
Journal of Inequalities and Special Functions

ISSN: 2217-4303, URL: www.ilirias.com/jiasf

Volume 3 Issue 2(2012), Pages 26-45.

GENERALIZED SOBOLEV SPACES IN QUANTUM CALCULUS AND

APPLICATIONS

HATEM MEJJAOLI AND NADIA SRAIEB

Dedicated to Khalifa Trimèche for his 66 birthday

Abstract. In this paper we introduce and we study Sobolev type spaces associated with q-Dunkl

operator on Rq . As applications on these spaces we establish the Sobolev embedding, the hypoellipticity
for the q-Dunkl operator. We give some properties including some estimates for the solution of the

generalized wave equation and the generalized Schrödinger equation. Finally, using the theory of kernel

reproducing some applications are given for these spaces.

1. Introduction

The Sobolev spaces have served as a very useful tool in the theory of partial differential equations,
mostly those related to quantum mechanics or physics. Their uses and the study of their properties were
facilitated by the theory of distributions and Fourier analysis. The Sobolev space W s,p(R) is defined by
the use of the classical Fourier transform as the set of all tempered distribution u such that its classical
Fourier transform û satisfying

(1 + |ξ|2)
s
2 û ∈ Lp(R).

Generalization of the Sobolev space have been studied by replacing the classical Fourier transform by a
generalized one.

In the context of differential-differences operators, the generalized Sobolev has already been studied in
various settings. The rational Dunkl case was treated by Mejjaoli-Trimèche [8], Ben Salem and Ahmodou
have studied in [2] the generalized Soblev spaces in the Jacobi-Dunkl setting theory. The purpose of this
paper is to introduce new spaces associated with the q-Dunkl operator: the Sobolev spaces W s,p

α,q(R), the
Potential space Hs,p

α,q(R), that generalizes the corresponding classical spaces.
The paper is organized as follows. In §2 we recall the main results about the harmonic analysis

associated with the q-Dunkl operator. In §3 generalized Sobolev spaces associated with the q-Dunkl
operator are studied. Some properties including completeness and Sobolev embedding theorems are
established. Next, we define the generalized potential transform and we study the generalized potential
space. In §4 we give some applications. Firstly we study the hypoellipticity for the q-Dunkl operator.
Some estimates of the solution for the generalized wave equation are given. We introduce also the
generalized Schrödinger equation, and we study the solution if the initial data belongs to the generalized
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Sobolev spaces. Finally, we give the practical real inversion formulas using the theory of reproducing
kernels for the generalized wavelet transform.

2. Preliminaries

Throughout this paper, we will fix q ∈ (0, 1). We recall some usual notions and notations used in the
q-theory. We refer to the book by Gasper and Rahmen [5], for the definitions, notations and properties
of the q-shifted factorials and the q-hypergeometric functions.

2.1. Basic symbols. For a ∈ C, the q-shifted factorials are defined by

(a; q)0 = 1; (a; q)n =

n−1∏
k=0

(1− aqk) , n = 1, 2, ... ; (a; q)∞ =

∞∏
k=0

(1− aqk) (2.1)

(a1, a2, .., ap; q)n = (a1; q)n(a2; q)n...(ap; q)n, n = 0, 1, ..,∞. (2.2)

We also denote

[x]q =
1− qx

1− q
, x ∈ C (2.3)

and

[n]q! =
(q; q)n

(1− q)n
, n ∈ N. (2.4)

2.2. Operators and elementary special functions. The q-Jakson integrals from 0 to a and from
−∞ to ∞ are defined by ∫ a

0

f(x)dqx = (1− q)a
∞∑
n=0

f(aqn)qn, (2.5)

∫ ∞
−∞

f(x)dqx = (1− q)
∞∑

n=−∞
[f(qn) + f(−qn)]qn, (2.6)

provided the sums converge absolutely.
The q-Jakson integral in a generic interval [a, b] is given by∫ b

a

f(x)dqx =

∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx. (2.7)

Jackson [6] defined the q-analogue of the Gamma function by

Γq(x) =
(q; q)∞
(qx; q)∞

(1− q)1−x, x 6= 0, −1, −2, .. (2.8)

The q-trigonometric functions q-cosine and q-sine are defined by

cos(x, q2) =

∞∑
n=0

(−1)nqn(n+1) x2n

[2n]q!

and

sin(x, q2) =

∞∑
n=0

(−1)nqn(n+1) x2n+1

[2n+ 1]q!
.

These functions induce a ∂q adapted q2-analogue exponential function by

e(z; q2) := cos(−iz, q2) + i sin(−iz, q2).
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The q2-analogue differential operator ∂qf is defined by

∂qf(z) =


f(q−1z) + f(−q−1z)− f(qz) + f(−qz)− 2f(−z)

2(1− q)z
if z 6= 0,

lim
z→0

∂qf(z) in Rq, if z = 0,

where
Rq := {±qn : n ∈ Z} ∪ {0}. (2.9)

Remark 1. If f is differentiable at z, then limq→1 ∂q(f)(z) = f ′(z).

2.3. Harmonic analysis associated with q−Dunkl operator. In the following we denote by
• Cpq (Rq) the space of functions p times q−differentiable on Rq, continuous at 0.
• Eq(Rq) the space of functions infinitely q−differentiable on Rq, satisfying

∀ n,∈ N, a ≥ 0 Pn,a(f) := sup
{
|∂kq f(x)| : 0 ≤ k ≤ n; x ∈ [−a, a] ∩ Rq

}
<∞

and
lim
x→0

∂nq f(x) (in Rq) exists.

We provide it with the topology defined by the semi norms Pn,a.
• Dq(Rq) the space of functions infinitely q−differentiable on Rq with compact supports.
• Sq(Rq), the q−analogue of Schwartz space of functions defined on Rq. and satisfying

∀ n, m,∈ N Pn,m,q(f) = sup
x∈Rq

|xm∂nq f(x)| <∞,

and
lim
x→0

∂nq f(x) (in Rq) exists.

• S ′q(Rq) the space of temperate distributions on Rq. It is the topological dual of Sq(Rq).
• Lpα,q(Rq), 1 ≤ p <∞, the set of all functions defined on Rq such that

‖f‖Lpα,q(Rq) =

{∫ ∞
−∞
|f(x)|p|x|2α+1dqx

} 1
p

<∞. (2.10)

• L∞α,q(Rq), the set of all functions defined on Rq such that

‖f‖L∞α,q(Rq) = ess sup
x∈Rq

|f(x)| <∞. (2.11)

The q−Dunkl operator is defined in [3] by

Λα,qf(x) = ∂q[Hα,q(f)](x) + [2α+ 1]q
f(x)− f(−x)

2x
, (2.12)

where
Hα,q : f = fe + fo 7→ fe + q2α+1fo.

For λ ∈ C, the problem {
Λα,qf = iλf,
f(0) = 1

(2.13)

admits a unique analytic solution on Rq, which will be denoted by ψα,qλ and called q−Dunkl kernel.
Moreover we have

ψα,qλ (x) = jα(λx; q2) +
iλx

[2α+ 2]q
jα+1(λx; q2), (2.14)
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where jα is the normalized q-Bessel function defined by

jα(x; q2) =

∞∑
n=0

(−1)n
Γq2(α+ 1)qn(n+1)

Γq2(α+ n+ 1)Γq2(n+ 1)

(
x

1 + q

)2n

. (2.15)

The q-Dunkl kernel has an unique extension to C× C and verifies the following properties.

