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DETERMINATION OF THE SOURCE TERM IN AN INVERSE
FRACTIONAL PARABOLIC PROBLEM WITH A
TIME-DEPENDENT COEFFICIENT

IQBAL M. BATIHA, AIDA AZZI, MOHAMMAD S HIJAZI, TAKI EDDINE OUSSAEIF,
NIDAL ANAKIRA, FATMA ACHAB, IMAD REZZOUG

ABSTRACT. In this article, we study an inverse fractional problem that is ill-
posed in the sense of Hadamard. The goal is to recover a source term in
a time-fractional parabolic equation with a time-dependent coefficient, using
Tikhonov regularization. A no-regret control approach is employed to address
the regularization problem when the initial condition is unknown. The source
term is characterized through the corresponding optimality system.

1. INTRODUCTION

Fractional calculus has become an effective framework for modeling complex phe-
nomena with memory and hereditary effects. Recent studies addressed numerical
schemes for fractional quantum problems [I, stability of fractional reactiondiffu-
sion systems [2], variableorder diffusion models [3], and g-differential equations [4].
These developments motivate further investigation of inverse fractional parabolic
problems with time-dependent coefficients.

Advances in fractional calculus provide powerful tools for modeling a wide range
of physical and engineering phenomena governed by integro-differential and para-
bolic equations. Numerous numerical and analytical methods have been developed
to address fractional and variable-order systems, including efficient algorithms for
solving linear and nonlinear Volterra integro-differential equations and fractional
differential equations involving conformable operators. The effects of stochastic
perturbations and fractional-order dynamics on nonlinear systems have also been
studied to enhance stability and accuracy [5]. Moreover, fractional diffusion and
parabolic models with integral or overdetermined conditions have been extensively
investigated to establish the existence, uniqueness, and solvability of both direct
and inverse problems [6} [7, 8, [9] [10, [TT], 12}, [13]. These works underscore the growing
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importance of fractional modeling in the analysis of complex diffusion, reactiondif-
fusion, and control systems, as well as their applications in engineering and applied
sciences [14].

The modeling of wave equations has attracted considerable attention due to its
broad applications in physics, mechanics, and engineering (see [I5], [16] and refer-
ences therein). Many studies have examined various aspects of wave equations. The
direct wave problem involves determining the wave field when all relevant data are
known. When some of this information is missing, it becomes an inverse wave prob-
lem (see [17]). According to the classification in [I8], inverse wave problems can be
categorized based on the missing data: problems with an unknown initial condition
are termed retrospective problems; those with an unknown boundary condition are
called boundary problems; and problems with an unknown source term are referred
to as inverse source problems.

Inverse wave problems have numerous practical applications and play a vital
role in fields such as earthquake prediction, oil and gas exploration, and medical
imaging. This study focuses on an electromagnetic inverse source problem, which
aims to identify the electric current density from boundary measurements of the
tangential component of the electric field. However, the fractional inverse wave
problem considered here is ill-posed in the sense of Hadamard. To address this, we
employ Tikhonov regularization to recover the unknown source term. The effec-
tiveness of Tikhonov regularization in handling similar ill-posed problems has been
demonstrated in prior works (see [19] 20]).

The no-regret control approach, originally introduced by Lions [2I] and later ex-
tended by Nakoulima [22] 23], has been successfully applied by various authors (see
[T, 24]) and is adopted in this work to address the lack of information on the wave
speed. The unknown source term is characterized through an associated optimality
system. The remainder of the paper is structured as follows. First, we review some
fundamental definitions and concepts from fractional calculus. Next, we present
the Tikhonov regularization framework for the ill-posed fractional problem. Due to
the missing data, both no-regret and low-regret control approaches are employed,
and their corresponding characterizations are derived.

2. PRELIMINARIES

This section introduces the basic concepts of fractional differentiation and inte-
gration required for the present work (see [25] 26]).
Definition 2.1. For o € R, the fractional integral of a function f € L'([0,T], X)
is defined as
1 t
170 = i | =97 () s
I'(a) Jo
where I' denotes the Gamma function.

