 = 1€]” 2/ Wﬂlqu- (3.39)

— 00

[e.9]

|]:'g,qu()\)‘2|>\‘25+2a+ldq)\ < OO}

Let

Moreover using
Az
2 +2],

and the fact that s € (0,1) we deduce the convergence of the integral I, s .
Now let f € L2 ,(R,), then by the relation (3.39) we get

1 /°° IFDf(©) = F (v (w)?

|u|1+28

1— Y (x) ~ (= 0)and |1 -3 (z) <1+

9

(¢, 9) o0

€ 1P O = 5 dqu.
q,s,x

Thus from the relation (2.27) we deduce that

1217 (O

L [* B _Or,,
"

Ig,s.0 Juft+2

By Fubini’s theorem we obtain

[ Eses@re e = g [ e ([ ORI g d

I%Sva —o00

Then we get by Plancherel formula that

| mr@per g = [ ([ 10 = @Rl )

IQ:Sva —o00
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By Fubini’s theorem we obtain

o] 1 o} o] _ au 2
| msesopie st = o [T TR g

q s,a J—oo —0

This leads the result. |

Notation. For all s € R, we denote by |||H\( , )/ the usual uniform norm on the topological dual
aq(Rq

!/
(Wgzg(Rq)) of W52(R,), given by

L r=sup1 |L(u)l : uEVV(‘:’2 and ||w||+rs.2 <1 3.40
I ) b {IL(w) (By) and ullyzz e, <1} (3.40)

a,q

Theorem 3. Let s € R we have the following assertions.
i) Every tempered distribution u € W(;Z’Q (Rq) extends uniquely in a continuous linear form L, on

(Wa2Ry), ez e, )-
ii) The map

v (Wai?®a)s I lwezomy) — (Waz®e)s sz, )
u — Ly,

s an tsomorphism.
Proof. i) For all ¢ € S¢(R,) and u € W 5?(R,) we have
(u,0) = (Fp'(u )fgq( )
= [ AR WP

= /_ (L4 M) Z F )AL+ [ADEFE (@) (V) APH A

By using Holder’s inequality we obtain

[{w, @) < Nully o2 @) l12llwe 2 @, for all ¢ € Sq(Ry).

Using the density of S,;(R,) in W52(R,), we deduce by Hahn-Banach theorem [4] that u extends uniquely
in a continuous linear form

Ly : (W;;g(Rq), ||.||W§13(Rq)) —C
such that

a,q

|\|Lu\|\(W&2 . ))’ < lullwze2w,)-

ii) The linearity of x comes directly from the uniqueness of the extension of each u € W Z’Q(Rq) in
a continuous linear form

Ly = x(u) € (Wga?(R,))".
It remains to be shown that  is bijective isometry. Let L : Wiﬁ (R;) — C be a continuous linear form

then by Riesz theorem [4], there exists a unique v € W5 2(R,) such that

10llywe 2@, = L] ‘ (3.41)
iy = W)
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and

Vo e Wii(R,), L(¢) = (¢, Vw2 (ry)

| @ FET R

—0o0

= (Fp(@), (L + AP Fp(v)). (3.42)
In particular, for all ¢ € S;(R,) we get

L(p)

(A + AP Fp(v), Fyp)
= (FpUA+ P> FRY(v), @)
(u, ),

where
uw=Fp! (1 + W) F5w)-
Remarking that
L+ )= Fpi(u) = (1 + A2 Fp (v),
we deduce that u € W 52(R,) since v € W5 2(R,) and by using the relation (3.41]) we get

u —s,2 = ||V 5,2 = L .
lullys g,y = [0l e,y = I “'(W;g(&))

I
This proves that x is effectively an isometric between W, 5?(R,) and (Wj:g(R@) . Its inverse is given
by

D) = F (L AT,
where v is the unique g-tempered distribution in W32(R,) satisfying the relation (3.41) and (3.42). =

Proposition 10. Let ¢ be in S;(R,) even. Then for all s,t € R such that t < s and s > 0, the mapping
WaaRg) — Wii(Ry)

«
U — U
18 compact.

