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UNIVALENT WRIGHT’S GENERALIZED HYPERGEOMETRIC
FUNCTIONS

POONAM SHARMA

ABSTRACT. In this paper, certain necessary and sufficient conditions in the
form of Wgh inequalities are derived for the Wright generalized hypergeometric
(Wgh) functions to be in the Janowski type class of univalent functions.

1. INTRODUCTION

Let S denote the class of functions of the form
f2) =2+ an 2", (1.1)
n=2

which are analytic and univalent in the open unit disk U = {z : |2| < 1}.

In attempts to solve a well known Bieberbach Conjecture for f € S, several
subclasses of S have been defined either by placing restrictions on the coefficients
Qp, M > 2, or on the image domain to which unit disk U is mapped. A subclass T'
of the class S was introduced and studied by Silverman [28], [26], whose members
are of the form

f(Z) =z Zan Zn’ Gn, Z 0. (12)
n=2

Denote for 0 < a < 1,0 < g <1,

T (a) = {fGT:Rc {ZJJ:(S)}>O<},

7 () = {fET:‘ZJJ:(S)—l <1—a},
THON

TB = {SeT:| | <8y,
e Tl

and 7% (0) = T*, T (0) = Ty, T*[1] = T*. Silverman [26] has proved following
result.
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Theorem 1.1. For f of the form , the following are equivalent:
) ’
(i) Ssna, <1, (@) feT, (iii) f €T, (i) feTy, (v)f #0,2 €U, and (vi)
n=2
Re f' >0,z €U.

Denote by C* () a class of f € T if and only if zf € T* (). Classes T* ()
and C* (), consisting of functions which are starlike and convex, respectively, of
order «, are studied by Silverman [28].

For the purpose of this paper, we define a subclass of T" as follows:

Definition 1. A function f € T of the form (1.2)) is said to be in the class T'[A, B],
if and only if for some constants A and B, such that —1 < B < A < 1, it satisfies

i{(nl)i_iJrl}an <1 (1.3)

n=2

Denote by C [A, B], a class of functions f € T if and only if zf € T [A, B].

Since,
n< -1 1 n Sl,
Eﬁna_g {(n )A_B—I— }a

in view of Theorem we get that the functions belonging to the class T [A, B]
and also to the class C'[A, B] are univalent.
Based on the Definition [I} we can easily prove the equivalent relations:

T[A,B] = T (ﬁ) =Ty (1_;) (1.4)
2f (2) 14 Aw(z)
flz) 1—|—Bw(2)}7

where w(z) is analytic in U with w(0) = 0 and |w(z)| < 1 for z € U. The class
S* [A, B] is the Janowski starlike class [T1]. Further, we prove following equivalence.

Lemma 1.2. Let ~1 < B < A<1, then f € T[A,B] if and only if
(i) for z € U, and for —m <0 <, 1 — Be'® #0,

1 (1 —Aew) z z
z HH (A-B)ei® } (1-2) *f<z)1 7 o)

Re [(;_i) £ (z) - C‘_‘;) fiz)] > 0. (1.6)

Proof. In view of the above equivalent relations, f € T [A, B] is equivalent to the
condition

= S*[A,B]:= {fET:

(i) for z € U,

2f (2) ” 1— Ae®
f(2) 1 — Be®’
for — < 6 < m, 1 — Be'® # 0. On using the facts that zf (z) = f(2) 2 and

* 1=2)?

zeU,

f(2) = f(2) x %, for z € U, we get the equivalent condition

z?

(A,ig)eie {(1 —Be“’) (1 _zz)z - (1 _Aeie) 122} *f(z)] # 0,

1
z
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which evidently proves (L.5). Also, by (1.4) f € T[A, B] is equivalent to the

condition
2f (2) —A
Re{ 7 } 1B
or
1 2f (2) 1-A
M{A—B(f@)‘(rig>}>Q
which readily proves (|1.6)). (]

Remark 1. For A =1,B = —1 and 6 = 0, Theorem [I.I] follows directly from the
above equivalent results.