Definition 2.2. Let 1 < a < 2. We define the following fractional derivatives:
(1) The left Caputo derivative:

1 t
cPyo p o o —a £(2)
Dt f - F(2 _ O[) A (t 5)1 f (5) dSv
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(2) The right Caputo derivative:

T
D = gy [ 0 ds

(3) The left Riemann—Liouville derivative:
R 1 [ 1
DYf=—o———— [ (t—s)"° d
It A (O
(4) The right Riemann—Liouville derivative:

Rpap 1 d2 T —«
¢ D fF(Q—a)dtQ/t(St)l f(s)ds

The left Caputo and Riemann—Liouville derivatives satisfy the relation:

fo)e=  froyp-
Ti-a)  T2—a)

If £(0) =0 and f/(0) = 0, then £D¢ and ¢D{* coincide:
"D} f = D} f.

Dy f = Dy f +

Definition 2.3. For o > 0, we introduce the semi-norms:
|f ?HG(Q) = ||RDgf||%2(Q)a
ey = 18D7 Fl 220
( af7 Daf)L2(Q)

cos(om)

1
2

12 he 0y =

N|=

and the corresponding norms:
If LQHG(Q) = (||f\|%2(9) +1f LQHG(Q)> )
160y = (1Mo + 1 Procen)

l
102y = (1712 + 1 o y)

The spaces "HG () and "HS () are defined as the closures of C§°(Q) with respect
to the norms || - || gro () and || - ||~ o (), respectively.

Lemma 2.4. For any o € Ry, if f € "H°(Q) and g € C*(R), then
(Rfo,g)LQ(Q) = (£, fDag)m(Q) :
Lemma 2.5. Let0< o0 <2, 0#1, and f € HO% (). Then
Rpyf="D¢ "Df f.

Nl

Lemma 2.6. For o € Ry with o # n+ 1 (n € N), the semi-norms | - |. o ().
|- |rme (), and |- |cgo(q) are equivalent. We denote this by

e

Lemma 2.7. For o > 0, the space "H?(Q) is complete with respect to the norm
| llrEre () -

@ = |- ro@) = |- lene (@)
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Definition 2.8. Let ¢ € C([0,T],X) satisfy D*¢ € L*((0,T),X), and let y be
such that D¢y € L*((0,T),X) and y(0) € X. Then

T
c o _ g 22—«
| [eorsatyottyanat = [ Sota 1) P01 do
- [ G0 1o 0 da
0
—/Qy(x,T) alz_aqﬁ(x,T)dx

+/Qy(z,0) %12*%(:5,0) dz

T
+/0 /Qy(x,t) D% é(x,t) dz dt.

3. PROBLEM DESCRIPTION

This section is devoted to an inverse fractional source problem associated with
an ill-posed wave equation. The aim is to determine the unknown source function
using the Tikhonov regularization method. We consider the following fractional
wave equation:

Oy, t) = Ay(a,t) = f(a,t) = 77V 3500 anda(@),  (2,1) € Q% (0,T),
y(z,t) =0, (x,t) €I'x(0,T),
y(z,0) = g1(z), z€Q,
yi(x,0) = go(x), x €.
(3.1)
Here, y denotes the wave field, f is the unknown source term representing the
electric current density, and (g1, ¢g2) are the unknown initial data associated with

the wave propagation. The operator 85 + denotes the Caputo fractional derivative
of order S.

Proposition 3.1 ([24]). If f € L*(Q) and (g1, 92) € HY(Q) x HL(Q), then system
(3.1) admits a unique solution

y(f,91,92) = y(x, t; f, 91, 92) € L*(Q),

which depends continuously on the data.

Problem is an ill-posed problem in the sense of Hadamard, since the solution
does not depend continuously on the given data. Nevertheless, by employing a
suitable regularization technique, it is possible to recover the source term from
final-time observations

y(@,T) = h(z).
The Tikhonov regularization problem consists in finding f € L?(Q) such that

inf J(f,91,92), 3.2
feng(Q) (f,91,92) (3.2)

where the cost functional J is defined by
J(f,91,92) = ly(Ts f, 91, 92) — h||2L2(Q) + >‘Hf||2L2(Q)a (3.3)
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and A is the regularization parameter. Consequently, the Tikhonov regularization
problem can be viewed as an optimal control problem with incomplete data. Since
the functions (g1, g2) are unknown, problem is not well-defined in its current
form. To overcome this difficulty, we adopt the no-regret control approach to solve
the regularization problem.

