
Journal of Inequalities and Special Functions

ISSN: 2217-4303, URL: www.ilirias.com/jiasf

Volume 16 Issue 4(2025), Pages 10-19

https://doi.org/10.54379/jiasf-2025-4-2

APPLYING NÖRLUND SUM TO BESSEL FUNCTION AND

GENERATING FUNCTION FOR GENERALIZED BERNOULLI

POLYNOMIALS: APPROACH TO (INVERSE) LAPLACE

TRANSFORM

ELIF SUKRUOGLU, YILMAZ SIMSEK

Abstract. The aim of this paper is to apply the Nörlund sum to Bessel func-

tion and generalized Bernoulli polynomials involving this function, we derive
some new relations and integral formulas. By applying the Laplace transform

with its inverse to generating function for the generalized Bernoulli polynomi-

als involving the Bessel function, we also derive infinite series representation
for these polynomials. Furthermore, some relationship between the Bessel

function and the Nörlund sum is found. We also give some new relations by

comparing specific values to the Bessel function and modified Bessel functions
with the aid of their Laplace transforms by its inverse.

1. Introduction

Special numbers and polynomials have long held a central place in analysis and
applied mathematics, particularly in the study of differential equations, integral
transforms, and summation techniques. In recent years, considerable attention has
been paid to the study of the Nörlund sum in the context of integral transforms
and operator theory.

The Laplace transform and the inverse Laplace transform are indispensable tools
in applied mathematics, engineering, physics, and statistics. They also make them
suitable for studying generating functions and identities related to special polyno-
mials. Similarly, Bessel functions, which naturally arise in the solutions of second-
order differential equations with cylindrical or spherical symmetry, demonstrate
deep connections with special functions and orthogonal polynomials. These func-
tions play a significant role not only in physical models such as heat conduction,
wave propagation, and quantum mechanics, but also in special number theory.

Another important analytical technique involves the Nörlund sum operator, a
generalization of classical sum methods useful for extending the concept of con-
vergence and assigning finite values to divergent series. This operator has been
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used in various settings to describe and analyze sequences of special numbers and
families of polynomials, providing new insights into their structures and asymptotic
behavior.

The theory of functions involving Bessel-type functions and their applications
appear a crucial place in both the theory of special functions and their inequality
areas. The motivation for this paper is to apply the Laplace and inverse Laplace
transforms to generating functions involving the Bessel functions and other special
functions, some new results can be obtanied. In order to evaluate the effects of the
results under the Nörlund sum, new formulas and relations are derived. In addition
the help of these results, we present infinite series involving generalized Bernoulli
polynomials arising in generating functions and also interesting integral formula.

Shortly state that this paper focuses on the interaction among special functions,
Bernoulli polynomials, the analytical frameworks provided by the Laplace and in-
verse Laplace transforms, Bessel functions, and the Nörlund sum. By utilizing
these, we explore new identities.

The sets of natural numbers, integers, real numbers, and complex numbers are
denoted by N, Z, Q, R, and C respectively, and N0 = N∪{0}.

The Nörlund principal solution formula is defined by:

F (x;w) =
x

S
a
T (z)∆

w
z,

or

x

S
a
T (z)∆

w
z =

∞∫
a

T (t)dt− w
∞∑
j=0

T (x+ jw) (1.1)

where
x

S
a
T (z)∆

w
z is so-called summing T (z) from a to x and w is called span of the

sum (cf. [8],[10], [16], [18], [19]).
We now give some generating functions for certain family of special numbers and

polynomials with notations. They will serve as a main tool for our results in the
next sections.

Let k ∈ N0. The Stirling numbers of the first kind is defined by

(log (1 + t))
k

k!
=

∞∑
n=0

S1 (n, k)
tn

n!
, (1.2)

or

x(k) = x (x− 1) . . . (x− k + 1) =

k∑
j=0

S1(k, j)xj , (1.3)

where x 6= 0 and x(0) = 1 (cf. [4], [13], [15], [17]).
Suppose that s = x+ iy with x and y are real numbers and x > 0 and also f is

a real- or complex-valued function with variable t. Then the Laplace transform of
f(t), denoted by L{f(t)}, is given by

L{f(t)} =

∞∫
0

e−stf(t)dt (1.4)

(cf. [2], [7], [14], [18]).



