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X

MISUZU AOKI, KODAI MURAKAMI, YUSUKE NISHIZAWA, HIROYUKI OTAKI

ABSTRACT. In this paper, we present a new Wilker-type inequality using

. 2
13";2“:/3 instead of *2£. We prove that (13‘;3233/3) + 02 in the new inequal-
ity is monotonically increasing for 0 < z < 7. Furthermore, similar to the

2
result of Sumner et al., we present an inequality in which ( 13(;:2“”/3) + ta;‘ L2

is evaluated at a constant multiple of x> tan x.

1. INTRODUCTION

Wilker [I8] proposed two open problems as follows:
(a) Prove that if 0 <z < 7, then

. 2
sinx tanx
() + 222,
x x
(b) Find the largest constant ¢ such that

sinz\®  tanz 3
+ > 24 cx’tanx
x x

for 0 < x < %. Sumner et al.[I7] proved the problems and showed a stronger

inequality as follows.

Theorem 1.1. For any 0 <z < 7§, the inequality

16 4 sinz\?  tanz 8 4
—zx tanx < + —2< —zxtanz
md x 45

holds, where the constants }r—i ~ (0.164256 and 4% = 0.177778 are the best possible.

Many mathematicians have studied Wilker’s inequality and it has been extended
in various ways, such as for inverse functions, hyperbolic functions, and trigono-
metric functions via integration. As results of recent researches, the following are
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cosx sinx
INSTEAD OF
— 12/3

known: [1]-[8], [11], [15], [16], [19])-[24]. About Wilker type inequalities, the follow-
ing three papers are worth to be mentioned: [9], [I0], [I2]. An interesting property
of Wilker inequality is that even though ®2- is monotonically decreasing, tanz is
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monotonically increasing, so (5“””)2 + 222 is monotonically increasing. M1tr1nov1c
[13] in p.236, presented that the mequahty

T sin x cos T
1Zcos§2cosax272cosbm2\3/cosx2 ] 5 > COST
€T _zZ
3
holds for 0 < z < 5, where the constants a = 2 arccosf 2 (0.560664 and b =

f 2 0.57735 are the best possible. In this paper, we focus on the above inequality

S”;,I > 125273 holds for 0 <z < § and consider whether Wilker inequality holds

when the monotonically decreasing function

cosx  : : sin z
Top273 1S used instead of *2*. We

present the following inequality.

2
cos T tanx
2 + T
-3

is monotonically increasing for 0 < x < % and greater than 2.

Theorem 1.2. The function

Also, we present the following double inequality, which includes the best possible
constants on the left and right sides, as in the result by Sumner et al.[I7].

Theorem 1.3. For any 0 < x < 3, the inequality

2

2 4 cos T tanz 16 4

—z tanz < + —-2< — 2" tanzw
1 x s

holds, where the constants 12—5 >~ 0.133333 and % = (0.164256 are the best possible.

2. PROOF OF MAIN THEOREMS

We used Mathematica software for the calculations in this paper. It is known
that for 0 < z < § and non-negative integers m and n (see [14]), we have

u(z,2n + 1) <sinz < u(z,2n) and v(z,2m+1) < cosz < v(zx,2m),

where
zp: k p2k+1 zq: k 22k
and v(z,q)
— Qk +1)! =
Moreover, u(z,p) and v(z, q) are truncations of
e Y2kt Y2k

sinx = Z 2k+ and cosx:i

Proof of Theorem[1.4 We set
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The derivative of f(x) is

4z cos? z 2sinx cosx sinx 1

flz) =

3( x2)3_ ( x2)2 _x2008x+a:cos2x

3

3
_ 9(x)
3 (1 - %)3392 cos? x ,

where
22 3 22
g(x)=4x3cos4x+3<1—3> x—6(1—3> 2 sinzx cos® x
2\ 3
—3(1—2) sinxcosx.

We have
g(z) > 42% (v(z,3))* + 3 <1 - x;)g z—6 (1 — 5;2) 2*u(z,2) (v(z,2))?

~3 (1 - f)g u(z, 2)v(z, 2)

B x°h(x)
T 67184640000

where
h(z) = 107495424000 — 1590036480002 + 975965760002* — 320604480002°

+ 60056640002° — 61637760020 4+ 2604960022 + 95580024 — 159480216
+ 68402 — 120220 + 2?2,

We set t = 22, then for 0 < t < %2, we have

h(x) > 107495424000 — 1590036480002 + 97596576000x* — 3206044800025
+ 60056640002° — 6163776002% + 2604960022 + 9558002 — 159480216
= 107495424000 — 159003648000t + 97596576000¢% — 32060448000t

+ 6005664000t* — 616377600t> + 260496005 + 9558007 — 159480t% = j(t).