Proposition 1. i) Λα,qψ
α,q
λ = iλψα,qλ .

ii) ψα,qλ (x) = ψα,qx (λ), ψα,qaλ (x) = ψα,qλ (ax) and ψα,qλ (x) = ψα,q−λ (x), for λ, x ∈ Rq and a ∈ C.
iii) For all n ∈ N we have

|∂nq ψ
α,q
λ (x)| ≤ 4|λ|n

(q; q)∞
,∀ λ, x ∈ Rq. (2.16)

In particular for all λ ∈ Rq, ψα,qλ is bounded on Rq and we have

|ψα,qλ (x)| ≤ 4

(q; q)∞
,∀ x ∈ Rq. (2.17)

iv) For all λ ∈ Rq, ψα,qλ ∈ Sq(Rq).

The q-Dunkl transform is defined for f ∈ L1
α,q(Rq) by

Fα,qD (f)(λ) =
cα,q

2

∫ ∞
−∞

f(x)ψα,q−λ (x)|x|2α+1dqx, (2.18)

where cα,q is given by

cα,q =
(1 + q)−α

Γq2(α+ 1)
. (2.19)

Some properties of the q-Dunkl transform are given in the following proposition.

Proposition 2. i) If f ∈ L1
α,q(Rq) then Fα,qD (f) ∈ L∞α,q(Rq),

‖Fα,qD (f)‖L∞α,q(Rq) ≤
2cα,q

(q; q)∞
‖f‖L1

α,q(Rq). (2.20)

ii) For f ∈ L1
α,q(Rq)

Fα,qD (Λα,qf)(λ) = iλFα,qD (f)(λ), λ ∈ C. (2.21)

iii) Let f, g ∈ L1
α,q(Rq), then∫ ∞
−∞
Fα,qD (f)(λ)g(λ)|λ|2α+1dqλ =

∫ ∞
−∞

f(x)Fα,qD (g)(x)|x|2α+1dqx. (2.22)

Theorem 1. i) Plancherel formula
For α ≥ − 1

2 the q-Dunkl transform Fα,qD is an isomorphism of Sq(Rq) onto itself.
Moreover, for all f ∈ Sq(Rq), we have

‖Fα,qD (f)‖L2
α,q(Rq) = ‖f‖L2

α,q(Rq). (2.23)

ii) Plancherel theorem
The q-Dunkl transform can be uniquely extended to an isometric isomorphism on L2

α,q(Rq). Its inverse

transform (Fα,qD )−1 is given by:

(Fα,qD )−1(f)(x) = Fα,qD (f)(−x). (2.24)

iii) For all function f ∈ L1
α,q(Rq), we have

f(x) =
cα,q

2

∫ ∞
−∞
Fα,qD (f)(λ)ψα,qλ (x)|λ|2α+1dqλ. (2.25)
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The generalized translation operator ταq,x, x ∈ Rq, associated with the operator Λα,q is defined by

∀ y ∈ Rq, ταq,xf(y) =
cα,q

2

∫ ∞
−∞
Fα,qD (f)(λ)ψα,qλ (x)ψα,qλ (y)|λ|2α+1dqλ, (2.26)

where f ∈ L2
α,q(Rq).

Remark 2. For a function f ∈ Sq(Rq) and y ∈ Rq the generalized translation τα,qy f is defined by the
following relation :

Fα,qD (τα,qy f)(ξ) = ψα,qξ (y)Fα,qD (f)(ξ). (2.27)

By using the generalized translation, we define the generalized convolution product f ∗q,αg of functions
f, g ∈ Sq(Rq) as follows:

f ∗q,α g(x) =
cα,q

2

∫ ∞
−∞

ταq,xf(−y)g(y)|y|2α+1dqy, (2.28)

where cα,q is given by (2.19).

Proposition 3. For f, g ∈ Sq(Rq) we have

Fα,qD (f ∗q,α g) = Fα,qD (f)Fα,qD (g). (2.29)

Let us now introduce

Qα :=
{
q ∈ (0, 1) : ταq,x is positive, for all x ∈ Rq

}
the set of the positivity. We recall that ταq,x is said positive if ταq,xf ≥ for f ≥ 0.

In the following proposition, we assume that q ∈ Qα.

Proposition 4. Let 1 ≤ p, n, r ≤ ∞ such that 1
p + 1

n −
1
r = 1. If f ∈ Lpα,q(Rq) and g ∈ Lnα,q(Rq), then

f ∗q,α g ∈ Lrα,q(Rq) and

‖f ∗q,α g‖Lrα,q(Rq) ≤ C ‖f‖Lpα,q(Rq) ‖g‖Lnα,q(Rq) . (2.30)

Definition 1. The q-Dunkl transform of a distribution u in S ′q(Rq) is defined by

〈Fα,qD (u), ϕ〉 = 〈u,Fα,qD (ϕ)〉, u ∈ S′q(Rq), ϕ ∈ Sq(Rq). (2.31)

Proposition 5. The q-Dunkl transform Fα,qD is a topological isomorphism from S′q(Rq) onto itself.

Let τ be in S ′q(Rq). We define the distribution Λα,qτ , by

〈Λα,qτ, ψ〉 = −〈τ,Λα,qψ〉, for all ψ ∈ Sq(Rq). (2.32)

Thus, if we define the q−Dunkl Laplace operator 4α,q := Λ2
α,q we deduce

〈4α,qτ, ψ〉 = 〈τ,4α,qψ〉, for all ψ ∈ Sq(Rq). (2.33)

These distributions satisfies the following properties

Fα,q(Λα,qτ) = iyFα,q(τ). (2.34)

Fα,q(4α,qτ) = −y2Fα,q(τ). (2.35)
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3. Sobolev and potentials spaces

In this Section we establish the main properties of the Sobolev spaces associated with the q-Dunkl
operator.

Definition 2. Let s ∈ R and 1 ≤ p <∞, we define the space W s,p
α,q(Rq) as{

u ∈ S ′q(Rq) : (1 + |ξ|2)
s
2Fα,qD (u) ∈ Lpα,q(Rq)

}
.

We provide this space with the norm

||u||W s,p
α,q(Rq) :=

(∫
Rq

(1 + |ξ|2)
sp
2 |Fα,qD (u)(ξ)|p|ξ|2α+1dqξ

) 1
p

. (3.36)

Proposition 6. i) Let 1 ≤ p <∞. The space W s,p
α,q(Rq) provided with the norm ||.||W s,p

α,q(Rq) is a Banach
space.

ii) Let 1 ≤ p <∞ and s1, s2 in R such that s1 ≥ s2 then

W s1,p
α,q (Rq) ↪→W s2,p

α,q (Rq).

iii) Let s ∈ R and 1 ≤ p <∞. Then Sq(Rq) ⊂W s,p
α,q(Rq).

iv) For (s, p) ∈ R × [1,∞), the q-Dunkl operator Λα,q is continuous from W s,p
α,q(Rq) into W s−1,p

α,q (Rq)
and we have

||Λα,qu||W s−1,p
α,q (Rq) ≤ ||u||W s,p

α,q(Rq).