In particular, we observe a number of equivalences of the class T[4, B] with
the classes already defined, some of them for 0 < a <1,0<<1,0< A< 1and
0<k<1with a+k <1, are as follows:

Tl-2a,—-1] = T[-a,0=T"(a), T[(1-2a)s,-8] =5 (a, 5),
Tp,-p = T7[6],
Tl-—a—k -k = STk, ), T[l—a+ A, o] =T\, ).

For the similar choices of A and B, from the class C'[A, B], we can find the
corresponding classes: C*(«), C*(«, 8),C [8],UCT(k,«) and C(X, ).

Classes S*(a, 8), C*(«, B) are introduced by Gupta and Jain [I0] and T'(A, ),
C(X, a) are defined by Altintas and Owa [I]. Classes S,T'(k,«) and UCT(k, «)

which are the classes of starlike and convex functions of order (IZ'*'TC{‘) are considered

by Bharati et al. [2]. To see the generalized nature of the function classes T' [A, B|
and C [4, B], it is worthwhile to study them.

For a; € C (j— £0,-1,-2,., Ay >0;i=1,2, ...,p) and §; € C
q p
(% £0,—1,—2,...,B; > 0;i — 1,2,...,q) and 1+ B, — Y. 4; > 0, Wright's

1 i=1
generalized hypergeometric (Wgh) function [33] ([30]) is defined by

(679 Al , > i= 2z’
e A0)i2) = gy | (o pde o] = 22

T n=0 [II' (8 +nB;)

i=1
q P IEI (By)Pi
which is an entire function if 14+ > B;— >~ A; > 0, and is analytic for |z| < ?*A
i=1 i=1 [T (A4
i=1
q P lgI (B;)Pi q P
if14+> B;— > A; =0, also it is analytic for 2| = Z+——if 1+ > . B;— > . A; =0
i=1 i=1 IT (A i=1 i=1

-
I
—

q P
and Re{ > Bi— Zai} + B3 > I (for details one may refer to [12]).
i=1 i=1

The purpose of this paper is to find some necessary and sufficient conditions in
the form of Wgh inequalities for a function W defined for a; # 0,—1,—-2,..., i =
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1,2,..,pand B; #0,—-1,-2,...,i =1,2,....q, by

11T (8) H (B) =
W)= = 2 (e dilis) = o+ T 6 s (08)
117 (0) nrwo

to be in the classes T [A, B] and C [A, B], where

[T (ai + (n— 1) 4)
Op = ——= n> 2. (1.9)
10 (854 (n = 1) B) (n - 1)

Some univalent and starlike Wgh functions were studied by Raina in [I§] and several
characteristic properties of those functions were obtained by Raina and Nahar in
[19]. Recently, harmonic univalent functions associated with Wgh functions are
studied in [20] and [22]. The linear operator involving Wgh functions is defined by
Dziok and Raina [B] and is studied in several papers (one may refer to [6], [7], [8],
[17], [24] and [25] etc.). Mappings of this linear operator, under the restriction of
some Wgh inequalities, have been studied in [23].

We use the symbol (z), called Pochhammer symbol which is defined for non-

negative integer n and for z # 0,—1,-2, ..., by (), = F(I:L(:)n)

n

2. MAIN RESULTS

q
Throughout the paper we consider [](B;)%i > H( ;)% which ensures that

=1
the Wgh function W(z) is defined for 9U.
Theorem 2.1. Let for positive integers A;, i = 1,2, ...,p, o; > —A;, i = 1,2, .., p, satisfy

p
[[ (i)s, <0 and Bi,Bi > 0, i = 1,2,..,q. Then, under the validity condition
i=1

q p q p
(in case [ (B)P = J[(A)Y and 1+ >.B; — Y. A; = 0)
i=1 =1

i=1 =1
q P p—q 3
i — it—— >, 2.1
;B ;a + 5 > 5 (2.1)
the function W € T [A, B] if and only if
(1= B) ptq ([(i + Ai; Ai)] ;1) + (A = B) ptq ([(ai, 44)]:1) < 0. (2.2)
Proof. Since, under the hypothesis, we have
p p
p TIT (i + A) IIT (o + Ai)
T (067,) — 1=1 p - _ =1 p
= 1 (@), M1 (@)

