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ON A NEW CLASS OF INTEGRALS INVOLVING

HYPERGEOMETRIC FUNCTION

MEDHAT A. RAKHA, ARJUN K. RATHIE, M. P. CHAUDHARY, SHOUKAT ALI

Abstract. The aim of this research paper is to establish fifty new class of

integrals involving hypergeometric function in terms of gamma functions. In
order to put these fifty integrals, two master formulas have been constructed.

The results are derived with the help of an interesting integral due to Lavoie
and Trottier and generalized Watson’s summation theorem obtained earlier by

the Lavoie, Grondhi and Rathi. More than hundred interesting special cases

(and four very special results) have also been obtained from our main results.

1. Introduction

The generalized hypergeometric functions with p numerator and q denominator
parameters is defined by [1, 2, 8]

pFq

 α1, . . . , αp
; z

β1, . . . , βq

 = pFq [α1, . . . , αp;β1, . . . , βq; z]

=

∞∑
n=0

(α1)n . . . (αp)n
(β1)n . . . (βq)n

zn

n!
(1.1)

where (α)n denotes the Pochhammer symbol (or the shifted factorial, since (1)n =
n!) defined by

(α)n =

{
α(α+ 1) . . . (α+ n− 1), n ∈ N

1, n = 0.

The series (1.1) is convergent for all |z| <∞ if p ≤ q and for |z| < 1 if p = q + 1
while it is divergent for all z, z 6= 0 if p > q + 1. When |z| = 1 with p = q + 1, the
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series (1.1) converges absolutely if

<

 q∑
j=1

βj −
p∑
j=1

αj

 > 0,

conditionally convergent if

−1 < <

 q∑
j=1

βj −
p∑
j=1

αj

 ≤ 0, z 6= 1

and divergent if

<

 q∑
j=1

βj −
p∑
j=1

αj

 ≤ −1.

In the theory of hypergeometric and generalized hypergeometric series, classical
summation theorems such as of Gauss, Gauss second, Bailey and Kummer for the
series 2F1; Watson, Dixon, Whipple and Saalschütz for the series 3F2, and others
[2, 8] play an important role. These classical summations theorems have been
generalized by Lavoie et. al in a series of three research papers [3, 4, 5], and very
recently these classical summations theorems have been further generalized in the
most general form by Rakha et. al [9]. However, in this paper, we are interested in
the generalization of the classical Watson’s theorem on the sum of a 3F2 [2, P. 16,
Eq. 1] viz.

3F2

 a, b, c
; 1

1
2 (a+ b+ 1), 2c

 (1.2)

=
Γ( 1

2 )Γ(c+ 1
2 )Γ( 1

2a+ 1
2 b+

1
2 )Γ(c− 1

2a−
1
2 b+

1
2 )

Γ( 1
2a+ 1

2 )Γ( 1
2 b+

1
2 )Γ(c− 1

2a+ 1
2 )Γ(c− 1

2 b+
1
2 )

provided <(2c− a− b) > −1, on the following form

3F2

 a, b, c ;
1

(a+b+i+1)
2 , 2c+ j;


=
Ai,j2

a+b+i−2Γ( 1
2 (a+ b+ i+ 1))Γ(c+ [ j2 ] + 1

2 )

Γ( 1
2 )Γ(a)

Γ(c− 1
2 (a+ b+ |i+ j| − j − 1))

Γ(b)

×

[
Bi,jΓ(a2 + 1

4 (1− (−1)i))Γ( b2 )

Γ(c− a
2 + 1

2 + [ j2 ]− (−1)
j
4 (1− (−1)i))Γ(c− b

2 + 1
2 + [ 1

2j])

+
Ci,jΓ(a2 + 1

4 (1 + (−1)i))Γ( b2 + 1
2 )

Γ(c− a
2 + [ 1

2 (j + 1)] + (−1)
j
4 (−1)j(1− (−1)i))Γ(c− b

2 + [ 1
2 (j + 1)])

]
(1.3)

for i, j = 0,±1,±2.

