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REMARKS ON REDHEFFER’S INEQUALITY

NAGI SUZUKI, SHINGO TAKEUCHI

ABSTRACT. Redheffer’s inequality and its generalization are applied to the
study of behavior and estimates of the first eigenvalue of p-Laplacian with
respect to p. Furthermore, a Redheffer-type inequality for the generalized
trigonometric function is extended to a broader class.

1. INTRODUCTION

Redheffer’s inequality
2 2 :

UL (1.1)

™+ x
was proposed by R. Redheffer in 1968 as an advanced problem in Amer. Math.
Monthly [10, No. 5642]. In another issue of the journal |15, No. 5642], the in-
equality was titled A delightful inequality and J.P. Williams gave a proof relying
on the infinite product representation of the sine function. Since then, Redheffer’s
inequality has been widely studied in the area of inequality (see [4L[13][141[16}/18-20]
and the references given there).

Research on Redheffer’s inequality primarily consists of work aimed at improv-
ing its precision as an inequality and discovering similar inequalities involving
trigonometric functions, hyperbolic functions, or special functions. See for instance
[1,/141[19L[20]. To the authors’ knowledge, there have been few applications of this
delightful inequality.

The purpose of this paper is to apply Redheffer’s inequality and its generalization
by Zhu and Sun [20] to the study of eigenvalue problems for differential equations,
specifically to the analysis of behavior and estimates of the first eigenvalue of p-
Laplacian with respect to p. As a result, we can provide an alternative proof for the
monotonicity of the first eigenvalue shown by Kajikiya, Tanaka and Tanaka [12],
while also refining the estimate for the first eigenvalue obtained by Kajikiya and
Takeuchi [11]. Furthermore, we extend the Redheffer-type inequality for generalized
cosine function, previously discovered by Ozawa and Takeuchi [14], to a broader
class.
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2. PRELIMINARIES

In this section, we define generalized trigonometric functions and generalized 7
necessary for stating the results in the next section.
Let p,q € (1,00) and

r dt
qu(l’) ::/(; m, S [0, 1]

We will denote by sin, 4 the inverse function of F}, 4, i.e.,

. o —1
sing gz 1= F, ;(z).

Clearly, sin, , x is an increasing function in [0, m, ,/2] to [0, 1], where

1
dt 2 11
= 20a) =2 [ o =28 (157,

where B is the beta function. We extend sin,, 4 @ to (m,,4/2, Tp.q] by sing 4 (7p ¢ — )
and to the whole real line R as the odd m, 4-antiperiodic continuation of the func-
tion. Since sin, , @ € C'(R), we also define cos, 4 = by cos, , ¢ := (sin, 4 x)’, where
":=d/dz. Then, it follows that

| cosp,q x| + | sinp g x| = 1.

In case (p,q) = (2,2), it is obvious that sin, 4z, cos, 4z and 7, , are reduced to
the ordinary sinz, cosx and 7, respectively. This is the reason why these functions
and the constant are called generalized trigonometric functions and generalized m
(by parameter (p, q)), respectively.

We denote sin, , , cosp 4@ and m, ), by sin,x, cos,x and m,, respectively. In
particular, it is noted that

2 11 2
_— 3(1_,) -
p p'p) psin(r/p)
We conclude this section by explaining the utility of generalized trigonometric
functions and generalized m. Let A(p) denote the first eigenvalue of p-Laplacian
with zero Dirichlet boundary conditions on the interval [—1,1], and let ¢ denote

the corresponding eigenfunction with max_j<,<1 ¢(z) = 1. That is, A(p) and ¢
satisfy

(' P72") = Ap)lelP %0, @(=1) = (1) = 0.
Then, it is known that A(p) and ¢ can be expressed as follows (see, for example,
[7,8]):

30 =6-1(2) = 0-1 () 2.1)
() = sin, (%(33 + 1)).
Using A(p) and ¢, all solutions (A, u) to the eigenvalue problem
—(Ju/[P72) = Mu|P~2u, wu(a) =u(b) =0

can be fully written down as follows:

= () 20wl = oo (BT ),

—a b—a
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where k = 1,2,3,... and C is an arbitrary constant. Thus, A(p) and ¢ provide us
with a representation of the solutions to the eigenvalue problem for p-Laplacian.