Thus, the function W defined in (1.8) is of the form

[T (@)a| TIT(8)
=1 =1 Z 0, 2" €T, (2.3)
I (O[Z' + Az) n=2

W(z) =

p
i=1
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where 6,, is given by (1.9)). Hence, the function W of the form (2.3) belongs to the
class T'[A, B] if and ounly if

P
=1

I' (o + Aj)

(2.4)

S en o

{1 @ TTr 6

Under the validity condition (2.1)) which ensures the convergence of p¥q ([(as, 49)] 5 1),
p¥q ([(oi + A;, A;)] 1), we obtain

(n=1)0n = g ([(i + Ai, Ai)]; 1), (2.5)
n=2
p
- 117 (o)
D0 o= p (@i A)]51) - T—. (2.6)
n=2 l:[lr (Bi)
Hence, is equivalent to
1-B
A_RBP? p¥q ([(i + Ai, A0)] 5 1) + i ([(ui, Ai)] 5 1)
fre) | 1),
< = 1+ = =0,
r@) | |1 @,
if and only if (2.2) holds. This proves Theorem O

In view of the special cases of T'[A, B] mentioned in the Section 1, from Theorem
we get following result.

Corollary 2.2. Under the hypothesis of Theorem with the validity condition
,
(i) the function W € S*(«, 8) if and only if

(1+8) pthg ([(a + Ais Ai)]51) + 28 (1 — @) pibg ([(, 4i)] ;1) <0,
(i1) the function W € S,T(k,a) if and only if
(L+k) pibg ([(ei + Ais Ai)]31) + (1 — @) pibg ([(, 43)] 1) <0,
(1) the function W € T'(\, «) if and only if
(1= Aa) pthg ([(as + As, Ai)]51) + (1 — @) ptq ([(ai, 45)]:1) <0,
(iv) the function W € T*(a) (T («)) if and only if
p¥q ([(i + Ai, A)]5 1) + (1 — ) pig ([(as, 45)]51) < 0.
Theorem 2.3. Let for o; > 0,0 = 1,2,..,p, B; > 0,i = 1,2,..,q, the validity
condition holds, then the function
1r )
Wi(z) =2 |2 — =—— 1y ([(as, A:)];2) | € T[A, B] (2.7)
HF (ai)
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if and only if

1-B 21T (@)
A_B p¥q ([0 + Ai, Ai)]5 1) + pibg ([(ci; 4i)]51) < lq_i- (2.8)
Ellf (8:)
Proof. Since,
17 (5) o
Wi(z) =z — Zzliz O, 2" €T,
_l;[lf () n=2

p
ks 1-B T1T (o)
St :ZZ{(H—l)AB+1} On <=5
s I:IIF (8:)
Thus, from and , we get
p p
1-B '1:[1F (o) 1:[1F (a;)
§1 = s wt ([l + A A1) + iy (s, A)]31) = F— < 5
fron e
if and only if holds. This proves Theorem (]

Theorem [2.3] yield following results by giving suitable values to A and B.

Corollary 2.4. Let for a; > 0,0 = 1,2,..,p, B; > 0,1 = 1,2,..,q, the validity
condition holds, then
(i) the function W1 € S*(a, B) if and only if

2]IT (ew)
251(:_604) pVq ([ + Ag, A)] 5 1) + pibg ([(u, Ai)]51) < 111:17’
I1r ()
(1) the function W1 € S,T(k,a) if and only if
2‘HF(051)
% o ([0 + Ai, A1) + g ([, A))]31) < S )
Ir (5)
(iii) the function W1 € T(\, «) if and only if
1-)a 21T ()
T o (i + A A5 1) + g ([0, )] 1) < “F——,
IRNED!
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(iv) the function Wy € T*(«) (T (@)) if and only if

I

1 2 F(Oéi)
T e (0 + AL A1) + gty (s AD)i1) < AP
(52)