Proof. i) It is clear that Lp
(
R, (1+ |ξ|2)

sp
2 |ξ|2α+1dqξ

)
is complete and since Fα,qD is an isomorphism from

S ′q(Rq) onto S ′q(Rq), W s,p
α,q(Rq) is then a Banach space.

The results ii) and iii) are immediately from definition of the generalized Sobolev space. Using
equality (2.34) we deduce iv).

Proposition 7. Let 1 ≤ p < ∞, and s1, s, s2 be three real numbers : s1 < s < s2. Then, for all ε > 0,
there exists a nonnegative constant Cε such that for all u in W s,p

α,q(Rq)

||u||W s,p
α,q(Rq) ≤ Cε||u||W s1,p

α,q (Rq) + ε||u||W s2,p
α,q (Rq). (3.37)

Proof. We consider s = (1− t)s1 + ts2, (with t ∈ (0, 1)). Moreover it is easy to see

||u||W s,p
α,q(Rq) ≤ ||u||

1−t
W
s1,p
α,q (Rq)

||u||t
W
s2,p
α,q (Rq).

Thus

||u||W s,p
α,q(Rq) ≤ (ε−

t
1−t ||u||W s1,p

α,q (Rq))
1−t(ε||u||W s2,p

α,q (Rq))
t

≤ ε−
t

1−t ||u||W s1,p
α,q (Rq) + ε||u||W s2,p

α,q (Rq).

Hence the proof is completed for Cε = ε−
t

1−t .

A characterization of W s,p
α,q(Rq), for s = m, a positive integer, is given below.

Proposition 8. Let m ∈ N, then for 1 ≤ p <∞

Wm,p
α,q (Rq) =

{
u ∈ S ′q(Rq) : Fα,qD (Λjα,qu) ∈ Lpα,q(Rq), 0 ≤ j ≤ m

}
.
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Proof. Let u ∈Wm,p
α,q (Rq). Then using the formula (2.34) we have

Fα,qD (Λα,qu) = −iλFα,qD (u), f ∈ S ′q(Rq).

and

∀ 0 ≤ j ≤ m,
∫
Rq
|Fα,qD (Λjα,qu)(ξ)|p|ξ|2α+1dqξ =

∫
Rq
|(−iξ)jFα,qD (u)(ξ)|p|ξ|2α+1dqξ

≤
∫
Rq

(1 + |ξ|2)
mp
2 |Fα,qD (u)(ξ)|p|ξ|2α+1dqξ <∞.

Conversely assume now that Fα,qD (Λjα,qu) ∈ Lpα,q(Rq), 0 ≤ j ≤ m. It is easy to see that there exists a

positive constant C such that (1 + |ξ|2)
mp
2 ≤ C

m∑
j=0

|ξ|pj . Then

∫
Rq

(1 + |ξ|2)
mp
2 |Fα,qD (u)(ξ)|p|ξ|2α+1dqξ ≤ C

m∑
j=0

∫
Rq
|(−iξ)jFα,qD (u)(ξ)|p|ξ|2α+1dqξ

= C

m∑
j=0

∫
Rq
|Fα,qD (Λjα,qu)(ξ)|p|ξ|2α+1dqξ <∞.

Corollary 1. For m ∈ N, we have

Wm,2
α,q (Rq) =

{
f ∈ L2

α,q(Rq) : Λjα,qf ∈ L2
α,q(Rq), j = 0, ...,m.

}
Proof. The result follows from Proposition 8 together with q-Plancherel theorem.

Proposition 9. Let p ∈ N and s ∈ R such that s > α+ 1 + p, then

W s,2
α,q(Rq) ↪→ Cpq (Rq).

Proof. Let u be in W s,2
α,q(Rq) with s ∈ R such that s > α+ 1.

We have ∫
Rq
|Fα,qD (u)(λ)||λ|2α+1dqλ =

∫
Rq

(1 + |λ|2)−
s
2 (1 + |λ|2)

s
2 |Fα,qD (u)(λ)||λ|2α+1dqλ.

Using Hölder inequality we deduce that there exists a positive constant C(q, s, α) such that

||Fα,qD (u)||L1
α,q(Rq) ≤ C(q, s, α)||u||W s,2

α,q(Rq), (3.38)

where

C(q, s, α) =
(∫

Rq
(1 + |λ|2)−s|λ|2α+1dqλ

) 1
2

.

As s > α+ 1 we see that this constant is finite. Hence Fα,qD (u) belongs to L1
α,q(Rq).

Thus from (2.25) we have

u(x) =
cα,q

2

∫
Rq
Fα,qD (u)(λ)ψα,qλ (x)|λ|2α+1dqλ, x ∈ Rq.

We identify u with the second member, then we deduce that u belongs to Cq(Rq) and using (3.38) we
show that the injection of W s,2

α,q(Rq) into Cq(Rq) is continuous.
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Now let u be in W s,2
α,q(Rq) with s ∈ R such that s > α+ 1 + p with p ∈ N\{0}. From (2.16), for all

x, λ ∈ Rq, and n ∈ N such that n ≤ p, we have

|∂nq,xψ
α,q
λ (x)| ≤ C|λ|n.

Using the same method as for p = 0, and the derivation theorem under the integral sign we deduce that

∀x ∈ Rq, ∂nq u(x) =
cα,q

2

∫
Rq
Fα,qD (u)(λ)∂nq,xψ

α,q
λ (x)|λ|2α+1dqλ.

Thus ∂nq u belongs to Cq(Rq), for all n ∈ N such that n ≤ p. Then we show that u is in Cpq (Rq) and the

injection of W s,2
α,q(Rq) into Cpq (Rq) is continuous.

Theorem 2. For all s ∈ (0, 1), we have

W s,2
α,q(Rq) =

{
f ∈ L2

α,q(Rq) :

∫ ∞
−∞

(∫ ∞
−∞

|(f − ταq,uf)(ξ)|2

|u|1+2s
dqu
)
|ξ|2α+1dqξ <∞

}
,

where ταq,u is the generalized q−Dunkl translation operator.

Proof. Since s > 0, it is easy to see that

W s,2
α,q(Rq) =

{
f ∈ L2

α,q(Rq) :

∫ ∞
−∞
|Fα,qD f(λ)|2|λ|2s+2α+1dqλ <∞

}
.

Let

Iq,s,α =

∫ ∞
−∞

|1− ψα,q1 (t)|2

|t|1+2s
dqt.

Using the change of variables t = ξu, we get

Iq,s,α = |ξ|−2s
∫ ∞
−∞

|1− ψα,qξ (u)|2

|u|1+2s
dqu. (3.39)

Moreover using

1− ψα,qλ (x) ∼ λx

[2α+ 2]q
, (x→ 0) and |1− ψα,qλ (x)| ≤ 1 +

4

(q, q)∞
,

and the fact that s ∈ (0, 1) we deduce the convergence of the integral Iq,s,α.
Now let f ∈ L2

α,q(Rq), then by the relation (3.39) we get

|ξ|2s|Fα,qD f(ξ)|2 =
1

Iq,s,α

∫ ∞
−∞

|Fα,qD f(ξ)−Fα,qD f(ξ)ψα,qξ (u)|2

|u|1+2s
dqu.