3. MAIN RESULTS

This section presents the three main results of this paper. The first two are
applications of Redheffer’s inequality to the analysis of the first eigenvalue A(p) of
p-Laplacian, while the remaining one is an extension of a known Redheffer-type
inequality.

3.1. Alternative proof of the monotonicity of A(p). Kajikiya, Tanaka, and
Tanaka [12] show that the behavior of the first eigenvalue of the p-Laplacian on
the interval [—L, L] with respect to p changes significantly at the threshold L = 1.
Here, we present their result for L = 1. The first eigenvalue of the p-Laplacian in

this case is the A(p) given by (2.1)).
Proposition 3.1 ([12]). A(p) is strictly increasing with respect to p in (1,00).

Below, we provide an alternative proof of Proposition [3.1] using Redheffer’s in-
equality .

First, let us explain their proof idea in [12]. They prove Proposition using
standard differential calculus. Ultimately, the proof reduces to the problem of
determining the sign of a certain function. Although they do not explicitly state it
as a lemma, we will present it here in the form of a lemma for convenience.

Lemma 3.2. Let
k(z) := 2*(m — 2)? — (7% — 7z + 2%) sin? 2.
Then, X (p) > 0 for all p € (1,00) if k(x) <0 for all z € (0, 7).
By this lemma, to prove Proposition it suffices to show that k(x) < 0. We

briefly review their (skillful) proof in [12] that k(z) < 0. By the symmetry of k(z),
we may assume 0 < x < 7/2. Then, since sinz > z — 23/6,
3
k(z) < —g—G(:ﬁs —mat — (12 — 72)2® + 1272? — 12722 + 367).

Let the quintic expression on the right-hand side be K(z). Furthermore, since
K'(x) = 5a* — 4na® — 3(12 — n%)2? + 2472 — 1277
= —(4m — 52)2® — 3(12 — 72)z? — 127(7 — 22) < 0

holds for z € (0,7/2), we obtain
m 3 9
K(2)> K (3) = —n° - or = 225844 > 0.
(x) > 5 35" ~ 57 + 367 58 >0
Therefore, k(r) < —x3K(x)/36 < 0. Thus, Proposition follows from Lemma
0.2

However, in fact, using Redheffer’s inequality (1.1]), we can immediately see that
k(z) < 0 as follows. Dividing both sides of k(x) by z2, we have

5~ = (m—z)? — ( Qﬂ.l,erQ)(Sinx)Q

T



4 N. SUZUKI, S. TAKEUCHI

Using (|1.1)) to the right-hand side yields

RO o (r—2)2 — (% = w4 0?) (M)z

) 72 1 22
nz(r —x)t
(m2 + 22)2

hence, k(x) < 0 for z € (0, 7).

< 0;

3.2. Improvement to the estimate of A(p). Regarding the first eigenvalue of
the p-Laplacian on an N-dimensional ball, Huang [9] and Benedikt and Drébek [2]
obtained upper and lower bounds expressed as polynomials in p. Applying their
bounds for N =1 yields the following result:

Proposition 3.3 ([219]). For any p € (1,00), it holds that
p<Ap) <p+1L

When p is close to 1, the lower bound can be improved (see [3/5]). However,
here we prefer the simplest estimate above.

In fact, the upper bound of the inequality in Proposition [3.3| is not optimal
even when restricted to linear functions. Indeed, it has recently been improved by
Kajikiya and Takeuchi [11] as follows:

Proposition 3.4 (|11)). For any p € (1,00), it holds that
2

p</\(p)<p+%—1.

Moreover, the upper bound is optimal in the following sense:

2

lim (A(p) —p) = — — 1. (3.1)

p—ro00 6

Now, we can further adjust the lower bound as follows to accommodate this
upper bound.

Theorem 3.5. For any p € (1,00), it holds that

2 71_2 2

s s
MR B M 3.2
Pt 6+ 1) <Ap) <p+ G (3.2)

Therefore, (3.1) immediately follows.

Below, we will explain the proof of Theorem[3.5] The proof relies on the following
Redheffer-type inequality by Zhu and Sun [20]:

Lemma 3.6 ([20]). Let 0 < x < w. Then,

w2 — 22 ﬁ<sinac< 72— 22\ “
w2 + x? — x T \7m24a2

holds if and only if « < 7%/12 and 8 > 1.