For i = j = 0, we get the classical Watson theorem (1.3). The coefficients Ai,j , Bi,j
and Ci,j are given in (Table-1), (Table-2) and (Table-3) at the end of this paper.
Also [x] denotes the greatest integer less than or equal to x and its modulus is
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denoted by |x|. For a recent proof of the Watson’s summation theorem (1.3), see
[9].
Lavoie et. al [3], have obtained a large number of special cases. For example, in
(1.3) if we let b = −2n and replace a by a+ 2n or we let b = −2n− 1 and replace
a by a + 2n + 1, where n is zero or a positive integer. In each case, one of the
two terms on the right will vanish and fifty interesting summation formulas are
obtained. Fortunately, under similar conditions, they can be represented as

3F2

 −2n, a+ 2n, c ;
1

(a+i+1)
2 , 2c+ j;


=
Di,j(

1
2 )n( 1

2a− c+ 3
4 −

1
4 (−1)i − [ 1

2j + 1
4 (1− (−1)i)])n

(c+ 1
2 + [ 1

2j])n( 1
2a+ 1

4 (1 + (−1)i)])n
(1.4)

and

3F2

 −2n− 1, a+ 2n+ 1, c ;
1

(a+i+1)
2 , 2c+ j ;


=
Ei,j(

3
2 )n( 1

2a− c+ 5
4 + 1

4 (−1)i − [ 1
2j + 1

4 (1− (−1)i)])n

(c+ 1
2 + [ j+1

2 ])n( 1
2a+ 1

4 (3− (−1)i)])n
(1.5)

for i, j = 0, ±1, ±2.
The coefficients Di,j and Ei,j are given in (Table-4) and (Table-5) at the end of the
paper.

It should be remarked here that whenever a generalized hypergeometric series
or functions reduce to gamma functions, the results are very important from the
point of view of applications.

On the other hand, in 1969, Lavoie and Trottier [6], have obtained the following
interesting integral∫ 1

0

xα−1(1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1

dx =

(
2

3

)2α
Γ(α)Γ(β)

Γ(α+ β)
(1.6)

provided <(α) > 0 and <(β) > 0.

The aim of this research paper is to establish fifty new class of integrals involving
hypergeometric function in terms of gamma functions in the form of two master
formulas. The results are derived with the help of the results (1.3) and (1.4). More
than hundred interesting integrals are then obtained as special cases of our main
findings.

2. Main Integrals

In this section, the following fifty integrals involving hypergeometric functions
have been obtained in the form of the following two general integrals (25 each).
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∫ 1

0

xρ+j−1(1− x)2ρ−1
(

1− x

3

)2ρ+2j−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + i+ 1);

(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2ρ+2jAi,j2
α+β+i−2Γ( 1

2 (α+ β + i+ 1))Γ(ρ−
1
2 (α+ β + |i+ j| − j − 1))

Γ(α)Γ(β)

×
Γ(ρ+ [ j2 ] + 1

2 )Γ(ρ)Γ(ρ+ j)

Γ( 1
2 )Γ(2ρ+ j)

×

[
Bi,jΓ(α2 + 1

4 (1− (−1)i))Γ(β2 )

Γ(ρ− α
2 + 1

2 + [ j2 ]− 1
4 (−1)j(1− (−1)i))Γ(ρ− β

2 + 1
2 + [ 1

2j])

+
Ci,jΓ(α2 + 1

4 (1 + (−1)i))Γ(β2 + 1
2 )

Γ(ρ− α
2 + [ 1

2 (j + 1)] + 1
4 (−1)j(1− (−1)i))Γ(ρ− β

2 + [ 1
2 (j + 1)])

]
(2.1)

for i, j = 0,±1,±2.
The conditions for the convergence of the integrals are: (i) <(2ρ − α − β) >

−1 − i − 2j, (ii) <(α + β + i + 1) > 0 for i, j = 0,±1,±2 and also [x] represents
the greatest integer less than or equal to x and its modulus is denoted by |x|. The
coefficients Ai,j , Bi,j and Ci,j can be obtained from the tables of Ai,j , Bi,j and Ci,j
given in (Table-1), (Table-2) and (Table-3) at the end of this paper, by changing a
to α, b to β and c to ρ, respectively.

