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A NOTE ON NEW TYPE DEGENERATE STIRLING NUMBERS
OF THE FIRST KIND

TAEKYUN KIM*, DAE SAN KIM*, KYO-SHIN HWANG, AND DMITRY V. DOLGY

ABSTRACT. We introduce a new sequence of unsigned degenerate Stirling num-
bers of the first kind. Following the work of Adell-Lekuona, who represented
unsigned Stirling numbers of the first kind as multiples of the expectations
of specific random variables, we express our new numbers as finite sums of
multiples of the expectations of certain random variables. We also provide a
representation of these new numbers as finite sums involving the classical un-
signed Stirling numbers of the first kind. As an inversion formula, we define a
corresponding sequence of new type degenerate Stirling numbers of the second
kind. We derive expressions for these numbers as finite sums that involve the
Stirling numbers of the second kind.

1. INTRODUCTION

For any nonzero A € R, the degenerate exponentials are defined by

k
ex(t) = Z(w)m%, ex(t) = ex(t), (see[2,7-9)), (1)
k=0 ’

where
@oxr=1, @pr=z(@—-AN)(x—2\)---(z—(n—-1)A), (n>1).

Note that

li t) = et
fim ex(t) = e

It is well known that Stirling numbers of the first kind are defined by

1

o logh(1+1t) = i Sl(n,kz)%, (k>0), (see[4,10,11,16]). (2)

n==k
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The unsigned Stirling numbers of the first kind are defined by

m = (=1)"*Si(n, k), (n>k>0).
Thus, we note from that

%logk (11_25) _ nﬁ; m % (see [4,11]). (3)

As the inversion formula of , the Stirling numbers of the second kind are defined
by

% (e" - 1)‘“ = Z {Z}tn (n>k>0), (see[4,10,11,16]). (4)

' b
mn.
n=~k

Let logy (t) be the degenerate logarithm, which is the compositional inverse of
ex(t). Then we note that

oo

logy(1+) = 3 A" (1)

n=1

1
iy = X((l +t)* = 1), (see [11,19]).

Recently, the degenerate Stirling numbers of the first kind are given by
1, 5 > t"
Elog,\(l +1t) = Z Sl,,\(n,kz)m, (see [10,11,19]).
n=~k
The unsigned degenerate Stirling numbers of the first kind are defined by
] = o tsamn, o,
A

Thus we have

1 kLo g 1 _ = [n ﬂ
(- logy (1 - 0)* = 1ogx(1t)—;[kkm, (see [11,19]).

The degenerate Stirling numbers of the second kind are defined by

1

oo t"
2 (ex(®) - Dh=>" S2(n.k) . (see [10,11,19].
n=~k

Let U and X be two independent random variables where U is the uniform
random variable on (0,1) and X is the exponential random variable with parameter
1. Recall that the probability density function of X is given by (see [17])

e ™ if x>0,
fx(e) = {o, if <0,

and that the probability density function of U is given by

1, it ze(0,1),
gU(m)_{o, it ¢ (0,1).

Let (Uj);>1 and (X;);>1 be two sequences of independent copies of U and X,
respectively, both of them mutually independent. We use the notation

Sk:U1X1+U2X2+"~+Uka,k:1,2,~”, So = 0.
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Adell-Lekuona [1] showed the following identity (see (2), (3)):

- @i e

where F is the mathematical expectation.
k
Their idea of proof is to note that E [etsk] = (@) .

The aim of this paper is to derive a degenerate version of . Namely, we show
the following expression in Theorem 2.2:

m *A = f /\m_k(;i) S1 (M, k) E [(Sk)n-ma],  (n2 k> 1), (6)

m=k

where [Z]*_ ,, are the unsigned new type degenerate Stirling numbers of the first

kind given by % log" (m) => m:\%, (see (1), (§)).
k

Here our idea is to note E [ef’“ (t)} = (m) log" (m) In this
way, we were led to introduce the unsigned new type degenerate Stirling numbers of
the first kind. Observe that (@ boils down to if welet A — 0. In Theorem 2.1, we
show that [Z]; =Y A" ["1["], (n >k > 0). Using this identity we compute
[Z];, for 0 <n < 6. As an inversion formula, we define a corresponding sequence
{Z}:, called the new type degenerate Stirling numbers of the second kind (see (17)).
We show in Theorem 3.1 that {Z}: =S AR}, (n > k > 0). Using
this formula, we compute {Z};, for 0 < n < 6. As general references for this paper,
the reader may refer to [4,16-18].