Proof of Theorem[3.5. Since the right-hand side of (3.2)) has been obtained by
Proposition only the left-hand side of (3.2) is proved here.
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We use the Redheffer-type inequality from Lemma with a = 72/12: for
x € (0,7),

2

sinx< w2 — 2\
r =\ 7?42 '

Putting z = 7/p (p > 1), we obtain

2

T p2 + 1 12
- > .
psin (7/p) p?—1

Thus,

Alp) = (p—1) <1+p22_1>122~

Using the inequality (1 + x)? > 1 + 6z for z > 0 if § > 1, we have

) 72 2
Ap)sp—1+—L—pt T T
) >p 6p+1) 776 6(p+ 1)
if p > 12/7%. On the other hand, if 1 < p < 12/7?, it is easily seen that p >
p+m2/6 —1—7%/(6(p+1)). Therefore, together with the fact that A\(p) > p for

any p € (1,00), (3.2)) is proved. O

Remark. Using the binomial expansion of (1+x)? up to higher-order terms yields
increasingly accurate approrimations, but here we present the simplest form using
only the first-order term.

3.3. Extension of Redheffer’s inequality to generalized trigonometric func-
tions. Ozawa and Takeuchi [14] generalized Redheffer’s inequality so that it can
be applied to a class of antiperiodic functions including the sine function. To be
precise, they establish a Redheffer-type inequality for a function S in (—oo,00)
that satisfies the following conditions: there exist an a € (0,00) and a finite subset
P C (0,a), which may be the empty set, such that

(S1) S(—x) = —9S(z) and S(a+z) = —S(z) for = € [0, 00);

(S2) 0 < S(z) <z for z € (0,a);

(S3) S € C([0,a]) NC*([0,a)) NC?([0,a) \ P);

(S4) §'(x)? — S"(x)S(xz) > 1 for x € [0,a) \ P.

It is clear that S(z) is odd, continuous, piecewise smooth in R and antiperiodic
with period a in [0,00); S(na) = 0, (=1)"S(z) > 0 for = € (na,(n + 1)a) and
n € Z; and S(z) < x for z € (0,00) and S € C*((—a,a)) with S'(0) = 1. A typical
example is a = m, P =0 and S(z) = sinz.

Proposition 3.7 ([14]). Let S be a function satisfying the conditions (S1)—(S4).
Then,
a?—2% _ S(x)
—_— <= 3.3
a?+22 = x (3:3)
It is worth pointing out that Redheffer’s inequality (L.1)) follows immediately
from Proposition [3.7] with a =7, P = and S(z) = sinz.
If we restrict the domain of function S to [0, a] and assume

(S1) S(0) = S(a) =0
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instead of (S1), then (3.3]) holds in this interval by a strict inequality as follows. The
proof can be understood by reading the proof of Proposition i.e., [14] Theorem
1.1], restricted to the interval [0, al.

Proposition 3.8. Let S be a function satisfying the conditions (S1°) and (52)—(S4).
Then,
a?—2?  S(x)
a? + x? x
Applying Proposition to sin, 4 x, we can prove the following inequalities.

Proposition 3.9 (|14]). Let p,q € [2,00). Then,

2 2 g
Tpg — % Slllp,q T

, x€(0,a).

3.4
2.t T (34)
In particular, for p € [2,00),

2_ .2 -
T, — T siny, @

2 2 =
7rp+x x

From now on, we will consider the Redheffer-type inequality concerning the
cosine function. Since

sinz_ 2sin (x/2) cos (z/2) <cos®
T T 2
for z € (0,7), it follows from (L.1)) that
w2 — x?
m < cos 5, x e (0,71'). (35)

Chen, Zhao and Qi [6] also directly prove using the infinite product repre-
sentation of the cosine function.

Similarly, a certain type of multiple-angle formula is also known for generalized
sine functions (see Takeuchi [17]). The formula gives

sing 4 (22/9712)  2sing 4 (7/2) cosgi:]1 (x/2) ot 17
(22/a-1g) x C08¢=q 5
for x € (0,7 4) = (0,79,4/(22/971)), where ¢* := q/(q — 1) for ¢ > 1. Combining
this inequality and (3.4) yields the following generalization of ({3.5]).
Proposition 3.10 ([14]). Let g € [2,00). Then,
2 2
Tqrg — T -1
ST st T Y e (0,7 ) 3.6
ﬂg*7q+$2 COsq ,q 2 € ( 7Tq ,q) ( )

Now, with all that in mind, we can finally present our finding. Using Proposition
m we shall extend the range of parameters in (3.6|) as follows.