Also,

∫ 1

0

xρ−1(1− x)2ρ+2j−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ+j−1

× 2F1

(
α, β;

1

2
(α+ β + i+ 1);

9x

4

(
1− x

3

)2
)
dx

=

(
2

3

)2ρ
Γ(ρ)Γ(ρ+ j)

Γ(2ρ+ j)Γ( 1
2 )

×
Ai,j2

α+β+i−2Γ( 1
2 (α+ β + i+ 1))Γ(ρ+ [ j2 ] + 1

2 )Γ(ρ−
1
2 (α+ β + |i+ j| − j − 1))

Γ(α)Γ(β)

×

[
Bi,jΓ(α2 + 1

4 (1− (−1)i))Γ(β2 )

Γ(ρ− α
2 + 1

2 + [ j2 ]− 1
4 (−1)j(1− (−1)i))Γ(ρ− β

2 + 1
2 + [ 1

2j])

+
Ci,jΓ(α2 + 1

4 (1 + (−1)i))Γ(β2 + 1
2 )

Γ(ρ− α
2 + [ 1

2 (j + 1)] + 1
4 (−1)j(1− (−1)i))Γ(ρ− β

2 + [ 1
2 (j + 1)])

]
(2.2)

for i, j = 0,±1,±2.
The conditions for the convergence of the integrals are :(i) <(2ρ − α − β) >

−1 − i − 2j, (ii) <(α + β + i + 1) > 0 for i, j = 0,±1,±2 and also [x] represents
the greatest integer less than or equal to x and its modulus is denoted by |x|. The
coefficients Ai,j , Bi,j and Ci,j can be obtained from the tables of Ai,j , Bi,j and Ci,j
given in (Table-1), (Table-2) and (Table-3) at the end of this paper, by changing a
to α, b to β and c to ρ, respectively.
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2.1. Proofs. In order to prove the integrals (2.1) and (2.2), we first prove the
following integrals, which are also believed to be new:

∫ 1

0

xa−1(1− x)2b−1
(

1− x

3

)2a−1 (
1− x

4

)b−1

2F1

(
α, β ; γ ;

(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2a
Γ(a)Γ(b)

Γ(a+ b)
3F2 (α, β, b ; γ, a+ b ; 1) (2.3)

provided <(a) > 0, <(b) > 0 and <(a+ γ − α− β) > 0.

To prove (2.3), we proceed as follows : Denote the left - hand side of (2.3) by I.
Expressing 2F1 as a series, we have

I =

∫ 1

0

xa−1(1−x)2b−1
(

1− x

3

)2a−1 (
1− x

4

)b−1 ∞∑
n=0

(α)n(β)n
(
1− x

4

)n
(1− x)2n

(γ)nn!
dx.

Changing the order of integration and summation, which is easily seen to be justified
due to the uniform convergence of the series in the interval (0, 1), we will have

I =

∞∑
n=0

(α)n(β)n
(γ)nn!

∫ 1

0

xa−1(1− x)2b+2n−1
(

1− x

3

)2a−1 (
1− x

4

)b+n−1

dx

using (1.6), we get

=

(
2

3

)2a

Γ(a)

∞∑
n=0

(α)n(β)nΓ(b+ n)

(γ)nn!Γ(a+ b+ n)

=

(
2

3

)2a
Γ(a)Γ(b)

Γ(a+ b)

∞∑
n=0

(α)n(β)n(b)n
(γ)nn!Γ(a+ b)n

summing up the series, we finally get

=

(
2

3

)2a
Γ(a)Γ(b)

Γ(a+ b)
3F2 (α, β, b ; γ, (a+ b); 1) . (2.4)

In (2.3), if we take b = ρ, a = ρ+ j, and γ = 1
2 (α+β+ i+ 1) for i, j = 0,±1,±2,

it takes the following form:

∫ 1

0

xρ+j−1(1− x)2ρ−1
(

1− x

3

)2ρ+2j−1 (
1− x

4

)ρ−1

× 2F1

(
α, β, ;

1

2
(α+ β + i+ 1);