12 ELIF SUKRUOGLU

The following special functions are defined to give the generating function for
generalized Bernoulli polynomials (Bn,α(x)):

gα(z) =
Γ (α+ 1) Jα(z)2α

zα
, (1.5)

where

Jα(z) =

∞∑
k=0

(−1)kz2k+α

Γ (k + 1) Γ (α+ k + 1) 22k+α
(1.6)

is the Bessel function of the first kind of order α and Γ (z) is the gamma function.
The zeros jk = jk(α), k = ±1,±2, ... are ordered such that j−k = −jk, and 0 ≤
|j1| ≤ |j2| . . .. Assume that α > −1. The function Jα(z)

zα is an even entire function
of exponential type one (cf. [5], [6], [20]).

The generalized Bernoulli polynomials (Bn,α(x)) are defined by the generating
function:

e(x−
1
2 )z

gα
(
iz
2

) =

∞∑
n=0

Bn,α(x)
zn

n!
, (1.7)

where Bn,α(x) are rational functions of α, and |z| < 2 |j1| (cf. [5], [6]).
A brief summary of the sections of the paper is as follows:
In Section 2, we give some applications of the Laplace and inverse Laplace trans-

forms under the Nörlund sum. Furthermore, we give novel identities and inequali-
ties for the Nörlund sum involving Laplace numbers. In addition, we use these new
identities to establish the relationship between the Bessel function.

In Section 3, we derive the relation between the Nörlund sum and the infinite
series containing generalized polynomials. We also obtain novel formulas using the
integral formula of these relations.

In Section 4, by giving some explanations and observations for inequalities related
to the Nörlund sum, we shed a different light to the reader. We give an open
problem.

In Section 5, we give a conclusion section.

2. Applications of Laplace and inverse Laplace transform to
equation (2.1) under the Nörlund sum

In this section, we give some applications of the Laplace and inverse Laplace
transform to equation (2.1) under the Nörlund sum. We also give novel identities
for the Nörlund sum involving the Laplace numbers. We establish the relationship
between these formulas and the Bessel function. Then we derive new formulas using
the Laplace and the inverse Laplace transforms of these relations.

Substituting

T (z) =

(
λ

b

)z
L{f(z)} ,
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where L{f(z)} denotes the Laplace transform of f(z), b, λ ∈ R+, into equation
(1.1), the following theorem is proven. In [18], we proved the following novel unifi-
cation formula for the Nörlund sum:

x

S
a

(
λ

b

)z
L{f(z)}∆

w
z (2.1)

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
L−1 {f(z)} du,

where
x

S
a

denotes the Nörlund sum, f(t) = L−1 {f(z)} denotes inverse Laplace

transform, and H (t, x;α, k, b, w) denotes generating function for the Apostol-type
polynomials, see more detailed proofs in [18].

The function H (t, x;α, k, b, w) is given as follows:

H(t, x;α, k, b, w) =
tketx

2k−1 (αwet − bw)
=

∞∑
n=0

yn(x;α, k, b, w)

n!
tn, (2.2)

where k ∈ N0; a, b ∈ R+;α ∈ C (cf. [11, 17]).
The polynomials yn(x;α, k, b, w) contain many kind of special polynomials and

numbers. We now give some special of these polynomials as follows.
Putting α = w = 1 in (2.2), the polynomials yn(x; 1, k, b, 1) give us the unification

of the Bernoulli, Euler and Genocchi polynomials (cf. [9]).
Substituting k = b = w = 1 into (2.2), the polynomials yn(x;α, 1, 1, 1) give us

the Apostol-Bernoulli polynomials (cf. [1]).

Theorem 2.1. Let b, λ ∈ R+ and z > 0. Then we have

x

S
a

(
λ

b

)z
Γ (α+ 1) 2α(
s+

√
s2 − 1

4

)α∆
w
z (2.3)

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
g0

(
iu

2

)
du.

Proof. Combining equation (1.5) with equation (1.4), we get

L{gα(z))} = L
{

Γ (α+ 1) Jα(z)2α

zα

}
.

Combining the above equation with the following known formula

L
{
Jα(az)

zα

}
=
(a

2

)α 1(
s+
√
s2 + a2

)α
where Re(s) > 0 and z > 0 (cf. [2], [7]), we have

L
{
gα

(
iz

2

)}
=

(
i

2

)
Γ (α+ 1)(

s+
√
s2 − 1

4

)α (4

i

)α
. (2.4)

After some calculations, we arrive at the desired result. �
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When α = 1, equation (2.4) reduces to

L

{
J1( iz2 )

z

}
=

(
i

2

)
1(

s+
√
s2 − 1

4

) , (2.5)

where s is real variable with s > 1
2 . The expression J1

(
iz
2

)
is related to modified

Bessel functions. Using the well-known formula below,

Jv (iz) = ivIv (z) (2.6)

where Iv (z) is modified Bessel function (cf. [2], [7]).
By applying the formula given above into equation (2.5), we get

L
{
iI1( z2 )

z

}
=

(
i

2

)
1(

s+
√
s2 − 1

4

) .
After some elementary calculations, reduces to the following corollary:

Corollary 2.2. Let b, λ ∈ R+ and z > 0.

x

S
a

(
λ

b

)z
2(

s+
√
s2 − 1

4

)∆
w
z

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
g1

(
iu

2

)
du.