Theorem 3.11. Let p € [¢*,0) and q € [2,00). Then,

2 2
iy — T 1 x
2 <cosh 'S, we(0,m).
Tpgta 42

,

In particular, for p € [2,00),

2 _ .2
T, —T

2 2
7rp+x

x
< cosh™* 5 TE€ (0, 7).
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*

q .

Proposition [3.10] is a corollary of Theorem [3.11] with p
Proof of Theorem [3.11, Let a := mp 4, P := 0 and S(x) := zcosh ' (x/2). Then,
(S1°) is trivial. Since 0 < cospq (x/2) < 1in (0,7 4), S satisfies (S2). Next, since
p>1andq>2,

1z (p—1g .,
S'(x) = cosp ! 5 — S5 wsing !

S111 -
2]? pP,q

2’
x p—1)(¢g—1
Sing’qlg_w

1" _ (p—1)g g2 T T
Sx) =— ’ 1 rsing 5 COSna 5
are continuous in [0, 7, ); hence, (S3) holds.

Below, we shall prove (S4), i.e., S'(z)? — S”(x)S(z) > 1 for z € [0,7,,). Set

f(x) := S'(x)? — §"(x)S(z) — 1. Since f(0) = 0, it suffices to show f(z) > 0 for
x € (0,7p,4). From the above expressions of S’ and S”,

f(z) = cosff”q_2 z

2
P14 o q22 (=g ., @
+ Tm sint s\ sin? | B + (¢ —1)cost

Using x/2 > sin, 4 (z/2) and sin] , (v/2) =1 —cosp , (z/2) in (0,7, 4), we have

X
pg o 1)6] D.q 2 (p - l)q

2
T T P
H2a—p—pa)cosh, 2 + (o~ a)cosl, & )

1z =1

Setting for ¢ € [0, 1],

2 2
p _ p
g9(t) == (p— t* + s 1)qt2p +(2¢—p—pg)t* + (p—1)g —

(r—1)q’

we obtain

flz) > (]9;721)(19 (cosp’q g) .

To prove f(x) > 0 for z € (0,7, 4), it is sufficient to show g(¢) > 0 for ¢t € (0, 1).
Differentiating ¢(t), we have

2 2
g'(t)=2p(p— )t~ + %tQ”‘?’ +p(20 —p — pa)t"".
Putting h(t) := t'=Pg(t), i.e., for t € [0,1],

2p2 _
h(t) := 2p(p — q)t + . 7% + p(29 — p — pq),

we obtain

2% (p — 2 -9
h/(t) = 2p2(p _ q)tp—l + %tp_?) _ 2p2tp_3 ((p _ q)t2 + P ) )

q
We shall consider each of the following three cases: (i) p > ¢ > 2, (il) ¢ >p > 2
and (iii) 2 > p > ¢*.

Case (i). In this case, h'(t) > 0 for ¢ € (0,1). Then,
2

Zg+1@-2<o.

h(t) < h(1) ==
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Hence, ¢'(t) < 0 for ¢ € (0,1). Therefore, g(¢t) > g(1) =0 for ¢ € (0,1).
Case (ii). In this case, for ¢t € (0, 1),
2p? p
h(t) <=~ +pQ4—p—p0) == (blg=2) + (P~ 2)g") <0.

Hence, ¢'(t) < 0 for ¢ € (0,1). Therefore, g(¢t) > g(1) =0 for ¢ € (0,1).

Case (iii). In this case, since ¢ > 2 > p, h'(¢t) <0 for t € (0,1). If ¢ < p/(2 —p),
then

h(t) < h(0) = =p(p = (2= p)g) < 0.
Hence, ¢'(t) < 0 for t € (0,1). Therefore, g(t) > g(1) =0 for t € (0,1). We assume
q > p/(2—p). Then, h(0) > 0 and h(1) < 0. Since h is strictly decreasing in (0, 1),
there exists to € (0,1) such that h(t) > 0 in (0,%p) and h(t) < 0 in (¢o,1); hence,
so ¢’ does. Then, g is strictly increasing in (0,ty) and strictly decreasing in (o, 1).
Thus, g(t) > min{g(0), g(1)}. It should be noted that g(1) = 0 and
2

—(p-1)g— —EL = P _
9(0) = (p—1)g (pil)q—(p +q)(q* 1)20.

Therefore, g(t) > 0 for t € (0,1). O
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