The derivatives of j(t) are

7'(t) = —159003648000 + 195193152000 — 96181344000£2 + 24022656000
— 3081888000t + 156297600¢> + 6690600t° — 1275840¢" ,

3" (t) = 195193152000 — 192362688000t + 72067968000t> — 12327552000t
+ 781488000t* + 40143600t> — 8930880¢°
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3" (t) = —192362688000 + 144135936000t — 36982656000t + 3125952000t
+ 200718000t* — 53585280¢°

WILKER TYPE INEQUALITIES USING 23

247
< —192362688000 + 144135936000t — 36982656000t + 3125952000t (100)

o (2477 5
+ 200718000t o) ~ 535852801t
140184970569t
< —192362688000 + 144135936000t — — = k(t).

211840000 ~

The function k(%) is convex upward and has the maximum value at t = 555565 =

2.57046, so we can get

k(t) < k 247\ 369891173444121
100/ 50000

for 0 <t < %2. Therefore, j”(t) is monotonically decreasing for 0 < t < %2. From
1 <247> ~ 1843943653950326433

— | = > 0,
100 390625000
J'(t)>0for0<t< %2 and j'(t) is monotonically increasing for 0 < ¢ < ”72. By

g (247 752753547730085536737 <
T \100) ~ 625000000000 ’

J#)<0for0<t< %2 and j(t) is monotonically decreasing for 0 < ¢ < %2. Since

(247 _ 39346047805787429867793 <
7\ 100 250000000000000 ’

jit)>0for0<t< %zandg(ac) >0for 0 <z < %. Thus, f'(x) >0for 0 <z < 3.
Since we have lim,_,o f(x) = 2, the proof of Theorem is complete. O

Proof of Theorem[I.3 We consider the equation

cos? tanx

( _E)Q . — 2= f(z)ztanx

then we have
cos®x 1 2

(1- m—z)sz’tanx + 24 2tanz
and the derivative of f(z) is

Fo) = s
where

3 -3
g(x) = —108 + 10822 — 362 + 426 — 81252 L 4 63352 2

sinx sinx
2
COSs COS
— 1822(3 — 22) cos?a + 63(3 — 22)3 o w — 922(3 — 2?)
ST s xr

1
2

+22%(3 — 2%)3 - .
sin® x
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We have
(v(z,4))® (v(,3))
g(x) > —108 4+ 10822 — 362" + 42° — 81z u(e3) + 6323 u(.2)
—1822(3 — 22) (v(z 2 (3 — 22 3v(x,3)_ 22(3 — 22 v(z,4) 2
1823(3 — ) (ol ) + 63 - 2P U0 0223 - %) (U5

1
(ulz,2))?
_ 2 (h(a) + j(x))
4335206400(120 — 2022 + x4)2(5040 — 84022 + 42x* — 26)2”’

+222(3 — 2%)3

where

h(z) = 96277373544038400000 + 833224034274508800002:
— 207393575943536640000z* + 139440540115795968000°
— 512909882334904320002° + 122291708061745152002°
— 20482535501955072002 + 2530375937703936002:14

— 23806943251660800¢ 4 17408514477312002'®
—10002492073728022°

and

§(x) = 45273376108802%% — 1604313467522 4 437727278422
— 8906936828 4 127517023 — 11445232 + 4823 .

Since we have

2
158
j(z) > 4527337610880x*% — 1604313467522%2 (1()0) + 437727278422

158 2 158 2
— 89069368226 (100) +127517023° — 1144523° (100) + 48234

_25792729980301922:%2 n 2596825008578x26 n 623299351230

4 34
625 625 500 T8 >0,

We obtain h(z) + j(z) > h(z) for 0 < & < Z. We set ¢ = 22, then for 0 < ¢ < %2,
we have

h(z) = 96277373544038400000 + 83322403427450880000¢

— 207393575943536640000t% + 139440540115795968000t>

— 51290988233490432000t* + 12229170806174515200t>

— 2048253550195507200t5 + 253037593770393600t"

— 23806943251660800t® 4 1740851447731200t°

— 100024920737280t'0 = E(t).
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The derivatives of k(t) are

K'(t) = 83322403427450880000 — 414787151887073280000¢
+ 418321620347387904000t — 205163952933961728000¢>
+ 61145854030872576000t* — 12289521301173043200¢°

+ 1771263156392755200t°5 — 190455546013286400t"

+ 15667663029580800% — 1000249207372800¢° ,

K" (t) = —414787151887073280000 + 836643240694775808000¢
— 615491858801885184000t% + 244583416123490304000>

— 61447606505865216000t* 4 10627578938356531200t°

— 133318882209300480015 + 125341304236646400t"

— 9002242866355200t° |

K" (t) = 836643240694775808000 — 1230983717603770368000¢
+ 733750248370470912000t — 245790426023460864000t°

+ 53137894691782656000t* — 7999132932558028800¢°

+ 877389129656524800t° — 72017942930841600t7

kW (1) = —1230983717603770368000 + 1467500496740941824000¢
— 737371278070382592000¢% + 212551578767130624000>

— 39995664662790144000t* + 5264334777939148800t°

— 504125600515891200¢°

k(5)(t) = 1467500496740941824000 — 1474742556140765184000¢
+ 637654736301391872000t* — 159982658651160576000¢°

+ 26321673889695744000t* — 3024753603095347200°

> 1467500496740941824000 — 1474742556140765184000¢

+ 637654736301391872000t* — 159982658651160576000t°

100
= 1467500496740941824000 — 1474742556140765184000¢

+ 637654736301391872000£ — 159982658651160576000£>
+ 18850532490050236416t* = I(t) .