Remark. The control variable is chosen to be the source term f. Solving the
resulting optimal control problem with incomplete data leads to an identification of
the unknown source term.

4. SUGGESTED SOURCE FUNCTION

Based on the structure of the fractional wave equation and the requirements of
the inverse problem, the following source function is proposed:

N
Fla,t) =t angn(z), (2,t) € Qx (0,7), (4.1)
n=1
where:
e € (1,2) is the order of the Caputo fractional derivative,
o {¢,}>2, are the eigenfunctions of the Dirichlet Laplacian —A on €,
e a, € R are coefficients to be determined from the final observation h(z),
e N € N is a truncation parameter for numerical implementation.

4.1. Special Case with Q = (0,7). When Q = (0, 7) with Dirichlet boundary
conditions, the eigenfunctions and eigenvalues are:

én(x) =sin(nz), N\, =n? n=12,...

In this case, the suggested source term simplifies to:
N

f(z,t) =Pt Z ap sin(nx). (4.2)

n=1

4.2. Justification and Properties.

(1) Regularity: For 3 > 1, t°~1 € L2(0,T) ensures f € L*(Q).

(2) Boundary compatibility: ¢,(x) = 0 on T' implies f(z,t) = 0 on T' x
(0,7).

(3) Analytic solvability: With zero initial conditions g1 = g2 = 0, the solu-
tion of (3.1)) takes the form:

y(a:, t) = Z y7b(t)¢n('r)7 (43)
n=1

where y, (t) satisfies the fractional ordinary differential equation:
angyn(t) + /\nyn(t) = antﬁ_lv yn(()) = y;z<0) = 0.
(4) Explicit solution: The solution y,(t) is given by:
yn(t) = antQB_lE,BQB(_/\ntﬁ)a

where E, 5(z) is the two-parameter Mittag-Leffler function.
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(5) Final-time condition: At t = T, we obtain:
N
y(@,T) = anT* 7 By ap(~AT")pn ().
n=1
The coeflicients a,, can thus be determined from the Fourier coefficients of
h(x):
h’ﬂ
T T2 T Eg05(—ATP)’

4.3. Numerical Example. For § =15 T =1, Q = (0,7), and target final state
h(z) = sin(z), we obtain:

hy, = <h7¢n>L2(Q)

Qn

t0.5

—— sin(z) ~ 1.2t%% sin(x).

f(x’t) =

Remarks.

e This choice of f(z,t) ensures the well-posedness of the forward problem
while providing a manageable structure for the inverse problem.

e The time dependence t#~! is natural for fractional wave equations and
facilitates the use of Mittag-Leffler functions in the solution representation.

e The spatial eigenfunction expansion allows for straightforward computation
of the solution and implementation of the Tikhonov regularization.

e The truncation parameter N can be chosen based on the desired accuracy
and the smoothness of the target function h(x).

5. ALTERNATIVE EXAMPLE OF A SOURCE FUNCTION

For numerical experiments, we propose the following smooth and compatible
source function:

f(z,t) = sin(rzy) sin(ras) e cos(2mt), (x,t) € 2 x (0,7T), (5.1)
where Q = (0,1)? is the spatial domain.
We also select initial data compatible with the zero Dirichlet boundary condition:
g1(x) =0, go(x)=0, x€Q. (5.2)
Properties of the proposed function:
o f € L*(Q), since sin(mz;)sin(mzz) is bounded on Q and e~!cos(2nt) is
bounded on [0, T7.
e f vanishes on the boundary I', ensuring compatibility with the homoge-
neous Dirichlet boundary condition for the wave field y(z, t).
e f is smooth in both space and time, which is ideal for numerical discretiza-
tion (finite differences, finite elements, spectral methods).

e The exponential decay factor e~* ensures bounded growth over time, im-
proving numerical stability.

With this choice, the system (3.1]) becomes:
6‘54/(93, t) — Ay(x,t) = sin(ray) sin(mzy)e " cos(2nt),
y|F =0, y(x,O) =0, yt(xao) =0,

which is fully compatible with the no-regret control framework and Tikhonov reg-
ularization approach.
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6. THE NO-REGRET AND LOW-REGRET CONTROL METHOD

In all that follows until the end of this paper, the calculations and proofs are
carried out using the source function introduced in Section 3 and 4.