Thus from the relation (2.27) we deduce that

|ξ|2s|Fα,qD f(ξ)|2 =
1

Iq,s,α

∫ ∞
−∞

|Fα,qD (f − τα,qu f)(ξ)|2

|u|1+2s
dqu.

By Fubini’s theorem we obtain∫ ∞
−∞
|Fα,qD f(ξ)|2|ξ|2s+2α+1dqξ =

1

Iq,s,α

∫ ∞
−∞

1

|u|1+2s

(∫ ∞
−∞
|Fα,qD (f − ταq,uf)(ξ)|2|ξ|2α+1dqξ

)
dqu.

Then we get by Plancherel formula that∫ ∞
−∞
|Fα,qD f(ξ)|2|ξ|2s+2α+1dqξ =

1

Iq,s,α

∫ ∞
−∞

1

|u|1+2s

(∫ ∞
−∞
|(f − ταq,uf)(ξ)|2|ξ|2α+1dqξ

)
dqu.
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By Fubini’s theorem we obtain∫ ∞
−∞
|ξ|2s|Fα,qD f(ξ)|2|ξ|2α+1dqξ =

1

Iq,s,α

∫ ∞
−∞

(∫ ∞
−∞

|(f − ταq,uf)(ξ)|2

|u|1+2s
dqu
)
|ξ|2α+1dqξ.

This leads the result.

Notation. For all s ∈ R, we denote by |||.|||(
W s,2
α,q(Rq)

)′ the usual uniform norm on the topological dual(
W s,2
α,q(Rq)

)′
of W s,2

α,q(Rq), given by

|||L|||(
W s,2
α,q(Rq)

)′ = sup
{
|L(u)| : u ∈W s,2

α,q(Rq) and ‖u‖W s,2
α,q(Rq) ≤ 1

}
. (3.40)

Theorem 3. Let s ∈ R we have the following assertions.
i) Every tempered distribution u ∈W−s,2α,q (Rq) extends uniquely in a continuous linear form Lu on(

W s,2
α,q(Rq), ‖.‖W s,2

α,q(Rq)

)
.

ii) The map

χ :
(
W−s,2α,q (Rq), ‖.‖W−s,2α,q (Rq)

)
−→

(
W s,2
α,q(Rq))′, ‖.‖W s,2

α,q(Rq)′

)
u −→ Lu

is an isomorphism.

Proof. i) For all ϕ ∈ Sq(Rq) and u ∈W−s,2α,q (Rq) we have

〈u, ϕ〉 = 〈Fα,qD (u),Fα,qD (ϕ)〉

=

∫ ∞
−∞
Fα,qD (u)(λ)Fα,qD (ϕ)(λ)|λ|2α+1dqλ

=

∫ ∞
−∞

(1 + |λ|)
−s
2 Fα,qD (u)(λ)(1 + |λ|) s2Fα,qD (ϕ)(λ)|λ|2α+1dqλ.

By using Holder’s inequality we obtain

|〈u, ϕ〉| ≤ ‖u‖W−s,2α,q (Rq)‖ϕ‖W s,2
α,q(Rq), for all ϕ ∈ Sq(Rq).

Using the density of Sq(Rq) in W s,2
α,q(Rq), we deduce by Hahn-Banach theorem [4] that u extends uniquely

in a continuous linear form

Lu :
(
W s,2
α,q(Rq), ‖.‖W s,2

α,q(Rq)

)
−→ C

such that

|||Lu|||(
W s,2
α,q(Rq)

)′ ≤ ‖u‖W−s,2α,q (Rq).

ii) The linearity of χ comes directly from the uniqueness of the extension of each u ∈ W−s,2α,q (Rq) in
a continuous linear form

Lu = χ(u) ∈ (W−s,2α,q (Rq))′.
It remains to be shown that χ is bijective isometry. Let L : W s,2

α,q(Rq) −→ C be a continuous linear form

then by Riesz theorem [4], there exists a unique v ∈W s,2
α,q(Rq) such that

‖v‖W s,2
α,q(Rq) = |||L|||(

W s,2
α,q(Rq)

)′ (3.41)
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and

∀φ ∈W s,2
α,q(Rq), L(φ) = 〈φ, v〉W s,2

α,q(Rq)

=

∫ ∞
−∞

(1 + |λ|2)sFα,qD (φ)(λ)Fα,qD (v)(λ)|λ|2α+1dqλ

= 〈Fα,qD (φ), (1 + |λ|2)sFα,qD (v)〉. (3.42)

In particular, for all ϕ ∈ Sq(Rq) we get

L(ϕ) = 〈(1 + |λ|2)sFα,qD (v),Fα,qD (ϕ)〉
= 〈Fα,qD ((1 + |λ|2)sFα,qD (v)), ϕ〉
= 〈u, ϕ〉,

where

u = Fα,qD

(
(1 + |λ|2)sFα,qD (v)

)
.

Remarking that

(1 + |λ|2)
−s
2 Fα,qD (u) = (1 + |λ|2)

s
2Fα,qD (v),

we deduce that u ∈W−s,2α,q (Rq) since v ∈W s,2
α,q(Rq) and by using the relation (3.41) we get

‖u‖W−s,2α,q (Rq) = ‖v‖W s,2
α,q(Rq) = |||L|||(

W s,2
α,q(Rq)

)′ .
This proves that χ is effectively an isometric between W−s,2α,q (Rq) and

(
W s,2
α,q(Rq)

)′
. Its inverse is given

by

χ−1(L) = Fα,qD

(
(1 + |λ|2)sFα,qD (v)

)
,

where v is the unique q-tempered distribution in W s,2
α,q(Rq) satisfying the relation (3.41) and (3.42).

Proposition 10. Let ϕ be in Sq(Rq) even. Then for all s, t ∈ R such that t < s and s ≥ 0, the mapping

W s,2
α,q(Rq) −→ W t,2

α,q(Rq)
u 7−→ ϕu

is compact.

Proof. Let (un)n be a sequence in W s,2
α,q(Rq) such that ||un||W s,2

α,q(Rq) ≤ 1, for all n ∈ N. Then by virtue

of Alaoglu theorem (cf. [4]) we can extract a subsequence of (un)n noted also (un)n such that un weakly
converging in W s,2

α,q(Rq). We denote by u its weak limit. In the following we want to prove that (ϕun)n
is converge to ϕu in W t,2

α,q(Rq). Indeed, we put vn = un − u, we proceed as Theorem 3.3 of [8] we prove
there exists a positive constant C such that ||ϕvn||W s,2

α,q(Rq) ≤ C. Let R > 0, we have∫
Rq

(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ =

∫ R

−R
(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2ωk(ξ)dqξ

+

∫
|ξ|≥R

(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ

≤
∫ R

−R
(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ

+
1

(1 +R2)s−t
||ϕvn||2W s,2

α,q(Rq)
.
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Let ε > 0, we can choose R such that

1

(1 +R2)s−t
||ϕvn||2W s,2

α,q(Rq)
≤ ε

2
.

Now we will prove that ∫ R

−R
(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ

tend to zero when n tend to ∞ for all fixed R > 0. Indeed, it is easy to see that

vn ⇀ 0 in W s,2
α,q(Rq)⇒ lim

n→+∞
Fα,qD (ϕvn)(ξ) = 0, for all ξ ∈ Rq.

