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ON MULTIPLIERS OF SPACES OF HARMONIC FUNCTIONS IN
THE UNIT BALL OF R"

ROMI SHAMOYAN, ALT ABKAR

ABSTRACT. We completely describe spaces of multipliers of certain harmonic
function spaces of Bergman type in R™. This is the first sharp result of this
kind for Bergman type mixed norm spaces of harmonic functions in the unit
ball of R™

1. INTRODUCTION

Let B™ be the unit ball in Euclidean space R™: that is

N 1/2
e o= n o= (Sie) <1y

=1

and S™ = OB"™ be the unit sphere in R"; S™ = {x € R" : |z| = 1}. Let dm,(z)
and dx’ be the normalized Lebesgue measures in B™ and S™ respectively. If x =
(x1,...,2y,) € R™, its projection in S™ is defined as usual by = = 2/|z|.

In [1] the following Bergman spaces AP (B"™) of harmonic functions in B" were
defined:

AL(B") ={f € h(B") : | fllp.o =

(/01 / F(ra) P (1 — r)ar"_ldrda:’)l/p < oo}

and for p = co and 0 < o < oo we define
AZ(B") ={f € i(B") : | flloc.a = Sup. |f(@)[(1 = |z[)* < oo}

where h(B™) is the space of all harmonic functions in B™. Note that A is a
Banach space for p > 1, and a complete metric space for 0 < p < 1 (see [1]). In the
reference [1], the integral representation was provided and the existence of bounded
projections were proved from Lebesgue L2 (B™) classes to AL (B™) spaces.

We will define multipliers of these classes and describe spaces of multipliers of
such type spaces. For this objective, we will need several additional objects and
definitions to formulate the main result of this paper.
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It is well-known that every harmonic function f(z) in the unit ball B™ can be
represented as f(z) =), rkey® (2') or

flx Z (Z () (k) ) , x=rz' € B",

k>0

where y](-k) (x) is a spherical harmonic function (see [1], [2], [3]). It is well-known
that this system of functions form an orthonormal system on the unit sphere S™ of
L?(S™), by taking unions of y ( ) by k, (see [1]). We will need the following vital
kernel function of 2n varlables Qm(z,y),z=ra’;y=py', m>0,p>0,7r>0 (see

[1]):

1+k 2 )
NOTEP) Pit it il NPEWIPIIH)

= L(m+ DT'(m+n/2)

where Zi’,c) (y') is a Zonal harmonic function(see[1]).

Definition 1.1 We say that a sequence of complex numbers ¢, = {c,(fj ) j =
1,..,dr}, £ > 0 is a multiplier from X to Y, where X and Y are subspaces of
h(B™) if for any f € X with

Z Zb(J) (k) ZT bky

k>0 j=1 k>0

we have the function g(z) = 3, <, r*brexy®(2/) € Y where z = rz’ € B™. Indeed

dp,
) (), (k
r) = Zrk Zb,(j)cl(cj)yj(- )(sc').

k>0 =1

In this case we will write {cx} € My (X,Y).
We also define general mixed norm classes of harmonic functions in B™ as follows:
for 0 < p,q < 00, —1 < a < 00, we set

AZI(B™) ={f € M(B") : [|f]},4,0 <00}

1 p/q
T / (/S If(lxlz’)lqu’) (1 — Pl dlal.

Note these spaces are Banach spaces for min(p,q) > 1 and are complete metric
spaces for max(p,q) < 1. Note also that for 0 < p < oo, we have APP(B™) =
AP (B™).

For two harmonic functions f, g with

IO

k>0 j=1

where

and

— 3 Zby) (®) (g

k>0 J=1
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we define the convolution of f and g with

(f*g)(z Z ZC kyj(k) ('); x=ra.

k>0  j=1

The function
Py(y) = )= "z = " Z "Wyl ()
k>0 k>0 j=1

is a Poisson kernel(see[1]), and finally (A,,4+1f)(x) is a known fractional derivative

of f(z) (see [1]):

I(k+n/2+m+1)
=2 e @ R T+ 1)

( m+1f Tx
k>0

In the next section we shall use all these terminologies in more details.