Finally, we give a very brief literature review relevant to this line of research.

e Probabilistic Approaches: A significant portion of the literature focuses on the
probabilistic extension of classical sequences. This includes the study of probabilis-
tic extensions of degenerate central Bell polynomials [3], degenerate derangement
polynomials [12], and degenerate Stirling polynomials of the second kind [13]. This
theme extends to the probabilistic treatment of Bernoulli and Euler polynomials
[14], Dowling polynomials [15], and poly-Bell polynomials associated with specific
random variables [19], as well as Frobenius-Genocchi polynomials derived via poly-
exponential functions [6].

e Recurrence Relations and Identities: Research in this category focuses on the
structural properties of polynomials through algebraic identities. Key works estab-
lish Spivey-type recurrence relations for Lah-Bell polynomials [8] and for degenerate
Bell and Dowling polynomials [9]. Additionally, operator-based methods are used
to derive identities on degenerate r-Stirling numbers via boson operators [10].

e Analytical Constructions and New Variants: This group introduces new math-
ematical frameworks and generalizations. These include a new construction of the
degenerate Hurwitz-zeta function [2] and the introduction of heterogeneous Stirling
numbers and Bell polynomials [11]. Furthermore, this area covers moment repre-
sentations of fully degenerate Bernoulli and degenerate Euler polynomials [7] and
the study of central Bell-based type 2 Bernoulli polynomials of order S [5].
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2. A NEW TYPE DEGENERATE STIRLING NUMBERS OF THE FIRST KIND

For any nonzero A € R, we consider the new type degenerate Stirling numbers of
the first kind defined by

1., 1 > t"
— - = * - > 0).
—log" (1+ T log(1+ 1)) §_k: Sta(mk)—, (k> 0) (7)

Note that (see (2))
lim ST, (n, k) = Si(n, k).
A—=0 7

In addition, we define the unsigned new type degenerate Stirling numbers of the first
kind by

mA = (=)"ESTA k), (nik 2 0).

k
Then we note from that
1. & 1 =, [n]"t"
k! 1+ 1 log(1 — At) ; k], n!
Note that (see (3))
nl* n
i = > k>
im ], =[] e2e20 )

From , we note that

i n *tn 1 k
> [1], e

n==k

:2 [TZ (—1)’”)\_7”gSl(n,m)(—l)")\”Z v
p e

Therefore, by (L0), we obtain the following theorem.

Theorem 2.1. For any integers n,k with n > k > 0, we have
nl]* - n|[m
= AnTm .
k= 2Bl

Using Theorem 2.1, we illustrate the values of the new type degenerate Stirling
numbers of the first kind [Z]; for n < 6 in the following. We observe first that

[Z];:l, for any nonnegative integer n; [8]; = 0, for any positive integer n, and

[8] =1 [ " ]: = [, ]J(A+1) = (5)(A+1). We note that, as a polynomial in \,

n—1

the leading coefficient and the constant term of m: =Y LA [Y] are the

same [Z] .
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2 _A+1,m _2)\2+3/\+2,ﬂ =3\+3,
_1_>\ 1 A 2 A
-4-* 3 2 4 * 2 4 *
=62 + 1102 + 12\ + 6, = 11X\2 + 18\ + 11, =6\ + 6,
_1_)\ 2 A 3 A
re" * 5 *
‘;’ = 240\* + 5073 + 70\ + 60\ + 24, H = 503 4+ 105\2 4+ 110\ + 50,
L-d X A
-5- * ) 5 *
= 35)\% + 60\ + 35, =10\ + 10,
_3_ A 4 A
_6— : _ 5 4 3 2
o= 1200° 4 274\% 4+ 45003 + 51072 + 360\ + 120,
L-d X
g = 274X* + 6753 + 9352 + 750\ + 274,
L=1 A
-6-* 3 2 6 * 2 6 *
= 225X\ 4+ 5102 + 525\ + 225, = 852 + 150\ + 85, = 15\ + 15.
_3-)\ 4 A 5 A

Now, we observe that, for t < %(e)‘ — 1), we have

1 [e’e)
O A R e
0o Jo
! 1

= d

/0 1— Zlog(1+ )" (11)
1

B 7log( — Ylog(1+At)) log (1—§1og(1+,\t)>

B +log(1 + At)  flog(1+ )

Here we notice that 4 (e*—1) > 0, for any nonzero A € R, and that 1—% log(1+At) >
0, for any u with 0 < u < 1, when ¢t < 1 (e* —1).
From , we note that

