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UNIVALENT WRIGHT’S GENERALIZED HYPERGEOMETRIC

FUNCTIONS

POONAM SHARMA

Abstract. In this paper, certain necessary and sufficient conditions in the

form of Wgh inequalities are derived for the Wright generalized hypergeometric
(Wgh) functions to be in the Janowski type class of univalent functions.

1. Introduction

Let S denote the class of functions of the form

f(z) = z +

∞∑
n=2

an z
n, (1.1)

which are analytic and univalent in the open unit disk U = {z : ∣z∣ < 1} .
In attempts to solve a well known Bieberbach Conjecture for f ∈ S, several

subclasses of S have been defined either by placing restrictions on the coefficients
an, n ≥ 2, or on the image domain to which unit disk U is mapped. A subclass T
of the class S was introduced and studied by Silverman [28], [26], whose members
are of the form

f(z) = z −
∞∑
n=2

an z
n, an ≥ 0. (1.2)

Denote for 0 ≤ � < 1, 0 < � ≤ 1,

T ∗ (�) =

{
f ∈ T : Re

{
zf

′
(z)

f(z)

}
> �

}
,

T ∗1 (�) =

{
f ∈ T :

∣∣∣∣∣zf
′
(z)

f(z)
− 1

∣∣∣∣∣ < 1− �

}
,

T ∗ [�] =

⎧⎨⎩f ∈ T :

∣∣∣∣∣∣
zf

′
(z)

f(z) − 1

zf ′ (z)
f(z) + 1

∣∣∣∣∣∣ < �

⎫⎬⎭ ,

and T ∗ (0) = T ∗, T ∗1 (0) = T ∗1 , T
∗ [1] = T ∗. Silverman [26] has proved following

result.
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Theorem 1.1. For f of the form (1.2), the following are equivalent:

(i)
∞∑
n=2

n an ≤ 1, (ii) f ∈ T, (iii) f ∈ T ∗, (iv) f ∈ T ∗1 , (v) f
′ ∕= 0, z ∈ U, and (vi)

Re f
′
> 0, z ∈ U.

Denote by C∗ (�) a class of f ∈ T if and only if zf
′ ∈ T ∗ (�) . Classes T ∗ (�)

and C∗ (�) , consisting of functions which are starlike and convex, respectively, of
order �, are studied by Silverman [28].

For the purpose of this paper, we define a subclass of T as follows:

Definition 1. A function f ∈ T of the form (1.2) is said to be in the class T [A,B] ,
if and only if for some constants A and B, such that −1 ≤ B < A ≤ 1, it satisfies

∞∑
n=2

{
(n− 1)

1−B
A−B

+ 1

}
an ≤ 1. (1.3)

Denote by C [A,B] , a class of functions f ∈ T if and only if zf
′ ∈ T [A,B] .

Since,
∞∑
n=2

nan ≤
∞∑
n=2

{
(n− 1)

1−B
A−B

+ 1

}
an ≤ 1,

in view of Theorem 1.1, we get that the functions belonging to the class T [A,B]
and also to the class C [A,B] are univalent.

Based on the Definition 1, we can easily prove the equivalent relations:

T [A,B] ≡ T ∗
(

1−A
1−B

)
≡ T ∗1

(
1−A
1−B

)
(1.4)

≡ S∗ [A,B] :=

{
f ∈ T :

zf
′
(z)

f(z)
=

1 +Aw(z)

1 +Bw(z)

}
,

where w(z) is analytic in U with w(0) = 0 and ∣w(z)∣ < 1 for z ∈ U. The class
S∗ [A,B] is the Janowski starlike class [11]. Further, we prove following equivalence.