Proof. Let (un)n be a sequence in W52(R,) such that H“n||W§;3(Rq) <1, for all n € N. Then by virtue
of Alaoglu theorem (cf. [4]) we can extract a subsequence of (uy,), noted also (uy), such that u, weakly
converging in W32(R,). We denote by u its weak limit. In the following we want to prove that (pun,)n
is converge to ¢u in W(’i’f](Rq). Indeed, we put v, = u,, — u, we proceed as Theorem 3.3 of [§] we prove
there exists a positive constant C' such that HgovnHW;%(Rq) < C. Let R > 0, we have

R
/ (L +[€1*) 17D (won) (€)I€*H dg€ / (1 + ) 175 (pvn) (€)Pwr (€)dg§

R, -R

+ / (14 €121 TS (pun) () P[22 d €
[¢|>R

< / (14 [€12) 1 F (pua) (6)2]€2* 1 d,
-R

+

- 2
(1+ R2)s—t lovnllyee g,



36 H. Mejjaoli and N. Sraieb /Generalized Sobolev spaces in quantum calculus and applications

Let € > 0, we can choose R such that

™

1 9 <
ar i Plwase) <5

Now we will prove that

R
| PP e
tend to zero when n tend to oo for all fixed R > 0. Indeed, it is easy to see that
vy = 0 in WS2(R,) = m Fypva)(€) =0, forall £ €R,.
Moreover, using Cauchy Schwartz’s inequality, we deduce
175 (evn) ()] < Cllellrz @y llonllwszw,)-

Thus the last inequality shows that there exists a positive constant C such that

sup | Fp(pvn)(§)| < C.
¢€R,N[—R,R

Finally by Lebesgue’s theorem we obtain

R
lim _R(l +IEP) 1Fp (eun) (€)P [ g€ = 0.

n——+00

Hence we can find N such that for all n > N we have

R
| I @ PP e

Then for all n > N, ||‘Pvn‘|W;=,§(Rq) < e. Thus the result follows. ]

l\D\m

Definition 3. Let 0 > 0 and s € R, we define W52(B,(0, 0)) by

Wa2(B,(0.0)) = {u € Wi2(R,), suppu € R, N[~o,0]}.
Proposition 11. Let s,t € R witht < s and s > 0. Then for any o > 0, the embedding
Wiﬁ(Bq(O, 0)) — Wé’,?;(Bq(O» 0))
is compact.

Proof. Let ¢ € Dy(R,) radial such that ¢ = 1 on a neighborhood of Bg(0, ¢). The result follows from
Proposition n

Proposition 12. Let s,0 > 0. Then there exists a positive constant C' such that
1 S (o4 o
llllyes @, / €121 ()@ P[P g€ < Cllully ez g, (3.43)

for all u € W;:i(Bq(O) 0)).

Proof. Tt is clear that it suffices to prove the left hand side inequality. Suppose that for positive integer
n there exists (un)n € W52(By(0, 0)) such that

s (63 o !
| I ) ORI € < S lunlFyse,

Ry
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Without loss of generality, we can assume that
Hunngz;g(Rq) =1 (3.44)
Then it holds

n—-+o0o

tim [ 1P ) @ Ple g 0. (3.45)
Moreover, using the condition s > 0 arid Proposition we can extract of (u,), a subsequence noted
also by u, converge in Li,q (Ry). Let w its strong limit, we have
nh_)rréo lun —ullrz (®,) =0 and suppu C By(0,0). (3.46)
So, by the Cauchy Schwartz inequality, we have
VEERy, [Fp(un)(§) — Fp'(w)()| < Cllun —ullrz  (r,)-
Hence F7,%(uy) converge uniformly to Fyy?(u). Thus, by Lebesgue’s theorem and relation (3.45)), we get

R
/ 1T )@ PIEE g = 0. forall R > 0.

Then from Proposition 2 we deduce that v = 0. Thus the relation (3.46)) become
nlL)ngo HunHqu(Rq) =0. (347)
On the other hand, using the fact that there exists a positive constant C' such that
(1+[€P)* < C+[g*),
it holds
lunlfy e,y < Ol ey + [ 1615 ) O PIER ot

Let now n tend to infinity, then using the relations (3.44]),(3.45) and (3.47) we obtain the absurdity. ™

Proposition 13. Let s,t € R such that 0 <t < s and o > 0, then there exists a positive constant C' such
that

lullwez @, < € llullws2 @,
for all uw e W52(B(0,p)).