Moreover, using Cauchy Schwartz’s inequality, we deduce

|Fα,qD (ϕvn)(ξ)| ≤ C||ϕ||L2
α,q(Rq)||vn||W s,2

α,q(Rq).

Thus the last inequality shows that there exists a positive constant C such that

sup
ξ∈Rq∩[−R,R]

|Fα,qD (ϕvn)(ξ)| ≤ C.

Finally by Lebesgue’s theorem we obtain

lim
n→+∞

∫ R

−R
(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ = 0.

Hence we can find N such that for all n > N we have∫ R

−R
(1 + |ξ|2)t|Fα,qD (ϕvn)(ξ)|2|ξ|2α+1dqξ ≤

ε

2
.

Then for all n ≥ N , ||ϕvn||W t,2
α,q(Rq) ≤ ε. Thus the result follows.

Definition 3. Let % > 0 and s ∈ R, we define W s,2
α,q(Bq(0, %)) by

W s,2
α,q(Bq(0, %)) :=

{
u ∈W s,2

α,q(Rq), suppu ∈ Rq ∩ [−%, %]
}
.

Proposition 11. Let s, t ∈ R with t < s and s ≥ 0. Then for any % > 0, the embedding

W s,2
α,q(Bq(0, %)) ↪→W t,2

α,q(Bq(0, %))

is compact.

Proof. Let ϕ ∈ Dq(Rq) radial such that ϕ ≡ 1 on a neighborhood of Bq(0, %). The result follows from
Proposition 10.

Proposition 12. Let s, % > 0. Then there exists a positive constant C such that

1

C
||u||2

W s,2
α,q(Rq)

≤
∫
Rq
|ξ|2s|Fα,qD (u)(ξ)|2|ξ|2α+1dqξ ≤ C||u||2W s,2

α,q(Rq)
, (3.43)

for all u ∈W s,2
α,q(Bq(0, %)).

Proof. It is clear that it suffices to prove the left hand side inequality. Suppose that for positive integer
n there exists (un)n ∈W s,2

α,q(Bq(0, %)) such that∫
Rq
|ξ|2s|Fα,qD (un)(ξ)|2|ξ|2α+1dqξ ≤

1

n
||un||2W s,2

α,q(Rq)
.
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Without loss of generality, we can assume that

||un||W s,2
α,q(Rq) = 1. (3.44)

Then it holds

lim
n→+∞

∫
Rq
|ξ|2s|Fα,qD (un)(ξ)|2|ξ|2α+1dqξ = 0. (3.45)

Moreover, using the condition s > 0 and Proposition 10, we can extract of (un)n a subsequence noted
also by un converge in L2

α,q(Rq). Let u its strong limit, we have

lim
n→∞

||un − u||L2
α,q(Rq) = 0 and suppu ⊂ Bq(0, %). (3.46)

So, by the Cauchy Schwartz inequality, we have

∀ ξ ∈ Rq, |Fα,qD (un)(ξ)−Fα,qD (u)(ξ)| ≤ C||un − u||L2
α,q(Rq).

Hence Fα,qD (un) converge uniformly to Fα,qD (u). Thus, by Lebesgue’s theorem and relation (3.45), we get∫ R

−R
|ξ|2s|Fα,qD (u)(ξ)|2|ξ|2α+1dqξ = 0, for allR > 0.

Then from Proposition 2 we deduce that u ≡ 0. Thus the relation (3.46) become

lim
n→∞

||un||L2
α,q(Rq) = 0. (3.47)

On the other hand, using the fact that there exists a positive constant C such that

(1 + |ξ|2)s ≤ C(1 + |ξ|2s),
it holds

||un||2W s,2
α,q(Rq)

≤ C
[
||un||2L2

α,q(Rq) +

∫
Rq
|ξ|2s|Fα,qD (un)(ξ)|2|ξ|2α+1dqξ

]
.

Let now n tend to infinity, then using the relations (3.44),(3.45) and (3.47) we obtain the absurdity.

Proposition 13. Let s, t ∈ R such that 0 ≤ t ≤ s and % > 0, then there exists a positive constant C such
that

||u||W t,2
α,q(Rq) ≤ C%

s−t||u||W s,2
α,q(Rq)

for all u ∈W s,2
α,q(B(0, ρ)).

Proof. A simple calculations give that∫
Rq
|ξ|2t|Fα,qD (u)(ξ)|2|ξ|2α+1dqξ ≤ %2(s−t)

∫
Rq
|ξ|2s|Fα,qD (u)(ξ)|2|ξ|2α+1dqξ.

The result follows thanks to Proposition 12.

Definition 4. Let u ∈ S ′q(Rq) and s ∈ R, we define the generalized q-potential of order s, as follows

(J sα,qu)(x) =
(
Fα,qD

)−1[
(λ2 + 1)−s/2Fα,qD (u)(λ)

]
(x).

Definition 5. Let s ∈ R and 1 ≤ p <∞, then we define the generalized potentials spaces as

Hs,p
α,q(Rq) :=

{
φ ∈ S ′q(Rq) : J−sα,q(φ) ∈ Lpα,q(Rq)

}
.

The norm of Hs,p
α,q(Rq) is given by

‖φ‖Hs,pα,q(Rq) = ‖J−sα,qφ‖Lpα,q(Rq).
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Lemma 1. Let f ∈ S ′q(Rq). Then

J sα,qJ tα,qf = J s+tα,q f

and

J 0
α,qf = f.

Proof. By definition (J tα,qf)(x) =
(
Fα,qD

)−1 (
(λ2 + 1)−t/2Fα,qD (f)(λ)

)
(x).

Then,

J sα,qJ tα,qf(x) =
(
Fα,qD

)−1 (
(λ2 + 1)−s/2(λ2 + 1)−t/2Fα,qD (f)(λ)

)
(x)

=
(
Fα,qD

)−1 (
(λ2 + 1)−(t+s)/2Fα,qD (f)(λ)

)
(x)

= (J s+tα,q )f(x)

On the other hand, J 0
α,qf(x) =

(
Fα,qD

)−1
(Fα,qD (f)(λ))(x) = f(x).

Lemma 2. The generalized q-potential J tα,q is an isometry of Hs,p
α,q(Rq) onto Hs+t,p

α,q (Rq) satisfying

‖J tα,qφ‖Hs+t,pα,q (Rq) = ‖φ‖Hs,pα,q(Rq).

Proof. Let φ ∈ Hs,p
α,q(Rq). By Definition 4 and Lemma 1 we obtain

‖J tα,qφ‖Hs+t,pα,q (Rq) = ‖J−s−tα,q J tα,qφ‖Lpα,q(Rq) = ‖J−sα,qφ‖Lpα,q(Rq) = ‖φ‖Hs,pα,q(Rq).

Now, let f ∈ Hs+t,p
α,q (Rq). J−tα,qf ∈ Hs,p

α,q(Rq) and J tα,qJ−tα,qf = f. Therefore we obtain the result.

Proposition 14. Hs,p
α,q(Rq) is a Banach space with respect to the norm ‖.‖Hs,pα,q(Rq).