As discussed previously, the Tikhonov regularization problem leads to an optimal
control problem with incomplete data. Consequently, we apply the method of no-
regret and low-regret controls. Our objective is to solve the following minimax
problem:

inf sup J(f, 91, 92)- (6.1)
FELX(Q) (g1,92) € HY () x HE ()
However, in this setting we have SUD (g, g5)€ H2 () x HL(Q) J(f,q1,92) = 0o. We there-
fore restrict our attention to functions f satisfying

J(f.91,92) < J(0,91,92) (6.2)
This leads to the modified problem
inf sup [J(f7 91792) - J(O791792)]' (63)

FEL2(Q) (g1,g2)eHE(Q)x HE ()

Definition 6.1. A function w is called a no-regret control for problems (3.1)) and
(13.3) if it solves problem (6.3)).

Lemma 6.2. For every f € L*(Q), problem (6.3)) is equivalent to

inf [J(f,0,0)—J(0,0,0
snf17(£.0,0) = 7(0,0,0)

+ 2 sup [(I2ia§(0),gl)L2(Q) — (%I2ia§(0)v g2)L2(Q)]:| )
(91,92)EHG () x Hj (2)

where £ = £(f,t,x) is the solution of
D& — AL =y(f,0), (z,1) € 2x(0,T),
£=0, (z,t) €T x(0,T),
I>2¢(T) =0, ze, (6.4)

a 22—« —
5 M) =0, zeQ

Proof. By linearity of the state y, we can write

y(f,91,92) = y(£,0,0) + y(0, g1, g2)-

Using this relation, we easily obtain
J(f7 g1, 92) - ‘](Oa g1, g2) = ‘](fv Oa O) - ‘](Ov Oa 0) + Q(y(fv 07 O)a y(oa g1, 92))L2(Q)'

Introducing the adjoint state £ satisfying (6.4) and applying integration by parts
yields

J(f) 91592) - J(Oagl7g2) = J(f70a 0) - J(Oa 07 0)
+2[(127°6(0), g)1200) — (S127°€(0),02) gy |

The no-regret control exists only on the subset

K ={f € L3(Q): (IP°¢(0), g1)r2(e) = 0, (§T27°€(0), 92) oy = O}
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Constructing this subset explicitly is difficult. To circumvent this difficulty, we
relax the problem by introducing a quadratic perturbation to (6.2]), obtaining

J(f.91,92) < J(0,91,92) + v (g1l + llg=lI).-

The minimax problem then becomes

inf sup J(f,91,92) — J(0,91,92) — ([l ]|* + |lg=]1?
FELX(Q) (g1,92)€ HY () x HE () [ ( )}

= inf [J(f,0,0) = J(0,0,0
feng(Q)[ (f,0,0) = J(0,0,0)

+ sup [21272¢(0), 91) 200) = 2(5 12 °€(0),92) 12
(91,92)€HS (Q) < H{ (Q)

—1(llgal1? + llg21%) ||

This simplifies to

inf J , 6.5
st ~(f) (6.5)
where
1 — - 2
H(F) = T(£.0,0) = 70,0,0)+ _ (1P7€O) +|577¢O)). (©6)
Thus, the problem reduces to a classical optimal control problem. [

6.1. Low-Regret Control: Definition, Existence, Uniqueness, and Char-
acterization. This section is divided into two parts. First, we prove the exis-
tence and uniqueness of the low-regret control. Then, using the first-order Euler—
Lagrange optimality condition, we obtain its characterization.

Definition 6.3. A function wy is called a low-regret control for problems (3.1)

and if it solves problem (|6.5)).

6.1.1. Ezistence and Uniqueness of a Low-Regret Control. The problem admits a
unique low-regret control. From , it follows that

Jy(f) > —J(0,0,0) = constant,

so inf rey J4(f) exists; we denote it by d.,. Let {f} be a minimizing sequence such
that

Jlim T () = it () = d.
We have
—J(0,0,0)
1 — —Q 2
<d,+1,
which implies
1 —a —a 2
Iy (T, £,0,0) = AP + AL + (1P~ 6 O + | 572~ €n(0)])
<dy+J(0,0,0)+1=0C,.
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Since the constant C is independent of n, we deduce

Ifallz2@) < Gy,
1y(T, £7,0,0)ll2(q) < Cy,
11276, (0)[| 2y < v Chys
151776 (0)]] 12y < VT Cr
Now, y¥ = y(T, f,0,0) solves
CDYyy — Ay = £, (x,t) € QA x (0,T),
yl(x,t) =0, (x,t) el x(0,7),
yX(z,0) =0, x €, (6.7)

ayﬁl(x,()) =0, xe€q.