Lemma 1.2. Let −1 ≤ B < A ≤ 1, then f ∈ T [A,B] if and only if
(i) for z ∈ U, and for −� ≤ � < �, 1−Bei� ∕= 0,

1

z

[{
1 +

(
1−Aei�

)
z

(A−B) ei�

}
z

(1− z)2 ∗ f (z)

]
∕= 0, (1.5)

(ii) for z ∈ U,

Re

[(
1−B
A−B

)
f

′
(z)−

(
1−A
A−B

)
f (z)

z

]
> 0. (1.6)

Proof. In view of the above equivalent relations, f ∈ T [A,B] is equivalent to the
condition

zf
′
(z)

f(z)
∕= 1−Aei�

1−Bei�
, z ∈ U,

for −� ≤ � < �, 1 − Bei� ∕= 0. On using the facts that zf
′
(z) = f(z) ∗ z

(1−z)2 and

f(z) = f(z) ∗ z
1−z , for z ∈ U, we get the equivalent condition

1

z

[
1

(A−B) ei�

{(
1−Bei�

) z

(1− z)2 −
(
1−Aei�

) z

1− z

}
∗ f(z)

]
∕= 0,
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which evidently proves (1.5). Also, by (1.4) f ∈ T [A,B] is equivalent to the
condition

Re

{
zf

′
(z)

f(z)

}
>

1−A
1−B

,

or

Re

{
1

A−B

(
zf

′
(z)

f(z)
−
(

1−A
1−B

))}
> 0,

which readily proves (1.6). □

Remark 1. For A = 1, B = −1 and � = 0, Theorem 1.1 follows directly from the
above equivalent results.

In particular, we observe a number of equivalences of the class T [A,B] with
the classes already defined, some of them for 0 ≤ � < 1, 0 < � ≤ 1, 0 ≤ � < 1 and
0 ≤ k ≤ 1 with �+ k < 1, are as follows:

T [1− 2�,−1] ≡ T [1− �, 0] ≡ T ∗(�), T [(1− 2�)�,−�] ≡ S∗(�, �),

T [�,−�] ≡ T ∗ [�] ,

T [1− �− k,−k] ≡ SpT (k, �), T [1− �+ ��, ��] ≡ T (�, �).

For the similar choices of A and B, from the class C [A,B] , we can find the
corresponding classes: C∗(�), C∗(�, �), C [�] , UCT (k, �) and C(�, �).

Classes S∗(�, �), C∗(�, �) are introduced by Gupta and Jain [10] and T (�, �),
C(�, �) are defined by Altintas and Owa [1]. Classes SpT (k, �) and UCT (k, �)

which are the classes of starlike and convex functions of order
(
k+�
k+1

)
are considered

by Bharati et al. [2]. To see the generalized nature of the function classes T [A,B]
and C [A,B], it is worthwhile to study them.

For �i ∈ ℂ
(
�i

Ai
∕= 0,−1,−2, ..., Ai > 0; i = 1, 2, ..., p

)
and �i ∈ ℂ(

�i

Bi
∕= 0,−1,−2, ..., Bi > 0; i = 1, 2, ..., q

)
and 1 +

q∑
i=1

Bi −
p∑
i=1

Ai ≥ 0, Wright’s

generalized hypergeometric (Wgh) function [33] ([30]) is defined by

p q ([(�i, Ai)] ; z) ≡ p q

[
(�i, Ai)1,p

(�i, Bi)1,q
; z

]
=

∞∑
n=0

p∏
i=1

Γ (�i + nAi)

q∏
i=1

Γ (�i + nBi)

zn

n!
, (1.7)

which is an entire function if 1+
q∑
i=1

Bi−
p∑
i=1

Ai > 0, and is analytic for ∣z∣ <

q∏
i=1

(Bi)
Bi

p∏
i=1

(Ai)
Ai

if 1+
q∑
i=1

Bi−
p∑
i=1

Ai = 0, also it is analytic for ∣z∣ =

q∏
i=1

(Bi)
Bi

p∏
i=1

(Ai)
Ai

if 1+
q∑
i=1

Bi−
p∑
i=1

Ai = 0

and Re

{
q∑
i=1

�i −
p∑
i=1

�i

}
+ p−q

2 > 1
2 (for details one may refer to [12]).

The purpose of this paper is to find some necessary and sufficient conditions in
the form of Wgh inequalities for a function W defined for �i ∕= 0,−1,−2, ..., i =
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1, 2, ..., p and �i ∕= 0,−1,−2, ..., i = 1, 2, ..., q, by

W (z) := z

q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i)
p q ([(�i, Ai)] ; z) = z +

q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i)

∞∑
n=2

�n z
n, (1.8)

to be in the classes T [A,B] and C [A,B] , where

�n =

p∏
i=1

Γ (�i + (n− 1)Ai)

q∏
i=1

Γ (�i + (n− 1)Bi) (n− 1)!