247
+ 26321673889695744000t* — 3024753603095347200t" ( )

The derivatives of I(t) are

I'(t) = —1474742556140765184000 + 1275309472602783744000¢
— 479947975953481728000t% + 754021299602009456643
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and
l”(t) = 1275309472602783744000 — 959895951906963456000¢
+ 226206389880602836992¢2 .

Since the function I”(¢) is downward convex and has the minimum value at ¢ =
2460208256000 ~ 9 12173, so we can get

1159531565659 —
() > 1" 2460208256000\  99329872149361078017029701632000 -0
- 1159531565559 ) 386510521853

for 0 <t < ”72. Therefore, I’(t) is monotonically increasing for 0 < t < %2. From

p 247\ 1821738347831825557085952 “0
100/ 15625 '

U'(t)<0for0<t< %2 and [(t) is monotonically decreasing for 0 < t < %2. By

<247> ~2334028319389425167285616

100) ~ 390625 >0,

I(t)y>0for0<t< %2 and k¥ (t) is monotonically increasing for 0 < t < %2. From

() (247 _  205793834192467270025840802 _
100/ 9765625

0,

ED () < 0for0<t< %2 and k"' (t) is monotonically decreasing for 0 < ¢ < %2.
Since we have k"’ (0) = 8366432406947753808000 > 0 and

L 246 7257578470097591016153049536 —0
100 ) 244140625 ’

there exists a unique real number ¢; with 0 < ¢; < 235 such that k"(t) > 0

for 0 <t < t; and K”(t) < 0 for t; <t < %2. Hence, k”(t) is monotonically
increasing for 0 < ¢ < ¢; and monotonically decreasing for ¢; < ¢t < %2. From
k" (0) = —414787151887073280000 < 0 and

1 <247> _10684792628948669362806954859713

100) ~ 390625000000 >0,

there exists a unique real number ¢, with 0 < t5 < % such that k”(¢t) < 0 for
0 <t <tgand K”(t) > 0 for t2 < t < %2. Therefore, k/(t) is monotonically
decreasing for 0 < ¢ < t» and monotonically increasing for to < ¢t < 7-. By
k' (0) = 83322403427450830000 > 0 and

% (ié'g) _ _819688198913789533235230430952621 <0

B 39062500000000 ’

there exists a unique real number ¢3 with 0 < t3 < 237 such that &'(t) > 0 for

0<t<tsgand K'(t) <0forts <t < ”72. Thus, k(t) is monotonically increasing

for 0 < t < t3 and monotonically decreasing for t3 < t < %2. Since we have

k(0) = 96277373544038400000 > 0 and
(247> _ 85563988526548197177259048308828513 >0

100/ 39062500000000000 ’
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we can get k(t) > 0 for 0 <t < %2. Hence g(x) > 0 for 0 <z < § and f(x) is
monotonically increasing for 0 < x < §. We will show that lim, o f(z) = 1—25 and
lim, = f(z) = 18 We have
v(z,3))3 1 2u(x, 2
WAy - BED
(1-2) 2du(z,2) *° 7 u(z,3)

L2))? 1 20(z,3
- (foz ) N 3v(:v )
(1-2) zdu(z,3) * 7 u(z,2)
and
o <)
96(3 — 22)2(120 — 2022 + 24)(5040 — 84022 + 4224 — 29)

q(z)
= 345600(3 — 22)2(120 — 2022 + 24) (5040 — 84022 1 4221 — 20)

where p(r) = 69672960 — 6618240022 + 23266368z* — 386640025 + 3370562° —
15240219 4+ 28322 and q(x) = 250822656000 — 2524400640002 + 98688844800z —
1979769600025 4233556480022 —1760832002 94906552022 — 3333602448400 16 —
1322'® + 220, From we have

lim p(x) _

2=0 96(3 — 22)2(120 — 2022 + 24)(5040 — 84022 + 42z — 26) ~ 15

and

. q(z)
] _ 4
2530 345600(3 — 22)2(120 — 2022 + 24)(5040 — 84022 + 4224 — 26) 15’

we obtain

i cos? + 1 2 2
im — ==
w=0\ (1 9632)2 SBtange P ritanw 15

Also, we can get

i cos? N 1 2 16

im - _ ==

=3\ (1- %)Qx:a tangy 2t wdtanw d

immediately. The proof of Theorem [I.3]is complete. O
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