(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2ρ+2j
Γ(ρ)Γ(ρ+ j)

Γ(2ρ+ j)
3F2

(
α, β, ρ ;

1

2
(α+ β + i+ 1), 2ρ+ j ; 1

)
. (2.5)

Now evaluating the right hand side of (2.5) with the help of (1.3), we obtain the
desired result (2.1).
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To prove (2.2), we start with the integral∫ 1

0

xa−1(1− x)2b−1
(

1− x

3

)2a−1 (
1− x

4

)b−1

2F1

(
α, β, ; γ;

9x

4

(
1− x

3

)2
)
dx

=

(
2

3

)2a
Γ(a)Γ(b)

Γ(a+ b)
3F2(α, β, a ; γ, a+ b ; 1) (2.6)

provided <(a) > 0, <(b) > 0 and <(a+ γ − α− β) > 0.

To prove (2.6), we denote the left hand side of (2.6) by I1, express the hypergeo-
metric function as a series, change the order of integration and summation, which is
seen to be justifies due to the uniform convergence of the series in the interval (0, 1),
evaluate the integral with the help of a known result due to Lavoie and Trottier
given in (1.6), sum the series, we finally get:

I1 =

(
2

3

)2a
Γ(a)Γ(b)

Γ(a+ b)
3F2 (α, β, a ; γ, a+ b ; 1) . (2.7)

In (2.7), if we take a = ρ, b = ρ+ j, γ = 1
2 (α+ β + i+ 1) for i, j = 0, ±1, ±2, it

takes the following form

∫ 1

0

xρ−1(1− x)2ρ+2j−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ+j−1

× 2F1

(
α, β, ;

1

2
(α+ β + i+ 1);

9x

4

(
1− x

3

)2
)
dx

=

(
2

3

)2ρ
Γ(ρ)Γ(ρ+ j)

Γ(2ρ+ j)
3F2(α, β, ρ ;

1

2
(α+ β + i+ 1), 2ρ+ j ; 1). (2.8)

Now evaluating 3F2 on the right hand side of (2.8) with the help of (1.3), we
obtain the desired result (2.4).

3. Special Cases

(1) In (2.1), let β = −2n and replace α by α + 2n or let β = −2n − 1 and
replace α by α+ 2n+ 1, where n is zero or a positive integer. In each case
one of the two terms on the right hand side will vanish and fifty interesting
integrals are obtained. They can be represented as :

∫ 1

0

xρ+j−1(1− x)2ρ−1
(

1− x

3

)2ρ+2j−1 (
1− x

4

)ρ−1

× 2F1

(
−2n, α+ 2n;

1

2
(α+ i+ 1);

(
1− x

4

)
(1− x)2

)
dx

= Di,j

(
2

3

)2ρ+2j Γ(ρ)Γ(ρ+ j)( 1
2 )n(α2 − ρ+ 3

4 −
(−1)i

4 − [ j2 + 1
4 (1− (−1)i)])n

Γ(2ρ+ j)(ρ+ 1
2 + [ j2 ])n(α2 + 1

4 (1 + (−1)i))n
(3.1)

and
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∫ 1

0

xρ+j−1(1− x)2ρ−1
(

1− x

3

)2ρ+2j−1 (
1− x

4

)ρ−1

× 2F1

(
−2n− 1, α+ 2n+ 1;

1

2
(α+ i+ 1);

(
1− x

4

)
(1− x)2

)
dx

= Ei,j

(
2

3

)2ρ+2j Γ(ρ)Γ(ρ+ j)( 3
2 )n(α2 − ρ+ 5

4 −
(−1)i

4 − [ j2 + 1
4 (1 + (−1)i)])n

Γ(2ρ+ j)(ρ+ 1
2 + [ j2 + 1

2 ])n(α2 + 1
4 (3− (−1)i))n

(3.2)

for i, j = 0,±1,±2, and as usual, (a)n = Γ(a+n)
Γ(a) , a 6= 0,−1,−2 . . .; where

the coefficients Di,j and Ei,j can be obtained from the the tables of Di,j

and Ei,j , (Table-4) and (Table-5), given at the end of this research paper,
by changing a to α, b to β and c to ρ, respectively.