.
Il

::]»m

[

Theorem 2.5. Let for positive integers A;, i =1,2,....p, a; > —A;, i =1,2,..,p,
p

satisfy [] (@), <0 and B, B; >0, i = 1,2,..,q. Then, under the validity condi-
i=1

q p q P
tion (in case [[(B:)? = [[(A)4 and 1+ >.B; — >.A;=0)

i=1 =1 i=1 i=1

ZBZ Zaz + 0 § (2.9)

the function W € C'[A, B] if and only if

1-B A—3B+2
T #¥a ([l 245 A5 1) + ———— pq ([(ai + i, A))] 5 1)
+ pthq ([(ai; A9)] 1) < 0. (2.10)

Proof. Since, under the given hypothesis, the function W of the form ({2.3)), belongs
to the class C'[A, B] if and only if

Sy 1= Zn{(n - 1);:7; + 1} 0, < ——" m . (2.11)
n=2 1;[1 (ai)Ai 1;[11_‘(61)
We write
o0 1-B A—-3B+2
52:;{(n—2)(n—1)A_B+(n_l)A_B+1} O -

Under the validity condition (2.9]), on using (2.5)), (2.6) and

o0

D (n=2)(n—1) 6, = ¥ ([(ei +24;, 4)]31),
n=3
inequality (2.11)) is equivalent to
1-B A—-3B+2
T ¥a ([ +245, A5 1) + ———m— ¥ ([(es + A, Ai)] 5 1)
p p
fire) [ fien
+ p¥q ([, A9)]51) < Z; I+ Z; =0,
1:[ (Bz) 1:11 (ai)Ai
if and only if holds. This proves Theorem O

Similar to the theorems proved above, we can prove following theorem.
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Theorem 2.6. If a; > 0,i = 1,2,..,p, B; > 0,1 = 1,2,..,q, satisfy the validity
condition @, then the function Wy of the form , belongs to the class C [A, B|
if and only if

1-B A—-3B+2
A_-B p¥q ([(i + 245, 4:)]:1) + “A-B p¥q ([(i + 43, 4)]5 1)

2117 ()
+ qu ([(au z)] ; 1) < 17

:lQﬁ

' (8)

=1

Remark 2. Similar to Corollaries[2.2]and [2.4] by giving suitable values to A, B, we
can easily find necessary and sufficient conditions in the form of Wgh inequalities
for functions W and W; to be in the special classes of C'[A, B] as given in Section
1.

3. SPEcCIAL CASES

Taking A; =1,i=1,2,3,...and B; =1,i=1,2,3,... , we get

a generalized hypergeometric (gh) function which is defined by

00 (az)n Zn
et

[ (B:)n

ii :]@ =

The gh function , Fy ([a4] ; 2) is an entire function if 14¢ > p, and is analytic for |z| <
1if 14 ¢ = p. Also it is analytic for |z| = 1 if 1+¢ = p and Re{ S B — Zal}

i=
Recently, involving gh functions, a linear operator is studled by Srivastava in

[29] for some classes of univalent functions.
From Main Results, we obtain following result.

p
Corollary 3.1. Let a; > —1,i=1,2,..,p, 5; > 0,i=1,2,..,q, satisfy [[a; <0,
i=1
and the validity condition (in case 1+q=1p )

q p
Zﬁl — ZO@ > 1. (31)
i=1 1=1

Then, the function F(z) =z pFy ([oy];2) € T[A, B] if and only if

1-B {
[Tei oy (o + 135 +HB1,, ;1) > 0.
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Proof. We have for k =0, 1,
1T (0 + )
pq (i + &, 1))51) = 2 pFq ([ai +k]51)
T1T (5 + k)
Hence, by Theorem we get
(1-B) 1T (0 +1) 1T (@)
i:ql qu([ai—l—l];l)—&—iZliqu([al],l)<0,
(A=B)JIT(B:i+1) 13111 (B:)
O

i=1
which under the hypothesis proves the result

Similarly, we obtain following results
Corollary 3.2. Let a; > 0,71 = 1,2,..,p, B; > 0,1 = 1,2,..,q, satisfy validity
];2)) € T[A, B] if and

condition (3.), then the function Fi(z) := z(2— pFy ([ov]

only if
q

([ +1]; +Hﬁz pFy ([ei] ;1) < 2] [ 8-

=1

p
Corollary 3.3. Let o; > —1,i=1,2,..,p, B; > 0,i =1,2,..,q, satisfy [[a; <0,
i=1
and the validity condition (in case 1+ q > p)
P
(3.2)

q
Z/B’ — Zai > 2.
=1 1=1

Then, the function F € C[A, B] if and only if
p

1:[ (i)y

- pFy ([ +2]51)

( il:l;) l;;[ :ﬁi +1)

1) > 0.