Proof. Let (φn)n be a Cauchy sequence in Hs,p
α,q(Rq). By the definition of Hs,p

α,q(Rq) the sequence {J−sα,qφn}
is a Cauchy sequence in Lpα,q(Rq). As Lpα,q(Rq) is complete, it follows that there exists a function φ in

Lpα,q(Rq) such that J−sα,qφn converge to φ in Lpα,q(Rq). Thus, it is easy to see that φn → g in Hs,p
α,q(Rq) as

n→∞, with g = J sα,qφ.

Proposition 15. For s ∈ R and 1 ≤ p <∞, Sq(Rq) is dense in Hs,p
α,q(Rq).

Proof. Let f ∈ Hs,p
α,q(Rq). Then, J−sα,qf ∈ Lpα,q(Rq). Since Dq(Rq) is dense in Lpα,q(Rq), there exists a

sequence (φj)j ∈ Dq(Rq) such that

φj → J−sα,qf in Lpα,q(Rq). (3.48)

Next, we define gj = J sα,qφj =
(
Fα,qD

)−1 (
(λ2 + 1)−s/2Fα,qD (φj)(λ)

)
. From Theorem 1 we deduce that,

(λ2 + 1)−s/2Fα,qD (φj)(λ) ∈ Sq(Rq).

Theorem 1 give that gj =
(
Fα,qD

)−1(
(λ2 + 1)−s/2Fα,qD (φj)(λ)

)
∈ Sq(Rq). Hence, by (3.48) we obtain

‖f − gj‖Hs,pα,q(Rq) =

(∫
Rq
|J−sα,qf(x)− J−sα,qgj(x)|p|x|2α+1dqx

)1/p

=

(∫
Rq
|J−sα,qf(x)− φj(x)|p|x|2α+1dqx

)1/p

→ 0, for j →∞.
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In the remainder of this section, we only consider q ∈ Qα.

Proposition 16. For s > α+ 1
2 and 1 ≤ p ≤ ∞, J−sα,q maps Lpα,q(Rq) into Lpα,q(Rq).

More precisely there exists g ∈ L1
α,q(Rq) such that for all f ∈ Lpα,q(Rq), we have

J−sα,q(f) = f ∗q,α g,

and there exists a positive constant C such that

‖J−sα,qf‖Lpα,q(Rq) ≤ C||f ||Lpα,q(Rq).

Proof. As the function λ 7→ (1 + λ2)−
s
2 belongs to Cq(Rq) then using inversion theorem for q-Dunkl

transform we deduce that there exists a function g ∈ L1
α,q(Rq) such that

(1 + λ2)−
s
2 = Fα,qD (g)(λ).

Moreover we have

∀ f ∈ Lpα,q(Rq), Fα,qD (g ∗q,α f)(λ) = Fα,qD (g)(λ)Fα,qD (f)(λ) = (1 + λ2)−
s
2Fα,qD (f)(λ).

On the other hand, we have

Fα,qD (J−sα,qf)(λ) = (1 + λ2)−
s
2Fα,qD (f)(λ).

We conclude by using Proposition 5 that

J−sα,qf = f ∗q,α g.

Finally, applying Proposition 4 , we obtain

‖J−sα,qf‖Lpα,q(Rq) ≤ C||f ||Lpα,q(Rq).

This completes the proof of theorem.

Proposition 17. For s > α+ 1
2 + t and 1 ≤ p ≤ ∞, then, we have

Hs,p
α,q(Rq) ⊂ Ht,p

α,q(Rq).

Moreover, there exits a positive constant C, such that for all u ∈ Hs,p
α,q(Rq)

||u||Ht,pα,q(Rq) ≤ C||u||Hs,pα,q(Rq).

Proof. Let u ∈ Hs,p
α,q(Rq). Then, we have J−sα,q(u) = f , where f ∈ Lpα,q(Rq). From Lemma 2 and

Proposition 16, we can write

J−tα,q(u) = J−t+sα,q (J−sα,q(u)) = f ∗q,α g,
where g is such that

(1 + λ2)−
s−t
2 = Fα,qD (g)(λ).

Furthermore, we have

||u||Ht,pα,q(Rq) = ||f ∗q,α g||Lpα,q(Rq) ≤ C||f ||Lpα,q(Rq) ≤ C||u||Hs,pα,q(Rq).

4. Applications

In this Section we give some applications of the generalized potential and generalized Sobolev spaces.
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4.1. Hypoellipticity of q-Dunkl operator.

Theorem 4. Let P (Λα,q) =

n∑
j=0

aj(Λα,q)
j , an 6= 0, a differential-difference operator with constant

coefficients aj and symbol P (λ) =

n∑
j=0

aj(iλ)j 6= 0, λ ∈ R. If u ∈ L2
α,q(Rq), P (−Λα,q)u = f, and

f ∈ L2
α,q(Rq), then u ∈ Hn,2

α,q (Rq).

Proof. It is easy to see that there exists R > 0 and a positive constant C such that

|P (λ)| ≥ C|λ|n, |λ| ≥ R. (4.49)

Let u ∈ Sq(Rq)

‖u‖2
Hn,2α,q (Rq)

=

∫
Rq

(λ2 + 1)n/2|Fα,qD u(λ)|2|λ|2α+1dqλ.

If we consider R ≥ 1, we have

‖u‖2
Hn,2α,q (Rq)

=

∫ R

−R
(λ2 + 1)n/2|Fα,qD u(λ)|2|λ|2α+1dqλ+

∫
|λ|≥R

(λ2 + 1)n/2|Fα,qD u(λ)|2|λ|2α+1dqλ.

Now, if |λ| ≤ R, we use that (λ2 + 1)n/2 ≤ (1 +R2)n/2 and for |λ| ≥ R, (λ2 + 1)n/2 ≤ 2|λ|n, obtaining

‖u‖2
Hn,2α,q (Rq)

≤ C(1 +R2)n/2
∫ R

−R
|Fα,qD u(λ)|2|λ|2α+1dqλ+ C

∫
|λ|≥R

|λ|2n|Fα,qD u(λ)|2|λ|2α+1dqλ.

Using again Theorem 1, the relations (2.34) and (4.49) we have

‖u‖2
Hn,2α,q (Rq)

≤ C

(∫
Rq

∣∣u(x)
∣∣2|x|2α+1dqx+

∫
Rq
|λ|2n|Fα,qD u(λ)|2|λ|2α+1dqλ

)

≤ C

(
‖u‖2L2

α,q(Rq) +

∫
Rq
|P (λ)Fα,qD u(λ)|2|λ|2α+1dqλ

)

≤ C

(
‖u‖2L2

α,q(Rq) +

∫
Rq
|Fα,qD (P (Λα,q)g(λ)|2|λ|2α+1dqλ

)
.

Again, by using Plancharel formula we obtain

‖u‖2
Hn,2α,q (Rq)

≤ C
(
‖u‖2L2

α,q(Rq) + ‖P (Λα,q)u‖2L2
α,q(Rq)

)
.

Now, we complete the proof using Proposition 15 that is, that Sq(Rq) is dense in Hn,2
α,q (Rq).