Theorem 2.3. Let b, λ ∈ R+ and z > 0. Then we have

x

S
a

(
λ

b

)z
1(

s− x+ 1
2

)∆
w
z (2.7)

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
e(x−

1
2 )udu.

Proof. Taking the Laplace transform of the function

f(z) = e(x−
1
2 )z,

we get

L
{
e(x−

1
2 )z
}

=
1

s− x+ 1
2

,

where Re(s) > Re(x) − 1
2 (cf. [2], [7], [14]). The desired result is achieved by

performing the necessary actions. �

Taking x = 1
2 into (2.7), the following result is obtained:

Corollary 2.4. The following relation holds true:

x

S
a

(
λ

b

)z
1(

s− 1
2

)∆
w
z

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
e−

u
2 du.
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3. Infinite series representation and integral formula involving the
generalized polynomials under the Nörlund sum

In this section, by applying the Laplace transform to the equation (1.7), we
derive infinite series representation and integral formula involving the generalized
polynomials under the Nörlund sum.

Theorem 3.1. Let b, λ ∈ R. Then we have

x

S
a

∞∑
n=0

(
λ

b

)z
1

sn+1
Bn,α(x)∆

w
z

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

)x H (−uw, xw ;λw, k, b, w
)

(−u)k

)
e(x−

1
2 )u

gα
(
iu
2

) du.
Proof. Applying the Laplace transform to the right-hand side of equation (1.7) with
respect to z, we have

L

{
e(x−

1
2 )z

gα
(
iz
2

) } = L

{ ∞∑
n=0

Bn,α(x)
zn

n!

}
. (3.1)

Using the following known formula:

L
{
tn

n!

}
=

1

sn+1
,

(cf. [2], [7], [14]), we get

∞∑
n=0

Bn,α(x)L
{
zn

n!

}
=

∞∑
n=0

Bn,α(x)
1

sn+1
.

Substituting the above equation into left-hand side of the equation (2.1), after
some calculations, we arrive at the desired result. �

Putting α = 0 and x = 1
2 in equation (1.7), and combining the final result with

following formulas

1

J0
(
iz
2

) =

∞∑
n=0

Bn,0

(
1

2

)
zn

n!
,

where J0(z) is the zeroth-order Bessel function.
Using (2.6),

J0

(
iz

2

)
= I0(z),

and

L
{

1

I0(z)

}
=

∞∑
n=0

Bn,0

(
1

2

)
1

sn+1
,

we get the following corollary:
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Corollary 3.2.

1
2

S
a

∞∑
n=0

(
λ

b

)z
1

sn+1
Bn,0

(
1

2

)
∆
w
z

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

) 1
2 H

(
−uw, 1

2w ;λw, k, b, w
)

(−u)k

)
1

g0
(
iu
2

)du.
By using equation (3.1), we also get

L

{
e−

1
2 z

gα
(
iz
2

)} =

∞∑
n=0

Bn,α(x)

∞∫
0

e−xz
zn

n!
dz.

Since

∞∫
0

e−xz
zn

n!
dz =

1

xn+1
,

we get the following result:

Lemma 3.3.

L

{
e−

1
2 z

gα
(
iz
2

)} =

∞∑
n=0

Bn,α(x)
1

xn+1
. (3.2)

By substituting (2.1) we get the following lemma:

Lemma 3.4.

x

S
a

∞∑
n=0

(
λ

b

)z
Bn,α(x)

1

xn+1
∆
w
z (3.3)

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) +
(w

2

)1−k (λ
b

) 1
2 H

(
−uw, 1

2w ;λw, k, b, w
)

(−u)k

)
e−

1
2u

gα
(
iu
2

)du.
By substituting b = e in to the equation (3.3), we get the following formula:

x

S
a

∞∑
n=0

(
λ

e

)z
Bn,α(x)