, n ≥ 2. (1.9)

Some univalent and starlike Wgh functions were studied by Raina in [18] and several
characteristic properties of those functions were obtained by Raina and Nahar in
[19]. Recently, harmonic univalent functions associated with Wgh functions are
studied in [20] and [22]. The linear operator involving Wgh functions is defined by
Dziok and Raina [5] and is studied in several papers (one may refer to [6], [7], [8],
[17], [24] and [25] etc.). Mappings of this linear operator, under the restriction of
some Wgh inequalities, have been studied in [23].

We use the symbol (x)n called Pochhammer symbol which is defined for non-

negative integer n and for x ∕= 0,−1,−2, ..., by (x)n = Γ(x+n)
Γ(x) .

2. Main Results

Throughout the paper we consider
q∏
i=1

(Bi)
Bi ≥

p∏
i=1

(Ai)
Ai which ensures that

the Wgh function W (z) is defined for ∂U.

Theorem 2.1. Let for positive integers Ai, i = 1, 2, ..., p, �i > −Ai, i = 1, 2, .., p, satisfy
p∏
i=1

(�i)Ai
< 0 and Bi, �i > 0, i = 1, 2, .., q. Then, under the validity condition

(in case
q∏
i=1

(Bi)
Bi =

p∏
i=1

(Ai)
Ai and 1 +

q∑
i=1

Bi −
p∑
i=1

Ai = 0)

q∑
i=1

�i −
p∑
i=1

�i +
p− q

2
>

3

2
, (2.1)

the function W ∈ T [A,B] if and only if

(1−B) p q ([(�i +Ai, Ai)] ; 1) + (A−B) p q ([(�i, Ai)] ; 1) ≤ 0. (2.2)

Proof. Since, under the hypothesis, we have

p∏
i=1

Γ (�i) =

p∏
i=1

Γ (�i +Ai)

p∏
i=1

(�i)Ai

= −

p∏
i=1

Γ (�i +Ai)∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣ .
Thus, the function W defined in (1.8) is of the form

W (z) = z −

∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣ q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i +Ai)

∞∑
n=2

�n z
n ∈ T, (2.3)
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where �n is given by (1.9). Hence, the function W of the form (2.3) belongs to the
class T [A,B] if and only if

∞∑
n=2

{
(n− 1)

1−B
A−B

+ 1

}
�n ≤

p∏
i=1

Γ (�i +Ai)∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣ q∏
i=1

Γ (�i)

. (2.4)

Under the validity condition (2.1) which ensures the convergence of p q ([(�i, Ai)] ; 1),

p q ([(�i +Ai, Ai)] ; 1) , we obtain

∞∑
n=2

(n− 1)�n = p q ([(�i +Ai, Ai)] ; 1) , (2.5)

∞∑
n=2

�n = p q ([(�i, Ai)] ; 1)−

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

. (2.6)

Hence, (2.4) is equivalent to

1−B
A−B p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1)

≤

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

⎡⎢⎢⎣1 +

p∏
i=1

(�i)Ai∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣
⎤⎥⎥⎦ = 0,

if and only if (2.2) holds. This proves Theorem 2.1. □

In view of the special cases of T [A,B] mentioned in the Section 1, from Theorem
2.1 we get following result.

Corollary 2.2. Under the hypothesis of Theorem 2.1 with the validity condition
(2.1),

(i) the function W ∈ S∗(�, �) if and only if

(1 + �) p q ([(�i +Ai, Ai)] ; 1) + 2� (1− �) p q ([(�i, Ai)] ; 1) ≤ 0,

(ii) the function W ∈ SpT (k, �) if and only if

(1 + k) p q ([(�i +Ai, Ai)] ; 1) + (1− �) p q ([(�i, Ai)] ; 1) ≤ 0,

(iii) the function W ∈ T (�, �) if and only if

(1− ��) p q ([(�i +Ai, Ai)] ; 1) + (1− �) p q ([(�i, Ai)] ; 1) ≤ 0,

(iv) the function W ∈ T ∗(�) (T ∗1 (�)) if and only if

p q ([(�i +Ai, Ai)] ; 1) + (1− �) p q ([(�i, Ai)] ; 1) ≤ 0.