4.2. Generalized wave equation. In this subsection, we assume that q ∈ Qα.

Lemma 3. For all p, n ∈ [1,∞],
1

r
=

1

p
+

1

n
− 1 ≥ 0, s, s′ ∈ R, f ∈ Hs,p

α,q(Rq) and g ∈ Hs′,n
α,q (Rq) then

f ∗q,α g ∈ Hs+s′,r
α,q (Rq),

and we have

‖f ∗q,α g‖Hs+s′,rα,q (Rq)
≤ Cα,q‖f‖Hs,pα,q(Rq)‖g‖Hs′,nα,q (Rq)

.
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Proof. The results are given by Proposition 4 and the definition of the generalized potential spaces.

This is the generalized wave equation where the unknown is a function u (with real values) of
(t, x) ∈ R× Rq:

(W )


∂2t u−4α,qu = 0
ut|=0 = u0 ∈ Hs,p

α,q(Rq)
∂tut|=0 = u1 ∈ Hs′,n

α,q (Rq).

Corollary 2. Let us define C :=
{
ξ ∈ Rq, r ≤ |ξ| ≤ R

}
for some positive r and R such that r < R. We

assume that u0 and u1 are two functions such that

supp Fα,qD (uj) ⊂ C.

i) For p = n = 2, u ∈ Ha+s,∞
α,q (Rq) +Hb+s′,∞

α,q (Rq). For a+ s = b+ s′ = c,

‖u‖Hc,∞α,q (Rq) ≤ C
(
‖u0‖Hs,2α,q(Rq) + ‖u1‖Hs′,2α,q (Rq)

)
.

ii) For p 6= 2 and n 6= 2, u ∈ Ha+s, p
2−p

α,q (Rq) +H
b+s′, n

2−n
α,q (Rq). For a+ s = s′ + b = c

‖u‖
H
c,

p
2−p

α,q (Rq)
≤ C

(
‖u0‖Hs,pα,q(Rq) + ‖u1‖Hs′,pα,q (Rq)

)
.

Proof. The results are immediately from Duhamel expression for the solution and Lemma 3.

4.3. Generalized Schrödinger equation.
We denote by
E(R;Sq(Rq)) the space of C∞ functions from R into Sq(Rq).
E(R;S ′q(Rq)) the space of C∞ functions from R into S ′q(Rq).

S(R;Sq(Rq)) the space of Shawartz functions from R into Sq(Rq).
C(R;W s,p

α,q(Rq)) the space of continuous function on R into W s,p
α,q(Rq).

We consider the following equation where the unknown is a function u (with complex value) of (t, x) ∈
R× Rq

(S)

{
∂tu− i4α,qu = 0
u|t=0 = g.

Theorem 5. Let g be in S ′q(Rq). There exists a unique solution u ∈ E(R;S ′q(Rq)) such that

(S)

{
∂tu− i4α,qu = 0, in D′(R× Rq)
u|t=0 = g.

Proof. Firstly we prove the existence. For t ∈ R, we put

ut =
(
Fα,qD

)−1
(e−it|ξ|

2

Fα,qD (g)). (4.50)

From (2.31) we have

〈ut, ϕ〉 = 〈Fα,qD (g), e−it|ξ|
2
(
Fα,qD

)−1
(ϕ)〉.

Thus we deduce that ut ∈ E(R;S ′q(Rq)), and Fα,qD (ut) ∈ E(R;S ′q(Rq)).
We recall that u is defined by

〈u, ψ〉 =

∫
R
〈ut, ψ(t, .)〉dt, ψ ∈ S(R,Sq(Rq)).
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Then for any ψ in S(R,Sq(Rq)), we have from (2.33)

〈∂tu− i4α,qu, ψ〉 = −〈u, ∂tψ + i4α,qψ〉 = −
∫
R
〈ut, ∂tψ(t, .) + i4α,qψ(t, .)〉dt

= −
∫
R
〈Fα,qD (ut),

(
Fα,qD

)−1(
∂tψ(t, .) + i4α,qψ(t, .)

)
〉dt

= −
∫
R
〈e−it|.|

2

Fα,qD (g), (∂t − i|.|2)
(
Fα,qD

)−1
ψ(t, .)〉dt.

But

∂t

(
e−it|ξ|

2
(
Fα,qD

)−1
ψ(t, ξ)

)
=
[
(∂t − i|ξ|2)

(
Fα,qD

)−1
ψ(t, ξ)

]
e−it|ξ|

2

.

Thus

〈∂tut − i4α,qu, ψ〉 = −
∫
R
〈Fα,qD (g), ∂t

(
e−it|.|

2
(
Fα,qD

)−1
ψ(t, .)

)
〉dt

= −
∫
R
∂t〈Fα,qD (g), e−it|.|

2
(
Fα,qD

)−1
ψ(t, .)〉dt = 0.

Thus we have proved that u is solution of (S).
Now we prove the uniqueness, which equivalently proves that u ≡ 0 is the solution of problem{

∂tu− i4α,qu = 0, in E(R;S ′q(Rq))
u|t=0 = 0.

Indeed for all ψ in S(R,Sq(Rq)) we have

0 = 〈∂tu− i4α,qu, ψ〉 = −
∫
R
〈ut, (∂t + i4α,q)ψ(t, .)〉dt.

But
d

dt
〈ut, ψ(t, .)〉 = 〈u(1)t , ψ(t, .)〉+ 〈ut, ∂tψ(t, .)〉,

hence

0 = −
∫
R

d

dt
〈ut, ψ(t, .)〉dt+

∫
R

[
〈u(1)t , ψ(t, .)〉 − i〈ut,4α,qψ(t, .)〉

]
dt. (4.51)

As ψ(−∞, .) = ψ(∞, .) = 0, then we obtain∫
R

[
〈u(1)t , ψ(t, .)〉 − i〈ut,4α,qψ(t, .)〉

]
dt = 0. (4.52)

Moreover, using that Fα,qD (u
(1)
t ) = (Fα,qD (ut))

(1) and the relations (4.52),(2.34) we deduce∫
R

[
〈(Fα,qD (ut))

(1),
(
Fα,qD

)−1
ψ(t, .)〉+ i〈Fα,qD (ut), |.|2

(
Fα,qD

)−1
ψ(t, .)〉

]
dt = 0, ∀ψ ∈ S(R,Sq(Rq)).

(4.53)

If we take ψ such that
(
Fα,qD

)−1
ψ(t, ξ) = eit|ξ|

2

ϕ(ξ)χ(t) with ϕ in Sq(Rq), χ in S(R), we obtain∫
R

[
〈(Fα,qD (ut))

(1), eit|.|
2

ϕ〉+ i〈Fα,qD (ut), |.|2eit|.|
2

ϕ〉
]
χ(t)dt = 0, ∀χ ∈ S(R). (4.54)

Thus we deduce that

d

dt
〈Fα,qD (ut), e

it|.|2ϕ〉 = 〈(Fα,qD (ut))
(1), eit|.|

2

ϕ〉+ i〈Fα,qD (ut), |.|2eit|.|
2

ϕ〉 = 0, ∀ϕ ∈ Sq(Rq). (4.55)
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Hence for all ϕ in Sq(Rq), the function t 7→ 〈Fα,qD (ut), e
it|.|2ϕ〉 is constant.

Finally, since u0 = 0 then

〈Fα,qD (ut), e
it|.|2ϕ〉 = 〈Fα,qD (u0), ϕ〉 = 0, ∀ t ∈ R; ∀ϕ ∈ Sq(Rq).