Proof. A simple calculations give that

/ €% Fp* () ()P €[**F dgé < QQ(H)/R €121 F D () (€)P[€ > dge.

q

The result follows thanks to Proposition ]

Definition 4. Let u € §'((R,) and s € R, we define the generalized q-potential of order s, as follows

-1
(Taqu)@) = (F57) [+ DT 2FER )] (@),
Definition 5. Let s € R and 1 < p < 0o, then we define the generalized potentials spaces as
Hih(R,) i= {6 € 8'y(Ry) : Ty(6) € L, (Ry) }.
The norm of Hy%(R,) is given by

1olazney = Taq®lis @
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Lemma 1. Let f € §'y(R,). Then
Te 0Tl f =TS

and
Taqf = F.
Proof. By definition (¢ f)(x) = (fqu)fl (A2 +1)"2F29(f) (V) (2).
Then,
TeaTbud @ = (F57) " (02407202 ) 2ERHW) (@)
= () (0 )RR (W) (@)
= (T f(=)
On the other hand, jquf(x) = (.Fg’q) 1(??,"1 (H)N)(z) = f(=). n

Lemma 2. The generalized q-potential T} , is an isometry of HP(R,) onto H3 P (R,) satisfying
||«7§,q¢\|H;fqﬁ>P(Rq) = |9l zsr r,)-
Proof. Let ¢ € HyP(R,). By Definition |4 H and Lemma |1} ! we obtain
||jci,q¢||Hs+tp(R y = 11Jaq VA G@llee @y = 1Taqdle @, = 19llaz2®,)-
Now, let f € HJ1'"P(R,). Jobf € HiP(Ry) and T2 Tt f = f. Therefore we obtain the result. m

Proposition 14. H P (R,) is a Banach space with respect to the norm ||.||gse (w,)-

Proof. Let (¢n)n be a Cauchy sequence in H3h (R;). By the definition of H3(R,) the sequence {7 jén}
is a Cauchy sequence in L%, (R,). As L, (R,) is complete, it follows that there exists a function ¢ in
L%, (R,) such that J, 2oy converge to ¢ in LE,  (R,). Thus, it is easy to see that ¢, — g in HyP(R,) as
n — oo, with g = j§7q¢ [ ]

Proposition 15. For s € R and 1 < p < oo, §4(R,) is dense in HyH(R,).

Proof. Let [ €

H5P(Ry). Then, Jyof € L% (R;). Since Dy(R,) is dense in L5  (R,), there exists a
sequence (¢;); € D

P
q
¢(Rq) such that

gi)j = T gf in LE (Ry). (3.48)
Next, we define g; = J3 ,¢; = ( )q> (N2 + 1)—s/2fqu(¢j)()\)). From Theoremwe deduce that,

(X + D)7 PFRU0;) (V) € Sy(Ry).

-1
Theoremgive that g; = <.7:g’q) (()\2 + 1)*5/2fg’q(¢j)()\)) € S;(R,). Hence, by (3.48) we obtain

1/p
I = 9illmeney = </ [ Toaf (@) = Taq95(x )|p|x|2a+1dqx>

1/p
</R | T g f (1) — ¢j(x)|p|x|20‘+1dqm> — 0, for j — oo.



H. Mejjaoli and N. Sraieb /Generalized Sobolev spaces in quantum calculus and applications 39

In the remainder of this section, we only consider ¢ € Q.

Proposition 16. For s > a+ 3 and 1 < p < oo, J, & maps L%, (R,) into L%, ,(R,).
More precisely there exists g € L/, ,(Ry) such that for all f € L?, (R,), we have

ja_,;(f) = f *q,a 97
and there exists a positive constant C' such that

| Taaflle e,y < ClIfllzz, @,

Proof. As the function A + (1 4+ A\?)72 belongs to C,(RR,) then using inversion theorem for g-Dunkl
transform we deduce that there exists a function g € Lj, ,(R,) such that

(L+A%)72 = Fp(g) (V).
Moreover we have
VfeLL (Ry), Fp(g#ga H)N) =Fpl@)NFp(HHX) = (L+X)"2F5UH).
On the other hand, we have
Fol(Taa D) = L+ X2 FFU(f)(N).
We conclude by using Proposition |5 that
ja_,gf =f *q,a 9-
Finally, applying Proposition [f], we obtain
1 Taaflle m,) < CllfllLe, @,
This completes the proof of theorem. [ ]