(2) If the Gegenbauer polynomials [8, eq. 15, p. 279], are considered in the
following form :

Can(1− 2x) =
(2a)n
n!

2F1

(
−n, n+ 2a;

1

2
+ a; x

)
then the cases (i = 0, j = −1) of (3.1) and (3.2) give the following

interesting results :

∫ 1

0

xρ−2(1− x)2ρ−1
(

1− x

3

)2ρ−3 (
1− x

4

)ρ−1

C
α
2

2n

(
1− 2

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ−2 Γ(ρ− 1)Γ( 1
2 )(α)2n(α2 − ρ+ 3

2 )n( 1
2 )n

Γ(ρ− 1
2 )(ρ− 1

2 )n(α2 + 1
2 )n(2n)!

, (3.3)

and

∫ 1

0

xρ−2(1− x)2ρ−1
(

1− x

3

)2ρ−3 (
1− x

4

)ρ−1

C
α
2

2n+1

(
1− 2

(
1− x

4

)
(1− x)2

)
dx

= −
(

1

3

)2ρ−2 Γ(ρ− 1)Γ( 1
2 )(α)2n+1(α2 − ρ+ 3

2 )n( 1
2 )n

2Γ(ρ+ 1
2 )(ρ+ 1

2 )n(α2 + 1
2 )n(2n+ 1)!

. (3.4)

These are two typical illustrations.
(3) In (2.2), let β = −2n and replace α by α + 2n or let β = −2n − 1 and

replace α by α+ 2n+ 1, where n is zero or a positive integer. In each case
one of the two terms on the right hand side will vanish and fifty interesting
integrals are obtained. They can be represented as :

∫ 1

0

xρ−1(1− x)2ρ+2j−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ+j−1

× 2F1

(
−2n, α+ 2n;

1

2
(α+ i+ 1);

9x

4

(
1− x

3

)2
)
dx

= Di,j

(
2

3

)2ρ Γ(ρ)Γ(ρ+ j)( 1
2 )n(α2 − ρ+ 3

4 −
(−1)i

4 − [ j2 + 1
4 (1− (−1)i)])n

Γ(2ρ+ j)(ρ+ 1
2 + [ j2 ])n(α2 + 1

4 (1 + (−1)i))n
(3.5)
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and

∫ 1

0

xρ−1(1− x)2ρ+2j−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ+j−1

× 2F1

(
−2n− 1, α+ 2n+ 1;

1

2
(α+ i+ 1);

9x

4

(
1− x

3

)2
)
dx

= Ei,j

(
2

3

)2ρ Γ(ρ)Γ(ρ+ j)( 3
2 )n(α2 − ρ+ 5

4 −
(−1)i

4 − [ j2 + 1
4 (1 + (−1)i)])n

Γ(2ρ+ j)(ρ+ 1
2 + [ j2 + 1

2 ])n(α2 + 1
4 (3− (−1)i))n

(3.6)

for i, j = 0,±1,±2, and as usual, (a)n = Γ(a+n)
Γ(a) , a 6= 0,−1,−2 . . .; where

the coefficients Di,j and Ei,j can be obtained from the table of Di,j and
Ei,j , (Table-4) and (Table-5), given at the end of this research paper, by
changing a to α, b to β and c to ρ, respectively.

(4) If the Gegenbauer polynomials [8, eq. 15, p. 279], are considered in the
following form :

Can(1− 2x) =
(2a)n
n!

2F1

(
−n, n+ 2a;

1

2
+ a; x

)

then the cases (i = 0, j = −1) of (3.5) and (3.6) give the following
interesting results :

∫ 1

0

xρ−1(1− x)2ρ−3
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−2

C
α
2

2n

(
1− 9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 4Γ( 1
2 )Γ(ρ− 1)(α)2n(α2 − ρ+ 3

2 )n( 1
2 )n

Γ(ρ− 1
2 )(ρ− 1

2 )n(α2 + 1
2 )n(2n)!