Theorem 2.3. Let for �i > 0, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, the validity
condition (2.1) holds, then the function

W1(z) := z

⎛⎜⎜⎝2−

q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i)
p q ([(�i, Ai)] ; z)

⎞⎟⎟⎠ ∈ T [A,B] (2.7)
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if and only if

1−B
A−B p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1) ≤

2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

. (2.8)

Proof. Since,

W1(z) = z −

q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i)

∞∑
n=2

�n z
n ∈ T,

where �n is given by (1.9). Then W1 ∈ T [A,B] if and only if

S1 :=

∞∑
n=2

{
(n− 1)

1−B
A−B

+ 1

}
�n ≤

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

.

Thus, from (2.5) and (2.6), we get

S1 =
1−B
A−B p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1)−

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

≤

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

,

if and only if (2.8) holds. This proves Theorem 2.3. □

Theorem 2.3, yield following results by giving suitable values to A and B.

Corollary 2.4. Let for �i > 0, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, the validity
condition (2.1) holds, then

(i) the function W1 ∈ S∗(�, �) if and only if

1 + �

2� (1− �)
p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1) ≤

2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

,

(ii) the function W1 ∈ SpT (k, �) if and only if

1 + k

1− � p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1) ≤
2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

,

(iii) the function W1 ∈ T (�, �) if and only if

1− ��
1− � p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1) ≤

2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

,
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(iv) the function W1 ∈ T ∗(�) (T ∗1 (�)) if and only if

1

1− � p q ([(�i +Ai, Ai)] ; 1) + p q ([(�i, Ai)] ; 1) ≤
2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

.

Theorem 2.5. Let for positive integers Ai, i = 1, 2, ..., p, �i > −Ai, i = 1, 2, .., p,

satisfy
p∏
i=1

(�i)Ai
< 0 and Bi, �i > 0, i = 1, 2, .., q. Then, under the validity condi-

tion (in case
q∏
i=1

(Bi)
Bi =

p∏
i=1

(Ai)
Ai and 1 +

q∑
i=1

Bi −
p∑
i=1

Ai = 0)

q∑
i=1

�i −
p∑
i=1

�i +
p− q

2
>

5

2
, (2.9)

the function W ∈ C [A,B] if and only if

1−B
A−B p q ([(�i + 2Ai, Ai)] ; 1) +

A− 3B + 2

A−B p q ([(�i +Ai, Ai)] ; 1)

+ p q ([(�i, Ai)] ; 1) ≤ 0. (2.10)

Proof. Since, under the given hypothesis, the function W of the form (2.3), belongs
to the class C [A,B] if and only if

S2 :=

∞∑
n=2

n

{
(n− 1)

1−B
A−B

+ 1

}
�n ≤

p∏
i=1

Γ (�i +Ai)∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣ q∏
i=1

Γ (�i)

. (2.11)

We write

S2 =

∞∑
n=2

{
(n− 2)(n− 1)

1−B
A−B

+ (n− 1)
A− 3B + 2

A−B
+ 1

}
�n .

Under the validity condition (2.9), on using (2.5), (2.6) and

∞∑
n=3

(n− 2)(n− 1) �n = p q ([(�i + 2Ai, Ai)] ; 1) ,

inequality (2.11) is equivalent to

1−B
A−B p q ([(�i + 2Ai, Ai)] ; 1) +

A− 3B + 2

A−B p q ([(�i +Ai, Ai)] ; 1)

+ p q ([(�i, Ai)] ; 1) ≤

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

⎡⎢⎢⎣1 +

p∏
i=1

(�i)Ai∣∣∣∣ p∏
i=1

(�i)Ai

∣∣∣∣
⎤⎥⎥⎦ = 0,

if and only if (2.10) holds. This proves Theorem 2.3. □

Similar to the theorems proved above, we can prove following theorem.
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Theorem 2.6. If �i > 0, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, satisfy the validity
condition (2.9), then the function W1 of the form (2.7), belongs to the class C [A,B]
if and only if

1−B
A−B p q ([(�i + 2Ai, Ai)] ; 1) +

A− 3B + 2

A−B p q ([(�i +Ai, Ai)] ; 1)

+ p q ([(�i, Ai)] ; 1) ≤
2
p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)

.