Proposition 17. For s > o+ % +t and 1 < p < oo, then, we have
H;:’;(Rq) - H(tx’f;(Rq)-
Moreover, there exits a positive constant C, such that for all u € HJ?(R,)
||UHH;’Z(R{Z) < C||”‘|H§"£(Rq)~

Proof. Let u € H P (R,). Then, we have J,5(u) = f, where f € L% (R,). From Lemma [2| and
Proposition [T6], we can write

Jargw) = T gt (Tai () = f *g.09,
where g is such that
(L+A) 77 = Fp(9) ().

Furthermore, we have

||U|\Hgg(Rq) = [|f *q,a 9||L€;,q(Rq) < C\|f||Lg,q(Rq) < C||U\|H;;1;(Rq)-

4. APPLICATIONS

In this Section we give some applications of the generalized potential and generalized Sobolev spaces.
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4.1. Hypoellipticity of ¢g-Dunkl operator.

n
Theorem 4. Let P(An,q) = Zaj(Aayq)j, a, # 0, a differential-difference operator with constant
3=0

n

coefficients a; and symbol P(\) = a;(iN) #0, X € R Ifu € L2 (Ry), P(—Aqgq)u = f, and
=0
felL? (Ry), thenue H2(R,).

Proof. Tt is easy to see that there exists R > 0 and a positive constant C' such that
[P(A)] > CIA™, |\ >R. (4.49)
Let u € S4(Ry)
N / (A + D)2 FE (V)PP dg A

2
||u||HZ,’3(Rq) %,
If we consider R > 1, we have
R
sy = [ 02 DB A+ [ O+ ) ER )P

Now, if |\| < R, we use that (A2 +1)"/2 < (1+ R?)"/? and for |A\| > R, (A\* +1)"/2 < 2|\|", obtaining

R
||UH§{;L:§(R‘1) < C(1+R2)n/2/R|}‘g’qu()\)‘2|)\‘2a+ldq)\+c lM>R|)\|2n|]_-g7qu()\>|2|)\|2a+1dq)\.

Using again Theorem |1} the relations (2.34) and (4.49)) we have

2 « n| o, o
Il z@, < C(/R [u(@)[ =) “dqﬂc+/]R A2 F () 2 AP +1qu>
a q

N

IN

c (IIU%@Q(R@ +/R IP(A)fS’qU(A)QIAm“qu)

IN

c (nu%g,qw + / |fg’q<P<Aa,q>g<A>|2|A26““qu> -
Again, by using Plancharel formula we obtain

lulz, ) < € (il @, + IPGag)ulls g,)-

Now, we complete the proof using Proposition [L5| that is, that S;(R,) is dense in H[2(Ry). |

4.2. Generalized wave equation. In this subsection, we assume that g € Q.
1 1 1 )
Lemma 3. Forallp,n € [l,00], —= -+ —-—-12>0,s,8 €R, fe HJL(R,) and g € H; ['(R,) then
r p ' n ; ;
frqa g€ HITT(R),
and we have
1f g0 0l gz ) < Conall iz 9l oo,
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Proof. The results are given by Proposition [4] and the definition of the generalized potential spaces. W

This is the generalized wave equation where the unknown is a function u (with real values) of
(t,z) e R x Ry

Bu—Doqu = 0
(W) =0 = u € ng;z(Rq)
atut|:0 = uj € HZ&”(Rq)

Corollary 2. Let us define C := {§ eRy, r <[ < R} for some positive r and R such that r < R. We

assume that ug and uy are two functions such that
supp Fpy¥(uj) C C.
i) Forp=n=2,ue Ht>%(R,) + HL ®(R,). Fora+s=b+s =c,

lull e @,y < C (ol gz e,y + Il s, )-

.. a+s, 55 bts’, 5 ,
ii) Forp#2andn#2,u € Haq " (Rg) + Hayq (Ry). Fora+s=s+b=c
Hu”HZ,z?fp(Rq) = C(”“(’”Hi:%@%) + ”“”'Hif(&))'
Proof. The results are immediately from Duhamel expression for the solution and Lemma ]

4.3. Generalized Schrodinger equation.

We denote by

E(R; S4(R,)) the space of C*° functions from R into S,(R,).