(3.7)

and

∫ 1

0

xρ−1(1− x)2ρ−3
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−2

C
α
2

2n+1

(
1− 9x

4

(
1− x

3

)2
)
dx

= −
(

1

3

)2ρ 2Γ( 1
2 )Γ(ρ− 1)(α)2n+1(α2 − ρ+ 3

2 )n( 3
2 )n

Γ(ρ+ 1
2 )(ρ+ 1

2 )n(α2 + 1
2 )n(2n+ 1)!

. (3.8)

These are again two typical illustrations.
(5) Here, we shall mention some interesting special values of the integral (2.1).

[i]: For i = 0, j = −1
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∫ 1

0

xρ−2(1− x)2ρ−1
(

1− x

3

)2ρ−3 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 1);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ−2 2α+β−2Γ(ρ− 1)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 −

1
2 )

Γ(α)Γ(β)

×

[
Γ(α2 )Γ(β2 )

Γ(ρ− α
2 −

1
2 )Γ(ρ− β

2 −
1
2 )

+
Γ(α2 + 1

2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 )Γ(ρ− β

2 )

]
(3.9)

provided <(α+ β + 1) > 0, <(2ρ− α− β) > 1.

[ii]: For i = 0, j = 0

∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 1);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ 2α+β−1Γ(ρ)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 + 1

2 )Γ(α2 )Γ(β2 )

Γ(α)Γ(β)Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 + 1

2 )
(3.10)

provided <(α+ β + 1) > 0, <(2ρ− α+ β) > −1.
[iii]: For i = 0, j = 1

∫ 1

0

xρ(1− x)2ρ−1
(

1− x

3

)2ρ+1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 1);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ+2 2α+βΓ(ρ)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 + 1

2 )

Γ(α)Γ(β)

×

[
Γ(α2 Γ(β2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 + 1

2 )
−

Γ(α2 + 1
2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1)Γ(ρ− β

2 + 1)

]
(3.11)

provided <(α+ β + 1) > 0, <(2ρ− α− β) > −3.

[iv]: For i = −1, j = 0
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∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ 2α+β−1Γ(ρ)Γ( 1
2 (α+ β))Γ(ρ− α

2 −
β
2 )

Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 + 1
2 )

+
Γ(α2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 )

]
(3.12)

provided <(α+ β) > 0, <(2ρ− α− β) > 0.
[v]: For i = −1, j = 1

∫ 1

0

xρ(1− x)2ρ−1
(

1− x

3

)2ρ+1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ+2 2α+βΓ(ρ)Γ( 1
2 (α+ β))Γ(ρ− α

2 −
β
2 + 1)

Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 + 1)Γ(ρ− β

2 + 1
2 )

+
Γ(α2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 + 1)

]
(3.13)

provided <(α+ β) > 0, <(2ρ− α− β) > −2.

[vi]: For i = 1, j = −1

∫ 1

0

xρ−2(1− x)2ρ−1
(

1− x

3

)2ρ−3
(

1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 2);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ−2 2α+β−1Γ(ρ− 1)Γ(α2 + β
2 + 1)Γ(ρ− α

2 −
β
2 )

(α− β)Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 −
1
2 )
−

Γ(α2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 −

1
2 )Γ(ρ− β

2 )

]
(3.14)

provided <(α+ β + 2) > 0, <(2ρ− α− β) > 0.

[vii]: For i = 1, j = o
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∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 2);

(
1− x

4

)
(1− x)2

)
dx

=

(
1

3

)2ρ 2α+βΓ(ρ)Γ( 1
2 (α+ β + 2))Γ(ρ− α

2 −
β
2 )

(α− β)Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 + 1
2 )
−

Γ(α2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 )

]
(3.15)

provided <(α+ β + 2) > 0, <(2ρ− α− β) > −2.

(6) Here, we shall mention some interesting special values of the integral (2.2).

[i]: For i = 0, j = −1

∫ 1

0

xρ−1(1− x)2ρ−3
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−2

× 2F1

(
α, β;

1

2
(α+ β + 1);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+βΓ(ρ− 1)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 −

1
2 )

Γ(α)Γ(β)

×

[
Γ(α2 )Γ(β2 )

Γ(ρ− α
2 −

1
2 )Γ(ρ− β

2 −
1
2 )

+
Γ(α2 + 1

2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 )Γ(ρ− β

2 )

]
(3.16)

provided Re(α+ β + 1) > 0, Re(2ρ− α− β) > 1.