Remark 2. Similar to Corollaries 2.2 and 2.4, by giving suitable values to A,B, we
can easily find necessary and sufficient conditions in the form of Wgh inequalities
for functions W and W1 to be in the special classes of C [A,B] as given in Section
1.

3. Special Cases

Taking Ai = 1, i = 1, 2, 3, ... and Bi = 1, i = 1, 2, 3, ... , we get

q∏
i=1

Γ (�i)

p∏
i=1

Γ (�i)
p q ([(�i, 1)] ; z) = pFq

[
(�i)1,p

(�i)1,q
; z

]
=: pFq ([�i] ; z) ,

a generalized hypergeometric (gh) function which is defined by

pFq ([�i] ; z) =

∞∑
n=0

p∏
i=1

(�i)n

q∏
i=1

(�i)n

zn

n!
.

The gh function pFq ([�i] ; z) is an entire function if 1+q > p, and is analytic for ∣z∣ <

1 if 1+q = p. Also it is analytic for ∣z∣ = 1 if 1+q = p and Re

{
q∑
i=1

�i −
p∑
i=1

�i

}
> 0.

Recently, involving gh functions, a linear operator is studied by Srivastava in
[29] for some classes of univalent functions.

From Main Results, we obtain following result.

Corollary 3.1. Let �i > −1, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, satisfy
p∏
i=1

�i < 0,

and the validity condition (in case 1 + q = p )

q∑
i=1

�i −
p∑
i=1

�i > 1. (3.1)

Then, the function F (z) := z pFq ([�i] ; z) ∈ T [A,B] if and only if

1−B
A−B

p∏
i=1

�i pFq ([�i + 1] ; 1) +

q∏
i=1

�i pFq ([�i] ; 1) ≥ 0.
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Proof. We have for k = 0, 1,

p q ([(�i + k, 1)] ; 1) =

p∏
i=1

Γ (�i + k)

q∏
i=1

Γ (�i + k)
pFq ([�i + k] ; 1) .

Hence, by Theorem 2.1, we get

(1−B)
p∏
i=1

Γ (�i + 1)

(A−B)
q∏
i=1

Γ (�i + 1)
pFq ([�i + 1] ; 1) +

p∏
i=1

Γ (�i)

q∏
i=1

Γ (�i)
pFq ([�i] ; 1) ≤ 0,

which under the hypothesis proves the result. □

Similarly, we obtain following results.

Corollary 3.2. Let �i > 0, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, satisfy validity
condition (3.1), then the function F1(z) := z (2− pFq ([�i] ; z)) ∈ T [A,B] if and
only if

1−B
A−B

p∏
i=1

�i pFq ([�i + 1] ; 1) +

q∏
i=1

�i pFq ([�i] ; 1) ≤ 2

q∏
i=1

�i.

Corollary 3.3. Let �i > −1, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, satisfy
p∏
i=1

�i < 0,

and the validity condition (in case 1 + q > p)

q∑
i=1

�i −
p∑
i=1

�i > 2. (3.2)

Then, the function F ∈ C [A,B] if and only if

(
1−B
A−B

) p∏
i=1

(�i)2

q∏
i=1

(�i + 1)
pFq ([�i + 2] ; 1) (3.3)

+

(
A− 3B + 2

A−B

) p∏
i=1

�i pFq ([�i + 1] ; 1) +

q∏
i=1

�i pFq ([�i] ; 1) ≥ 0.

Corollary 3.4. If �i > 0, i = 1, 2, .., p, �i > 0, i = 1, 2, .., q, satisfy the validity
condition (3.2), then the function F1 ∈ C [A,B] if and only if

(
1−B
A−B

) p∏
i=1

(�i)2

q∏
i=1

(�i)2

pFq ([�i + 2] ; 1) (3.4)

+

(
A− 3B + 2

A−B

) p∏
i=1

�i

q∏
i=1

�i

pFq ([�i + 1] ; 1) + pFq ([�i] ; 1) ≤ 2.