. 0 . S .
Since y)}(z,0) = 0 and gyg(x, 0) = 0, the Caputo and Riemann-Liouville deriva-
tives coincide:

“D* = RL-
We can therefore apply Lemma 1. Multiplying the first equation in by ¥ and
integrating over @ gives

/ (“Dy) — Ay))y) dzdt = / fry) da dt.
Q Q
Moreover,

/Q CD*y)i dadt = (§DF §DEYL. 1) a0

Cn% Cne
= (0 Dt2 yga t D’f‘ yz)LQ(Q)

2 ~ cos(%)|yg

cH%(Q)
= cos( ) |§ D y

ar 2
= COS(T)W% LH%(Q)
e
i po
Furthermore,
- [ At = Vi s o
Q

Adding these two equalities yields
a2 2
eos( ) 5 DA iy + IV oy = S
Using the Cauchy inequality, we have
CS 2 2
2 cos( ) [|6 D7 yZHp(Q) + QHV‘%’{HLQ(Q) < flZ2g) + 1921220y
Applying the Poincar inequality gives

2008 E)I§DF vill320) + @ = OVl 32 00y < 1713200

Finally, we obtain

a2 2 2 1
162 Rl + IVl a0 = Kl Allieer X = iimeammy e —ar
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Consequently,
HOCDt%yZng(Q S

IVl 2 < €7

We also deduce

9Dy — Ay), cr.

Iz <

Hence, there exists a subsequence, still denoted by ( i ), (OCDt% yn) and ( ) such
that as n — +oo,

= weakly in L*(Q),
yy —y7 weakly in L2(07 T; H( (Q)),
§Diyy—f weakly in L2(Q),
CDYY — Ayl — g weakly in L*(Q).
By continuity of the fractional and spatial derivatives, we have
§D ) —~ 5D}y weakly in L2(Q),
CDY%Y — Ay) — CDYY — Ay weakly in L*(Q).

Uniqueness of the limit implies
Py — Ay =w” in Q.

From y) — y7 weakly in L?(Q), we obtain

0
Y =
yY(z,0) =0, 81& yY(z,0) =0.

It remains to verify the boundary condition. Multiply the first equality in by
a test function ¢ € D(Q) such that

912—%@) =0 inQ,

22—« _

=0 onX,
and integrate over @) to get
/ (“Dy) — Ay)) pdx dt = / 1 ¢ da dt.
Q Q
Integration by parts and Greens formula yield

/(D§L¢—A¢) ygdxdtz/ F1 pdzdt.
Q Q

Passing to the limit as n — oo and using the weak convergences established above
gives

/(D})‘{qungé)y”dxdt:/ w? ¢ dx dt.
Q Q

Integrating once more,

/(CDayW—Ayv)qﬁdxdtf/yV?:/w“’qﬁda:dt,
Q s v Ja
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o¢
_ 10 A
/Ey ey 0,

y?"=0 on 2.
On the other hand, &, = £(f,,) solves

SO

hence

D% &n — A&y =Y, (x,1) € 2% (0,7),

& =0, (z,t) €T x (0,T),
1279¢,(T) = 0, z € Q, (6.8)
0
—I?72¢,(T) =0, € Q.
Using the same energy estimate as for y,,, we obtain
RLNS ¢ ||2 2 2 . 1
HO Dy §n||L2(Q) + ||V§”HL2(Q) = CHynHm(Q)’ - min{QCos(%), (2— c’)}'
and
HORLD?SR - AanLz(Q) S C’y-
We conclude that
€= weakly in L2(Q),
& =0 on X,

which implies
& — €7 weakly in D'(Q).
From [24], the fractional integral 12~ is continuous from L? to L?; hence,

I>79¢, = I*7°¢7  weakly in L*(Q).