[ii]: For i = 0, j = 0

∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 1);

9x

4

(
1− x

4

)2
)
dx

=

(
1

3

)2ρ 2α+β−1Γ(ρ)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 + 1

2 )Γ(α2 )Γ(β2 )

Γ(α)Γ(β)Γ(ρ− β
2 + 1

2 )Γ(ρ− α
2 + 1

2 )
(3.17)

provided <(α+ β + 1) > 0, <(2ρ− α− β) > −1.

[iii]: For i = 0, j = 1
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∫ 1

0

xρ−1(1− x)2ρ+1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ
× 2F1

(
α, β;

1

2
(α+ β + 1);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+β−2Γ(ρ)Γ( 1
2 (α+ β + 1))Γ(ρ− α

2 −
β
2 + 1

2 )

Γ(α)Γ(β)

×
[

Γ(α2 )Γ(β2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 + 1

2 )
−

Γ(α2 + 1
2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1)Γ(ρ− β

2 + 1)

]
(3.18)

provided <(α+ β + 1) > 0, <(2ρ− α− β) > −3.

[iv]: For i = −1, j = 0

∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+β−1Γ(ρ)Γ( 1
2 (α+ β))Γ(ρ− α

2 −
β
2 )

Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 + 1
2 )

+
Γ(α2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 )

]
(3.19)

provided <(α+ β) > 0, <(2ρ− α− β) > 0.
[v]: For i = −1, j = 1

∫ 1

0

xρ−1(1− x)2ρ+1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ
× 2F1

(
α, β;

1

2
(α+ β);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+β−2Γ(ρ)Γ(α2 + β
2 )Γ(ρ− α

2 −
β
2 + 1)

Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 + 1)Γ(ρ− β

2 + 1
2 )

+
Γ(α2 )Γ(β2 + 1

2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 + 1)

]
(3.20)

provided <(α+ β) > 0, <(2ρ− α− β) > −2.
[vi]: For i = 1, j = −1
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∫ 1

0

xρ−1(1− x)2ρ−3
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−2

× 2F1

(
α, β;

1

2
(α+ β + 2);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+β+1Γ(ρ− 1)Γ(α2 + β
2 + 1)Γ(ρ− α

2 −
β
2 )

(α− β)Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 −
1
2 )
−

Γ(α2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 −

1
2 )Γ(ρ− β

2 )

]
(3.21)

provided <(α+ β + 2) > 0, <(2ρ− α− β) > 0.
[vii]: For i = 1, j = 0

∫ 1

0

xρ−1(1− x)2ρ−1
(

1− x

3

)2ρ−1 (
1− x

4

)ρ−1

× 2F1

(
α, β;

1

2
(α+ β + 2);

9x

4

(
1− x

3

)2
)
dx

=

(
1

3

)2ρ 2α+βΓ(ρ)Γ(α2 + β
2 + 1)Γ(ρ− α

2 −
β
2 )

(α− β)Γ(α)Γ(β)

×

[
Γ(α2 + 1

2 )Γ(β2 )

Γ(ρ− α
2 )Γ(ρ− β

2 + 1
2 )
−

Γ(α2 )Γ(β2 + 1
2 )

Γ(ρ− α
2 + 1

2 )Γ(ρ− β
2 )

]
(3.22)

provided <(α+ β + 2) > 0, <(2ρ− α− β) > 0.

Similarly other integrals can be obtained.

4. Concluding Remark

In this paper, a new class of integrals involving hypergeometric function are ob-
tained in terms of gamma functions. These results have wide applications. Using
these integrals we can obtain integrals involving hypergeometric function and the
Fox’s H-function, Inayat Hussain’s H-function and Rathie’s I-functions. This will
form a subsequent paper in future.

Acknowledgments. The authors are highly grateful to the referee for carefully
reading the manuscript and providing certain very useful suggestions which led to
a better presentation of this research article.
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