Elest )] = B[ 0)] B[ 0)] - B [l )]

B (M)klogk <1 - ilo;(l + At))’ "

where (U;);>1 and (Tj);>1 are two sequences of independent copies of U and T,
respectively, both of them mutually independent. By , we get

senl 1 (1 R " !
Eletr] g (st o) = st (i
: : A

*

. (13
-2l
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On the other hand, by (1)) and (2)), we get
k
Sk
E [e (t)} = (  log(1 +>\t)>

I °° m
= ZE [(Sk)ia] % Z A"ES) (m, k)% (14)

ZZ( > [(Sk)n—m, ] AT S1(m, k)

n=k m=~k
Therefore, by and , we obtain the following theorem.
Theorem 2.2. For any integers n, k with n > k > 1, we have

m *_A - mi_kw_k (Z) S1(m, K)E [(Sk)n—m, 2] (15)

By taking A — 0 in (15 and using @, we recover the equation
n n]” n
=1 =, |E[Sp* see [1]).
M A0 M N <k> [5e77] (e 1)

From , we note that

n

= 2 ()Pl s

(o) s [

k—times
9] o0 k
X / / (Zulxl) e*($1+-.~+$k)dx1...dxkdul...duk
0 0 = n—m,A\
—_——
k—times
(16)

Therefore, by , we obtain the following theorem.
Theorem 2.3. For any integers n,k withn >k > 1, we have

[ZLA = mzi:k (;) ARG (m, k) /01 . ,,/01
—_———

k—times

o0 o0 k
x/ / (Zulggl) e~ @it tTR) g dardug - - dug
0 0 i—1 n—m,)\
N————

k—times
3. FURTHER REMARK
As the inversion formula of , we define the new type degenerate Stirling num-
bers of the second kind by

1 (1 (eA(e‘—l) B 1)>’€ _ i {Z}:f”:’ (k>0). (17)

kA
n=~k
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Note that (see (4))

(18)

Thus, by , we obtain the following theorem.

Theorem 3.1. For any integers n,k with n > k > 0, we have

(i - e o)

Using Theorem 3.1, we illustrate the values of the unsigned new type degenerate
Stirling numbers of the first kind {Z}; for n < 6 in the following. We observe first

that {Z}::l, for any nonnegative integer n; {g}i = 0, for any positive integer n,
and {8} =1 {n’il}: ={," JA+1) = (5)(A+ 1), for any integer n > 2. Also,
we note that, as a polynomial in A, the leading coefficient and the constant term of
{Z}: =Y AR MY are the same number {}}.

m=k

{2} —)\+1,{3} —A2+3)\+1,{3} =3\+3,
1 A 1 A 2 A

4 *
:)\3+6>\2+7/\+1,{2}

*

4
:7/\2+18)\+7,{3} =6\ +6,

A A

*

=M+ 100% + 2502 + 151 + 1, {2} = 1503 + 7T0\? 4+ 751 + 15,
A

*

5
= 25)\% 4+ 60\ + 25, {4} =10\ + 10,
A

= X% 4+ 150% + 6573 + 90A% + 31\ + 1,

= 31A* 4+ 225)3 + 45502 + 270\ + 31,

*

= 65\2 4 150\ + 65, {g} =15\ + 15.
A

*

= 90A3 4 37522 4 390\ + 90, {Z}
A
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4. CONCLUSION

k
From the identity E [etsk] = (@) , Adell-Lekuona derived the following

identity:
[Z] = (Z)E [SE7H, (n> k> 1),

k
In this paper, by using the identity F {ef’“ (t)] = (m) log" (m),

we were able to deduce a degenerate version of Adell-Lekuona identity. Namely, we
obtained

m ; - ;Amk (TZ) S1(m, k) E [(S)n-mn], (0 >k >1).

This led us to the introduction of the unsigned new type degenerate Stirling num-

bers of the first kind. Furthemore, the explicit expression [Z]: =3 AR

was found for n > k > 0. As an inversion formula, we also defined a corresponding
sequence {Z}: of new type degenerate Stirling numbers of the second kind. Then
we show that {}}] =30 AR {7} (n >k >0).

In recent years, we have worked on probabilistic extensions of many special
numbers and polynomials (see [3,6,12-15,19] and the references therein), and on
applications of probabilty theory to the study of such numbers and polynomials
(see [7] and the references therein). It is one of our research projects to continue to
explore this line of research.
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