2. MAIN REsuULT
In this main section we will provide a complete description for the multipliers of
AP classes with some restrictions on indexes.This is the first result of this type in
harmonic spaces with mixed norm.We remark the base of the proof are estimates
of Bergman type kernel we introduced above and for other applications of these

estimates see for example also [7]
Theorem 2.1. Let g(z) be a harmonic function in B™ and

S SO, w= e (0.0, € 5

k>0 j=1

Let 0 < p <1,a € (0,1), m > max{a— 1,1/p — 1}, 8 > 0. Then the following
assertions are equivalent:

0
(e 1j =1, dp k€ ZT) € My (ALY, ARY)
2)
sup sup ( [ Amatas Px/xpy')wx’) (1= p)™H1=098 < o,
0<p<ly’esn n

Proof. To prove Theorem, we shall need several rather elementary and partially
known lemmas.
Lemma 2.1. The function Qg(z,y) can be estimated in the following way:

Cl(l — ’l") CQ
rpr’ —y "B (T )t

|Qs(2,y)| < |
where x =rz’, y=py’, B> —1,r,p € (0,1).

The proof of this lemma can be found in [1].
Lemma 2.2 Let o > —1 and A > v+ 1. Then

1
/0 (1 =71 —7p) " dr < Coa(1 — p)@= 1L pe(0,1).
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The proof can be found in [1].
Lemma 2.3 Let f, g € h(B"™). Then using expansions for f and g mentioned above
we have

/H(Q*Py)(m')f(m:’)da:’:/n Z ZCH (k) (k)( "

k>0 Jj=1

dm
Sy oy | =

m>0 =1

dp
V() (k
_ Z P2k Z C}iﬂ)bg)y§ )(y/)-

k>0  j=1

The proof is based on the known orthonormality properties of y§k) we listed above(see
[1]), we omit details.
Lemma 2.4 Let m, k,n € N. Then

1T(m+ 1)(T(k+n/2)
2T(m+1+n/2+k)"

1
/ (1 _ R2)mR2k+n71dR _
0

The proof can be found in [1].
Lemma 2.5 Let 0 < p < o0,

1/p
My(f,r) = (/ |f(m')|pdx/) ., 0<r<l,

where dz’ is as we defined above the Lebesgue measure on 0B™. Let 0 < q¢ <
1, -1 < 8 < 0. Then

( / My(F ) |x|'?;|))ﬁ+l| =0
1 q _ Bg+q—1
o, ( [ e d|y|>.
0

(1~ [ally) 7+

Proof. For each f € h(B"), we have My(f,r1) < My(f,r2) whenever r; < ra. Since
0 < g <1, it follows that

( / Myl a |x'|y'))5+1 o 1dy>q

ey ([0l
§01§M5<f71—2 )(27kB) </1_2_k (1_|x||y|)ﬁ+1>
< oS MI(f,1— 27 ) (27M09) (1 Jrf(1 — 27k 1)) T gk,
£>0
Obviously,
L fal( =275

1
—.0< <1, k>0.
1— |2|(1—2-*1) = 1’ el <1, k=
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Hence

e —k(—14q+Bq)
<0y L (2 )

k>0
(Mq(f’ - 2_k_1)) (1 — |z|(1 - 2—k+1))—(6+1)q

1—27F2 (1 — |y|)Patatt

1
<C’4Z/ M(f, ly |)(1_|x‘|y‘)(ﬂ+1)qd|y|

k>0/ 127k 1

L pfa 1 — |yaB+1)-1
<o, [ LD,
0

(1~ Jally) @+

! q (1 — t)q(ﬁ+1)71 n—1
< 06/0 Mp(f, t)—(1 - |ac|t)(ﬂ+1)‘1t dt.

This is what we wanted to prove.
Lemma 2 6 Let ' € S™ be a fixed point in the unit sphere of R™. Let P(x,y’) =

—|z|?

Wy 1W be the Poisson kernel (see[1]) for the unit ball B", z € B™, 3y’ € S"

and w;, !, is the area of the unit sphere. If 2 = ra’, then

Z rkz(k)

k>0
- k
=> " Z "W @) | = Pylra)
k>0 Jj=1
moreover, for m € N and z = rz’ we have
[ (s ) (Flrais’ =

2/0 / A g4 By)(PRE(F(rRE) (1 — R R dRdg

where as above

(A ) (ra') = 3 PGy (o)) (

F(k+n/2+m+1)>
k>0

Tk+n/2)T(m+1)
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Proof of Lemma 2.6 We have to use the orthonormality of {y] } 1 (see [1])
and Lemma 2.4. We have the following chain of equalities

2/ / A" (g% Py)(rRE)(F(rRE))(1 — R*)™R™ 'dRd¢

L(k+n/24+m+1) () <k> <k>
-2
//n k>0 (k’-i-n/2 (m+1) ZC €]

dm
STrR)™ STy E) | (1 - R)™R " dRde
m>0 i=1
D(k+1/24m+1) or ok T AG)1G) (R s s A
=2 Tkt n/20m 1) >0y ) (1 - R R AR
0 k>0 =

72 2kZC(J)b(J) (k) )

k>0

On the other hand we have

dy, )
| e strads = [ (S S 0Py @)

k>0  j=1

dm dy ) )
Z rm Z yim) (m/)bgrll) dx’ = Z T2k Z Clij)bg)y](k)(y/)

m>0 i=1 k>0 j=1

Part two is proved.For part one of lemma see [1]. Now based on these lemmas we
are in a position to prove our theorem.