ER; S’ (Ry)) the space of C*° functions from R into &', (R,).
S(R; S4(R,)) the space of Shawartz functions from R into Sy(R,).

C(R; W4k (IRy)) the space of continuous function on R into W5 b(R,).

We consider the following equation where the unknown is a function u (with complex value) of (¢, x) €
R x R,

(S){ Ou —ilgqu = 0

Ujt=0 = g
Theorem 5. Let g be in S'4(R,). There exists a unique solution u € E(R; S’ y(R,)) such that
(s { Ou—ilgqu = 0, in D'(RxRy)
Ult=0 = g
Proof. Firstly we prove the existence. For ¢ € R, we put
Q -1 —q 2 Q
wy = (]:D#]) (e~ tle] F2(g)). (4.50)
From ([2.31)) we have
—1
—4 2 '
(ua, ) = (Fi(9), 1 (F57) ().

Thus we deduce that u; € E(R; S'4(Ry)), and Fpy¥(ur) € E(R; S’ 4(Ry)).
We recall that u is defined by

() = / (un B(t, ))dt, § € SR, S,(Ry)).
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Then for any ¢ in S(R, S4(Ry)), we have from
(Opu —ilg qu, ) = —(u,00) + 1l g0) = —/(ut,atw(t, D) F il q0(t,.))dt
R
~1
~ [Ft ). (F57) 7 (00t + ilsagitt. )t

= - f (e F(g), 00— il ) (F57) "l ).
R

But
ou(e= 5 (F5) . 0)) = [0 — ) (Fp7) (e, e
Thus
(Orur — iDaqu, ) = — / (F5(9), (e (fg”)_lw(t, )t

- - f O F ). (F50) (e, )y = 0.
R

Thus we have proved that u is solution of (S).
Now we prove the uniqueness, which equivalently proves that u = 0 is the solution of problem

O —ilaqu = 0, in ER;S(R,))
u\t:O = 0

Indeed for all ¢ in S(R, S,(R,)) we have

0 = (Bt — il gty ) = — / (g, (B + i g (L, ).

R

But

D e 0(0,9) = () 0(0,.)) + e, B(2,.),
hence

_ d (1) ,
0= /R <, 000, )it +/R [, 5(1,.)) — i, B ()] (4.51)

As ¢(—00,.) = 19(00,.) = 0, then we obtain

[ [ 0. = i, B it ) at = o, (452)

Moreover, using that fg’q(ugl)) = (F3y%(us))™ and the relations 1' 1) we deduce

LB, (F57) vt )+ it . L (F57) e 0] ae =0, o € SRS, (R)).

(4.53)
1 o
If we take ¢ such that (}"g’q> W(t, &) = e p(&)x(t) with ¢ in S,(R,), x in S(R), we obtain
[ (@ ®, e ) + gt P it =0, vx e S®). (459
R
Thus we deduce that
d

£<7’3’q(ut),e“"‘2@> = (Fp " (u))V, e ) + i(Fp (), P p) = 0, Voo € Sy(Ry).  (4.55)
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Hence for all ¢ in S,(R,), the function ¢ — (F&9(uy), e’ ¢) is constant.
Finally, since ug = 0 then
<]:g)q(ut)7eit|4|2(p> = <fg’q(U0)7<P> =0, VieR;Vpe SQ(RQ)'

From this we deduce that © = 0. [ |

Proposition 18. Let g be in W3iH(R,), s € R and 1 < p < oo, the solution u given by the Theorem@
belongs to C(R; W3 H(R,)). Form in N, (ugm)) € C(R; W5 .2™P(R,)) and we have

{ [[utllwse®,)

Ju{™ |

gllwgrm,, Yt ER
Collgllwerr,) Yt € R; Vm € N*.

Proof. The formula (4.50) give that, for all ¢ in R,
Fi(u) = e FR(g).

(4.56)

IN

Wa ™" (Ry)

Thus it is easy to deduce (4.56)).