Consequently,
2—a 6 2—a
-~ (T) =0, ze€qQ, 7816] E(T)=0, €.

It follows that &7 satisfies
D?‘?Lg’y - Ag“f = y’Y’ (‘T7t) €N x (OvT)a

&7 =0, (z,t) e T x (0,T),
*=2¢(T) =0, z€Q, (6.9)
0

—J2magy —
il O(T)=0, =z

The functional J, is lower semi-continuous; therefore,
< T _ _
Jy(wy) <liminf Jy (fn) = inf J5(f) = d.

Since J, is strictly convex, w, is the unique minimizer.
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6.1.2. Characterization of the Low-Regret Control. For any w., the first-order op-
timality condition gives

J;(wv)(f —wy) = (Y = ya, Y(f —wy))rz + Mws, f—wy)p2
2[00, P — w)0))
+ (ZIU0), G —w)(0) ] =0,

We introduce the auxiliary state p”, which solves

CDpY — Ap? =0, (z,t) € 2 x(0,T),

pY =0, (z,t) eT'x (0,T),
1

p1(0) =~ S ee(0), ze0, (6:10)
v

0 1

—p7(0) = =I?~2¢Y(T Q.

5070 = 2P0, e

Integrating by parts, we obtain
/Q(C‘Dap7 — AP E(f —wy) dadt = /va y(f —w,)dzdt

2p7(0) 5_, 9 90
= [ 220 o) s —w)dot [ 570) PO — ) o
o Ot Q ot
=0.
Now define the adjoint state p” as the solution of

D p?" —ApY =yY —h+p7, (z,t) € 2 x(0,T),

p? =0, (z,t) €T x (0,7T),

12=2p7(T) = 0, z €, (6.11)
0

5 (1) =0, z e

Then,
J'/y(w’y)(f - w"/) = (p’y + /\w’ya f - w’y)L2 = Oa
and consequently,

p’+Aw, =0 ae. inQ.

7. DERIVATION OF THE OPTIMALITY SYSTEM FOR THE NO-REGRET CONTROL

This section is devoted to the full characterization of the no-regret control. We
first prove the convergence of the sequence of low-regret controls to the unique
no-regret control. Under this convergence result, we then derive the corresponding
optimality system for the no-regret control.
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Proposition 7.1. The optimality system characterizing the no-regret control w =
lim~_,o w, is defined by the following coupled system of equations for the state vari-

ables {y, p} and adjoint variables {&, p}:

CDoy(z,t) — Ay(x,t) =w, (x,t) € 2 x (0,7T),
y(x,t) =0, (z,t) e T'x (0,T),

y(x,0) =0, %y(x,O) =0, z€,

p(0) = A, ap(O) =, x €,

I*=2p(T) = 0, %I2*°‘p(T) =0, e

The associated optimality condition is
p+I w=0 ae in@Q,

where X\ and § are weak limits defined in the proof.

D&, t) — Af(z,t) = y(w,0),  (2,t) € 2 x(0,T),

§=0, (z,) € T'x (0, T),
I*72¢(T) =0, %ﬁ‘%“(T) =0, z€q,
CDep(x,t) — Ap(x,t) =0, (x,t) € Qx (0,7),
p=0, (z,t) € ' x (0,T),
0

D?—%Lp(xat) - Ap(l'vt) =y—h+ P (x7t) €N x (OaT)v
p=0, (z,1) e I'x (0,T),

Proof. We begin by establishing the convergence of the sequence of low-regret con-

trols {w,} to the unique no-regret control. Since w., minimizes J,, we have

Jy(wy) < J5(0) = K,

where K is a positive constant independent of . This yields the uniform bounds

lwyllz2@) < K,
||y(T7 w’yaOaO)HL2(Q) < K7

I1276,(0)]I 2() < VA K,
15: 776 (O0)]] 2y < VA K,
where y(T', w,,0,0) is the solution of

CDay’Y(xvt) - Ay"/(x’t) = Wy, ($,t) € x (O,T),
yy(z,t) =0, (z,t) e I' x (0,7),

0
y’Y(gj?O) = 07 ay'y(xao) = 07 T € Q.
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Following the same arguments as in Section 6.1.1, we obtain the weak convergences
w, —w weakly in L*(Q),
yy —y weakly in LQ(O,T; H; (Q)),
C'Day7 - Ay, — Dy — Ay weakly in L3(Q),
with the boundary and initial conditions

y(x,t) =0 onT x (0,7),
0 .
y(z,0) =0, ﬁy(x, 0)=0 in Q.