A—3B+2)\ &
< + > H al + 1 )+ Hﬂz P
Corollary 3.4. If a; > 0,4 = 1,2,..,p, B; > 0,7 = 1,2,..,q, satisfy the validity
condition , then the function Fy € C[A, B] if and only if
p
IT (ai),
1-B) ,=
(4=5) 50— shulles+ 250 (3.4)
II (8i)2
=1
HOéz
A—-3B+2
(A2EE) 2 R e i)+ il <2
e
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Remark 3. For suitable choices of A and B, similar to the Corollaries 2.2 and [2:4]
we can obtain result from Corollaries [3.1] - [3.4] for the functions F and F; to be in
the classes obtained from T'[A, B] and C'[A, B] as mentioned in the Section 1.

Further, taking p = 2,¢ = 1 in Corollaries [3.1] - we get results for the Gauss
hypergeometric functions o F; (a1, ae; f1; 2) with the use of formula:
(81),
(b1 — a1 —az — k),
for k = 0,1,2,..., and for a1, 9,51 > 0 such that 81 — a3 — ag > k where for
p1—a; —az >0,

oFy (a1 + kyan + k3 B + k3 1) =

o1 (a1, 93 B3 1),

L(B1—ar —ag)T (B1)
LB —a)T (B —as)

It is to be noted that several characterization properties of the Gauss hyperge-
ometric functions are studied in [3], [4], [13], [14], [15], [16], [21], [27], [31] and [32]
etc. We obtain following results for the classes T'[A4, B] and C'[A, B], .

o (a1, a9 B131) =

Corollary 3.5. Let ay, a2 > —1, with ajas <0, B1 > maz (0,14 a3 + aa), then
the function z o Fy (a1, a; B1;2) € T [A, B] if and only if
[ (1-B) aaz I'(f1—a1—az)T(5)
(A=B)(B1—a1 —az—1) LB —a)l (81— az)
or, equivalently

>0

+1] ,
(1 — B) Q109
A-B
Corollary 3.6. Let ay, a0 >0, 1 > 14 ay + ag, then the function
2(2— oF (a1, a9;B1;2)) € T[A, B] if and only if
[ (1-B) ajay I'(81 — a1 —a) T (B)
(A=B)(f1 —a1 —az—1) LB —a)l (B —az)
Corollary 3.7. Let ai,as > —1, with ajae < 0,51 > maz (0,2 4+ a1 + ), then
the function z o Fy (a1, an; B152) € C[A, B] if and only if

Bi>ar+az+1-—

+1} <2.

{ (1 —=B) (1), (02), " (A=3B+2)ajas 41
(A—B)(ﬁl—ozl—ag—Q)z (A—B)(ﬁl—al—ag—l)
I'(fr—ar—az)T(B)
r (51 - 041) r ([31 - 062) 20, (3.5)
or, equivalently
(1 B) (a), (02), (A—3B+2)asas
A-B) (h-—a—as-2,  A-B) (B —n—ap—1) 1120
Corollary 3.8. Let aj,as >0, (1 > 24 a1 + as, then the function
z2(2— oF (a1, 9; B1;2)) € C A, B] if and only if
(1= B) (1), (a2), + (A=3B+2)ajay 11
(A-B)(fi—a1—a2—-2), (A=-B)(fi—a1—az—1)
Lhr-a1—a)l(B) _, (3.6)

LB —a) T (B —a2) ~
Remark 4. Results of Silverman [27], Swaminathan [31], Mostafa [15], [16], Kwon
and Cho [13] etc. follow by giving suitable values to A, B, in Corollaries -
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