Proof of Theorem 2.1 Fix y’ € S™. For each 3y',m € N,m > a — 1 we consider a
function

&y (Tk+n/24+m+1 , ,
Qnlrn) = 0 L (e o 00 )

where z = rz’,y = py’. Since {C’,ij) cj=12,..,d,k >0} € MH(Ag;l,Ag’l), we
can easily verify that (see [1])

dy

Lk+n/24+m+1 j ,
) kZ>O Z ' k+n//2 (m—i—l))yk( )O() y§k)(x)

k+n/2+m+1) 4. (k) (k)
_2 : k k 2 : ‘ / ‘ /
= T(k+n/2)T(m+ 1)0 vy @) v )

is in Ag’l(B”). Using the closed graph theorem, for each m € N;m > p(a — 1) we
have

Iy @zt < WAmsaox Po) (o)l ags < ClQuy 2]
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Now we use the lemmas proved(Lemma 2.1) to conclude that

1—rp)~" 1
) < (
/Sn Qs (x,y)|dz" < C (/S o —y B T —rp)Hﬁ)

ol
Hence for m > (o — 1)p we have
1 P
@n(r g = ([ ([ 1@noalas’ ) (1 falyr el o)
1 1 1/p
<o (Goppmmrm D™ el el ) < C1 =y

We now use the fact that for 0 < ry <ry <1, Mp(f,r1) < Mp(f,r2) to obtain

| sl x P Mv—(/ / w171w0
" P1 n
1 1 1/p
/ / (1 — )PPt (/ |Ami1(g * Pu)(p%y)|da - r"1d7’>
p1 p Smn

<O = p) P lAmy1(g * Por)(rpy') | ag

-1/p

where x = ra’, y = py’. Finally, for m > a — 1 we have

/ |Am+1(g * Pm/)(pr/)‘dx/ < C(]. o p)—(m+1—a+5)

or

( sup )( sup ) (/Sn Am+1(g*Pr’)(p2y/)|d:c') % (1 i p)m+17a+ﬁ < .

0<p<l’ y'esn

We now manage to prove the reverse implication of the theorem. By definition of
convolution above we have

dy dm
z) = Zrk ch(cj)yj('k)(x/)’ g(y) = Z pmzb%)yz(m)(y/)

k>0  j=1 m>0 i=1

(f*g)(x) = (rp)* ch 0y (@) w=raly = py

k>0

then it follows from lemmas we proved
h(pra') = / (g Por)(ry/) f(py/ )y =

1
= 2/ / (A™ g% P )(rp€)(1 — RH)™R"YdRdE, m > a — 1.
0 n
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Then we have

[ ntora’) s </ // AT (g % P)(rRE)|

If( pRg — R?>)"R"1dRd¢da’ <

C sup/ |A™T (g % Py )(rRE)|da’
0 &esn n

x (/ f(R§)|d£) (1— R*)™R"dR.
S’!L
It is well-known that for each fixed £ € S™ by subharmonicity, the function
wrfe,m) = [N (g P RO
S’n.

is growing, hence supgcgn (ug) is also growing , and hence we can use the lemmas
above (Lemma 2.5) to get the following estimate:

/01 (/ |h(rx’)|da:’)p (1 —r)PP=lpn=lgr <
o [ (] e ponciar)

X (/ I(f(Rf)d£>p (1= R)P™ P R AR(L — )PPt dr.

We now use the estimates (1 — R)P™ < (1 — rR)P™ or (1 — R)P™P~1 < (1 —
rR)P™P=l for m > 12 " and the conditions imposed in the statement of the
theorem to conclude that

1 1 p
it < ca [ ([ 1rroide) = rryeorira -

1
RM=YPIR(1 — r)PP= 1y —lar < 03/0 (/ |f(Rf)|d§>p

1
(1—RP* (/ (1 — Rr)Po=PP=P(] — r)ﬂp_ldr> R=VrqR
0
< O|fIP,0.
here we used Lemma 2.5 at the last step. Now the proof of theorem is complete.
Finally, we remark that for p = 1 this theorem was announced many years ago in
[4] and the main result of this paper later was extended in various directions in

[5],[6].

0<a<l, meN;
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