Furthermore, the adjoint state £ = £(x, t, w) satisfies
Dgié(x,t) = Af(x,t) = y(w,0),  (2,t) € 2 x(0,T),
&(x,t) =0, (z,t) e ' x (0,T),
I>=2¢(T) =0, %IQ_O‘E(T) =0, zel

From and , as v — 0, we obtain the strong convergences

I*7°€,(0) — 0 strongly in L*(Q),
a 22—« : 2
EI £,(0) - 0 strongly in L*(2).

Consequently,
(12_a§(0)191)L2(Q) = (%I2_a£(0)7g2)L2(Q) =0,

which proves that w is indeed a no-regret control.
We now proceed to characterize w further. Consider the auxiliary state p?
satisfying

CDpY — Ap¥ =0, (x,t) € Q x (0,7),
p? =0, (‘T,t) el x (OaT)a
10
7(0) = —= =TI?72¢7(0 Q
0 === ZIE0), aen,
0 1
—p7(0) = = I272¢7(0 Q.
57" (0) ER 0), ze
Since p7(0) # 0 and % p7(0) # 0, we introduce the shifted variable
o7’ =p" U,
where U is chosen such that
10 0 1
U0)=—=—I>"2(0 —U(0) = = I*7*£7(0).
0)= =2 S0, JUO =)
Then o7 satisfies the homogeneous problem
ODagY — Ao = f, (z,t) € 2 x(0,T),
oY =0, (xz,t) e T x (0,T),

o7(0) =0, —07(0)=0, z€Q,
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with f = AU — “D?U. Applying the energy estimate yields

a 2 2 Il
167 |2y + 1V 12y < K Fll 12y K=

|~

min{2cos(%F), (2—¢)}’
Hence, we deduce the weak convergence
o7 = o weakly in L*0,T; Hy(1)).
By the continuous embedding LQ(O, T; H} (Q)) < L?(Q), we also have
0 = o weakly in L?(Q).
Consequently,
P =0"+U —0o+U=:p weakly in L*(Q).
Moreover, from and we obtain (up to subsequences) the weak limits

! %12—0@(0) X weakly in L2(Q),
Y

1
—I*7%¢7(0) = §  weakly in L*(Q).
7

Passing to the limit in the equation for p7 yields

DY — Ap =0, (x,t) € Q x (0,T),
p=0, (z,1) e I'x (0,7),
0
0)=2x —p0)=9d Q.
pO) = Zp(0) =4 we
Finally, the adjoint state p” satisfies

Dpp” — ApY =y, —h+p7, (z,t) € 2x(0,7),
p’ =0, (x,t) €T x (0,T),

I2=2pY(T) =0, %Fﬂpvm =0, zeq

Since y, — h+ p” is bounded in L?(Q) and p? — p weakly in L?*(Q), passing to the
limit gives
DYp—Ap=y—h+p, (z,t) € Q x (0,7),
p =0, (z,t) e T x (0,T),
0
I?=2p(T) = 0, aIQ_Qp(T) =0, ze
The optimality condition p+Aw = 0 follows from the limit of the corresponding con-

dition for the low-regret controls. This completes the derivation of the optimality
system. (I

8. CONCLUSION

This paper investigates an ill-posed inverse fractional parabolic problem in the
sense of Hadamard, aimed at identifying an unknown source term. To address the
missing initial data, a regularization strategy combining Tikhonov regularization
with a no-regret control approach is proposed. First, the associated low-regret con-
trol problem is analyzed, and results on existence, uniqueness, and characterization
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are established using an optimality system derived from first-order necessary condi-
tions. By taking the limit as the regularization parameter v tends to zero, we prove
the convergence of the low-regret controls to the unique no-regret control. The
resulting optimality system, which couples the fractional state and adjoint equa-
tions, provides a complete characterization of the no-regret control and ensures the
stability of the reconstructed source term. These theoretical results demonstrate
that the proposed framework is mathematically well-posed and suitable for future
numerical implementation in fractional inverse problems.
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