1

xn+1
∆
w
z

=

∞∫
0

(
e−au+a ln(λ)

u− ln(λ)
+
(w

2

)1−k (λ
e

) 1
2 H

(
−uw, 1

2w ;λw, k, e, w
)

(−u)k

)
e−

1
2u

gα
(
iu
2

)du.
By using the above lemma, we can prove the following theorem, which gives us a
new integral formula.
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Theorem 3.5.
∞∫
0

e−au+a ln(λb )

u− ln
(
λ
b

) e−
1
2u

gα
(
iu
2

)du
+

∞∫
0

(w
2

)1−k (λ
b

) 1
2 H

(
−uw, 1

2w ;λw, k, b, w
)

(−u)k
e−

1
2u

gα
(
iu
2

)du
=

(
ea ln(λb )

ln
(
b
λ

) +
wbw−xλxe−αx

λw − bw

) ∞∑
n=0

1

xn+1
Bn,α(x).

Proof. In [18], we gave the following formula

x

S
a

(
λ

b

)z
e−αz∆

w
z =

e−(α−a ln(λb ))

α− ln
(
λ
b

) +
wbw−xλxe−αx

λwe−wα − bw
.

Substituting α = 0 into the above equation, we get

x

S
a

(
λ

b

)z
∆
w
z =

ea ln(λb )

− ln
(
λ
b

) +
wbw−xλx

λw − bw
.

Combining the above equation with the equation (3.3), we obtain

∞∑
n=0

1

xn+1
Bn,α(x)

(
ea ln(λb )

− ln
(
λ
b

) +
wbw−xλx

λw − bw

)

=

∞∫
0

(
e−au+a ln(λb )

u− ln
(
λ
b

) ) e−
1
2u

gα
(
iu
2

)du
+

∞∫
0

((w
2

)1−k (λ
b

) 1
2 H

(
−uw, 1

2w ;λw, k, b, w
)

(−u)k

)
e−

1
2u

gα
(
iu
2

)du.
After some calculations in the above equation, we arrive at the desired result. �

4. Further Remarks and Observations

By applying the symmetric quantum derivative on the Hahn Quantum varia-
tional calculus and the Quantum calculus to the forward and backward Nörlund
sums, it maybe possible to investigate inequalites for the Nörlund sum involv-
ing forward integral and also the Hölder inequality, the Minkowski inequality, the
Cauchy-Schwarz inequality, and others by the same method of Brito da Cruz et al
[3].

Open problem: Is it possible to give a relation between the Nörlund sum and the
Nörlund means?

Due to the above problem, it is possible to study approximation properties of
the Nörlund sum via its means. Therefore, in the theory of the Nörlund sum there
are important inequalities and integral representations. These applications address
boundlessness of maximal operators, convergence in terms of the related norm with
the comparisons by the Nörlund means and other summability or averaging meth-
ods, for detail see [12].
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Using the inequalities obtained by combining the Nörlund sum and the Nörlund
means, new inequalities involving Bernoulli polynomials and other special polyno-
mials may be derived. Since, the Hurwitz zeta function interpolates the Bernoulli
polynomials at negative integers, obtained new inequalities related to these func-
tions may also be obtained.

5. Conclusion

For integrable function T (t), the motivation of this paper is to apply the following
Nörlund principal solution formula

x

S
a
T (z)∆

w
z + w

∞∑
j=0

T (x+ jw) =

∞∫
a

T (t)dt

to special functions involving generating functions for the Bernoulli polynomials, the
modified Bessel function, and Bessel function, and the Nörlund sum. We gave some
applications of the (inverse) Laplace transforms to the generating functions for the
Bernoulli polynomials, the modified Bessel function, and Bessel function. With the
aid of these applications, we gave infinite series representation for the generalized
Bernoulli polynomials. Some new relationship between the Bessel function and
the Nörlund sum was proved. Finally, we gave some novel identities by comparing
specific values to the Bessel function and modified Bessel functions with the help
of their Laplace transforms by its inverse. Due to the above results of the Laplace
transform and inverse Laplace transform, we presented the relationship among the
Bernoulli type polynomials, the modified Bessel function, and the Nörlund sum of
the Bessel function.

In Further Remarks and Observations section, we give further comments and
inference on the symmetric quantum derivative on the Hahn Quantum variational
calculus, the Quantum calculus related to the forward and backward Nörlund sums
and also inequalites for the Nörlund sum, forward integral. We also gave an open
problem.

In order for the results of this paper to have the potential to constitute a resource
for those studying special functions and their inequalities, our future work is to
reach new approximation formulas by applying the Nörlund sum to other special
functions and their inequalities.
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