Now we will prove that for m in N, (ugm)) belongs to C(R; W5 .2™P(R,)). Indeed, let (t,)n asequence
that converge to tg in R, we have

2 gt |€)? —i 2 , o
e, — ol iy e,y = /R (14 [€[7) % eIl — em ol PR (g) (§)PI€12*H dyk.

q

The dominate convergence theorem gives that
: _ P _
A e, =l ) =0
On the other hand, from (4.50]) we have
. —7 2
Fpt(ug™) = (ilePyme M F R (g).
From this we obtain

I = e,y = [ e

Rq

eI nIEl — Tl g e | F () () P62 g

Thus the dominate convergence theorem gives the result. ]

4.4. Practical real inversion formulas for the generalized wavelet transform S_éa’q). In this
paragraph we give practical real inversion formulas. Using the harmonic analysis associated with the op-
erator A, 4 we define and study in this subsection the generalized wavelet and the generalized continuous
wavelet transform.

Definition 6. A generalized wavelet on R, is a measurable function h on R, satisfying for all x € Ry,
the condition

* dgA
0<Ch= / |fg’q(h)()\x)|2% < oo0. (4.57)
0
Proposition 19. Let a € R, and h be a generalized wavelet in Li,q (Rq). Then the function h, defined
by
h(Z)
Yy € Ry, haly) = 5t (4589)

belongs to L2, ,(Ry) and we have

1
hallz ,r,) = oo+t Ihllzz (ry)- (4.59)
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Proof. We use a similar ideas as in [9]. n

Let a € Ry and h be in L2 (R,). We consider the family hq ., © € Ry, of functions on Ry in
L? ,(R,) defined by

haw(y) = a2 78 ha(—y), y € Ry, (4.60)

where 7., * € Ry, are the generalized translation operators.

q,x?
Definition 7. Let h be a generalized wavelet on R, in Li’q(Rq). The generalized continuous wavelet

transform S,(la’Q) on Ry is defined for regular functions f on Ry by

S 7(£)(a,z) = =5 I @has )l gy, 0 € Ry, v € Ry (4.61)

e Let h be a generalized wavelet on Ry in L2  (R,) such that F}(h) € LY, (R,). It is easily to see

that the generalized continuous wavelet transform S}(La’q)

t>0, into L2 ,(R,), and we have

159 f(a, Mlez @) < C@OIFM) e, @1 lwez g,y | € WEARY).

e Let A >0, ¢ >0 and h be a generalized wavelet on R, in L2  (R,) such that F(h) € L2, (Ry).
We define the Hilbert space 7—[22 .(Rg) as the subspace of W,2(R) with the inner product:

(o ghae =M 9wz, (5 D f(ay), S8 Vg0 D es wy frg € WER(R,).

The norm associated to the inner product is define by:
1B = M e g,y + 1507 1@ )s e

We proceed as [9] we prove the following results.

, is a bounded linear operator from W/?2(R,),

Proposition 20. Lett > o+ % and h be a generalized wavelet on Ry in LZ, ,(Ry) such that Fy(h) €
L, (Ry). Then the Hilbert space Hh o q( q) admits the following reproducing kernel

_ oD @ (—y)
Wi n(z,y) /Rq M1+ [€2)t + []—‘D’q(h)( )12

Theorem 6. Lett > a+3 and h be a generalized wavelet on Ry in L2 ,(Ry) such that Fy(h) € L3, (Ry).
i) For any g € Liyq(Rq) and for any A > 0, the best approzimate function f5 , in the sense

. _ glaq)
fev;g;i(Rq){AHfHWu PR A e (GO R>}

= Al gz g + 9= Si 0 £ (0, ) s ey

exists uniquely and [ , is represented by

fighuz):l/ 90 Qa2 y) Aa g (y)dy,

Ry

€2 1dgg.

where o) :
e @ ),
Qo) = [ e o e
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ii) If we take g = Séa’q)f(a, .), then
fag—f as X=0, uniformly .

iii) Let § > 0 and let g, g5 satisfy |lg — gsllzz &y < 0. Then
5

Hf;:,g - f;\k’!](sHW(tx’,?;(Rq) < \/X

Remark 3. If we replace the g— Dunkl operator by the q— Bessel operator, we can also define the gener-
alized Sobolev spaces associated with the q-Bessel and the results of this paper are also valables.
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