From this we deduce that u = 0.

Proposition 18. Let g be in W s,p
α,q(Rq), s ∈ R and 1 ≤ p < ∞, the solution u given by the Theorem 5

belongs to C(R;W s,p
α,q(Rq)). For m in N, (u

(m)
t ) ∈ C(R;W s−2m,p

α,q (Rq)) and we have{
||ut||W s,p

α,q(Rq) = ||g||W s,p
α,q(Rq), ∀ t ∈ R

||u(m)
t ||W s−2m,p

α,q (Rq) ≤ Cm||g||W s,p
α,q(Rq), ∀ t ∈ R; ∀m ∈ N∗. (4.56)

Proof. The formula (4.50) give that, for all t in R,

Fα,qD (ut) = e−it|ξ|
2

Fα,qD (g).

Thus it is easy to deduce (4.56).

Now we will prove that for m in N, (u
(m)
t ) belongs to C(R;W s−2m,p

α,q (Rq)). Indeed, let (tn)n a sequence
that converge to t0 in R, we have

||utn − ut0 ||2W s,p
α,q(Rq) =

∫
Rq

(1 + |ξ|2)
sp
2 |e−itn|ξ|

2

− e−it0|ξ|
2

|p|Fα,qD (g)(ξ)|p|ξ|2α+1dqξ.

The dominate convergence theorem gives that

lim
n→∞

||utn − ut0 ||
p
W s,p
α,q(Rq) = 0.

On the other hand, from (4.50) we have

Fα,qD (u
(m)
t ) = (−i|ξ|2)me−it|ξ|

2

Fα,qD (g).

From this we obtain

||u(m)
tn − u

(m)
t0 ||

p
W s,p
α,q(Rq) =

∫
Rq

(1 + |ξ|2)
sp
2 |e−itn|ξ|

2

− e−it0|ξ|
2

|p|ξ|2mp|Fα,qD (g)(ξ)|p|ξ|2α+1dqξ.

Thus the dominate convergence theorem gives the result.

4.4. Practical real inversion formulas for the generalized wavelet transform S
(α,q)
g . In this

paragraph we give practical real inversion formulas. Using the harmonic analysis associated with the op-
erator Λα,q we define and study in this subsection the generalized wavelet and the generalized continuous
wavelet transform.

Definition 6. A generalized wavelet on Rq is a measurable function h on Rq satisfying for all x ∈ Rq,
the condition

0 < Ch =

∫ ∞
0

|Fα,qD (h)(λx)|2 dqλ
λ

<∞. (4.57)

Proposition 19. Let a ∈ Rq and h be a generalized wavelet in L2
α,q(Rq). Then the function ha defined

by

∀ y ∈ Rq, ha(y) =
h(ya )

a2α+2
(4.58)

belongs to L2
α,q(Rq) and we have

||ha||L2
α,q(Rq) =

1

|a|α+1
||h||L2

α,q(Rq). (4.59)
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Proof. We use a similar ideas as in [9].

Let a ∈ Rq and h be in L2
α,q(Rq). We consider the family ha,x, x ∈ Rq, of functions on Rq in

L2
α,q(Rq) defined by

ha,x(y) = |a| 12 ταq,xha(−y), y ∈ Rq, (4.60)

where ταq,x, x ∈ Rq, are the generalized translation operators.

Definition 7. Let h be a generalized wavelet on Rq in L2
α,q(Rq). The generalized continuous wavelet

transform S
(α,q)
h on Rq is defined for regular functions f on Rq by

S
(α,q)
h (f)(a, x) =

cα,q
2

∫
Rq
f(y)ha,x(y)|y|2α+1dqy, a ∈ Rq, x ∈ Rq. (4.61)

• Let h be a generalized wavelet on Rq in L2
α,q(Rq) such that Fα,qD (h) ∈ L∞α,q(Rq). It is easily to see

that the generalized continuous wavelet transform S
(α,q)
h , is a bounded linear operator from W t,2

α,q(Rq),
t ≥ 0, into L2

α,q(Rq), and we have

‖S(α,q)
h f(a, .)‖L2

α,q(Rq) ≤ C(a)‖F(h)‖L∞α,q(Rq)‖f‖W t,2
α,q(Rq), f ∈W t,2

α,q(Rq).

• Let λ > 0, t ≥ 0 and h be a generalized wavelet on Rq in L2
α,q(Rq) such that Fα,qD (h) ∈ L∞α,q(Rq).

We define the Hilbert space Hλ,th,α,q(Rq) as the subspace of W t,2
α,q(R) with the inner product:

〈f, g〉Hλ,th,α,q = λ〈f, g〉W t,2
α,q(Rq) + 〈S(α,q)

h f(a, .), S
(α,q)
h g(a, .)〉L2

α,q(Rq), f, g ∈W t,2
α,q(Rq).

The norm associated to the inner product is define by:

‖f‖2Hλ,th,α,q := λ‖f‖2
W t,2
α,q(Rq)

+ ‖S(α,q)
h f(a, .)‖2L2

α,q(Rq).

We proceed as [9] we prove the following results.

Proposition 20. Let t > α + 1
2 and h be a generalized wavelet on Rq in L2

α,q(Rq) such that Fα,qD (h) ∈
L∞α,q(Rq). Then the Hilbert space Hλ,th,α,q(Rq) admits the following reproducing kernel

Wλ,h(x, y) =

∫
Rq

ψ
(α,q)
ξ (x)ψ

(α,q)
ξ (−y)

λ(1 + |ξ|2)t + [Fα,qD (h)(aξ) ]2
|ξ|2α+1dqξ.

Theorem 6. Let t > α+ 1
2 and h be a generalized wavelet on Rq in L2

α,q(Rq) such that Fα,qD (h) ∈ L∞α,q(Rq).

i) For any g ∈ L2
α,q(Rq) and for any λ > 0, the best approximate function f∗λ,g in the sense

inf
f∈W t,2

α,q(Rq)

{
λ‖f‖2

W t,2
α,q(Rq)

+ ‖g − S(α,q)
h f(a, .)‖2L2

α,q(Rq)

}
= λ‖f∗λ,g‖2W t,2

α,q(Rq)
+ ‖g − S(α,q)

h f∗λ,g(a, .)‖2L2
α,q(Rq)

exists uniquely and f∗λ,g is represented by

f∗λ,g(a, x) =

∫
Rq
g(y)Qλ,h(x, y)Aα,q(y)dy,

where

Qλ,h(x, y) =

∫
Rq

Fα,qD (h)(aξ)ψ
(α,q)
ξ (x)ψ

(α,q)
ξ (−y)

λ(1 + |ξ|2)s + [F(h)(aξ)]2
|ξ|2α+1dqξ.
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ii) If we take g = S
(α,q)
h f(a, .), then

f∗λ,g → f as λ→ 0, uniformly .

iii) Let δ > 0 and let g, gδ satisfy ‖g − gδ‖L2
α,q(Rq) ≤ δ. Then

‖f∗λ,g − f∗λ,gδ‖W t,2
α,q(Rq) ≤

δ√
λ
.

Remark 3. If we replace the q−Dunkl operator by the q−Bessel operator, we can also define the gener-
alized Sobolev spaces associated with the q-Bessel and the results of this paper are also valables.
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