UNIVALENT WRIGHT’S GENERALIZED HYPERGEOMETRIC FUNCTIONS 37

Remark 3. For suitable choices of A and B, similar to the Corollaries 2.2 and 2.4,
we can obtain result from Corollaries 3.1 - 3.4 for the functions F and F1 to be in
the classes obtained from T [A,B] and C [A,B] as mentioned in the Section 1.

Further, taking p = 2, q = 1 in Corollaries 3.1 - 3.4, we get results for the Gauss
hypergeometric functions 2F1 (�1, �2;�1; z) with the use of formula:

2F1 (�1 + k, �2 + k;�1 + k; 1) =
(�1)k

(�1 − �1 − �2 − k)k
2F1 (�1, �2;�1; 1) ,

for k = 0, 1, 2, ..., and for �1, �2, �1 > 0 such that �1 − �1 − �2 > k where for
�1 − �1 − �2 > 0,

2F1 (�1, �2;�1; 1) =
Γ (�1 − �1 − �2) Γ (�1)

Γ (�1 − �1) Γ (�1 − �2)
.

It is to be noted that several characterization properties of the Gauss hyperge-
ometric functions are studied in [3], [4], [13], [14], [15], [16], [21], [27], [31] and [32]
etc. We obtain following results for the classes T [A,B] and C [A,B] , .

Corollary 3.5. Let �1, �2 > −1, with �1�2 < 0, �1 > max (0, 1 + �1 + �2) , then
the function z 2F1 (�1, �2;�1; z) ∈ T [A,B] if and only if[

(1−B) �1�2

(A−B) (�1 − �1 − �2 − 1)
+ 1

]
Γ (�1 − �1 − �2) Γ (�1)

Γ (�1 − �1) Γ (�1 − �2)
≥ 0,

or, equivalently

�1 ≥ �1 + �2 + 1− (1−B)�1�2

A−B
.

Corollary 3.6. Let �1, �2 > 0, �1 > 1 + �1 + �2, then the function
z (2− 2F1 (�1, �2;�1; z)) ∈ T [A,B] if and only if[

(1−B) �1�2

(A−B) (�1 − �1 − �2 − 1)
+ 1

]
Γ (�1 − �1 − �2) Γ (�1)

Γ (�1 − �1) Γ (�1 − �2)
≤ 2.

Corollary 3.7. Let �1, �2 > −1, with �1�2 < 0, �1 > max (0, 2 + �1 + �2) , then
the function z 2F1 (�1, �2;�1; z) ∈ C [A,B] if and only if[

(1−B) (�1)2 (�2)2

(A−B) (�1 − �1 − �2 − 2)2

+
(A− 3B + 2)�1�2

(A−B) (�1 − �1 − �2 − 1)
+ 1

]
Γ (�1 − �1 − �2) Γ (�1)

Γ (�1 − �1) Γ (�1 − �2)
≥ 0, (3.5)

or, equivalently

(1−B) (�1)2 (�2)2

(A−B) (�1 − �1 − �2 − 2)2

+
(A− 3B + 2)�1�2

(A−B) (�1 − �1 − �2 − 1)
+ 1 ≥ 0.

Corollary 3.8. Let �1, �2 > 0, �1 > 2 + �1 + �2, then the function
z (2− 2F1 (�1, �2;�1; z)) ∈ C [A,B] if and only if[

(1−B) (�1)2 (�2)2

(A−B) (�1 − �1 − �2 − 2)2

+
(A− 3B + 2)�1�2

(A−B) (�1 − �1 − �2 − 1)
+ 1

]
Γ (�1 − �1 − �2) Γ (�1)

Γ (�1 − �1) Γ (�1 − �2)
≤ 2. (3.6)

Remark 4. Results of Silverman [27], Swaminathan [31], Mostafa [15], [16], Kwon
and Cho [13] etc. follow by giving suitable values to A, B, in Corollaries 3.5 - 3.8.
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