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REFINED STIRLING-TYPE FORMULAS EXPRESSED
THROUGH THE DIGAMMA AND TRIGAMMA FUNCTIONS

CRISTINEL MORTICI, MANSOUR MAHMOUD, HANAN ALMUASHI

ABSTRACT. The aim of this paper is to establish new Stirling-type approxi-
mation formulas in terms of the digamma and trigamma functions. Our new
formulas offer approximations of order n=2
Stirling approximation of order n—1. Finally, some inequalities are given.

, more accurate than the classical

1. INTRODUCTION

Undoubtedly, one of the best-known and most widely used formulas for approx-
imating the factorial function is the following [I]:

nl~ o, :=n"e "V2mn, n— oo, (1.1)
now known as Stirling’s formula. The Scottish mathematician James Stirling
(1692-1770) formally presented this formula in his 1730 treatise Methodus Dif-
ferentialis, where he explored the summation and interpolation of certain infinite
series. Although commonly attributed to Stirling, the earliest form of this approxi-
mation was actually introduced by the French mathematician Abraham de Moivre
(1667-1754) in the early 18th century. De Moivre’s version, however, lacked the
precision and generality that Stirling later achieved.

Since its discovery, Stirling’s formula has been continuously improved, but only a
few refinements have preserved its initial simple form. It seems that this simplicity
was one of the main reasons why the formula has endured for so long. There are
some known refinements and inequalities of Stirlings formula, such as Burnsides
formula and Gospers approximation, and several other refinements of it were given,
e.g., in [2]-[I0].

Several refined approximations for the Gamma function, expressed in terms of
the digamma function and its derivatives, have been introduced in the literature.
Some examples include:
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In 1959, Gautschi [I1] derived the inequality

Pl Dt L'”) <nl, neN; 0<s<1
n.

In 1983, building on Gautschi’s inequality, Kershaw [12] introduced the inequality

exp ((1—5) ¢ (z +/5)) < m<exp((ls)w<x+s—;1>),

>0 0<s<1.

In 2002, Qi [13] derived the following inequality:
T < T(x) <™ 2>0.
In 2007, Alzer and Batir presented [14]

exp <_;¢(x +1/3) - x) <) o (—¢(x) - x) L x>0

For those seeking more detailed information, see references [I5]-[19].

We now present the following new formulas in terms of the digamma function :

D(n+ 1)~ \/2re (n+ 1/3) en¥ =1,
T(n+ 1) ~ V/2reb(n+2/3) (ﬁ)" ,

€

and

as well as the following formula:
21 n\"
r Dy —m——— (—) ,
AN~ T2/ e

in terms of the trigamma function ¢’. These formulas are more accurate than
Stirling’s formula.

2. PRELIMINARIES

The Euler gamma function:
[(x+1)= / tYe”tdt, x>0
0

is the natural extension of the factorial function n! from integers n =1,2,3,... to
all real numbers x > 0. We have:

F(n+1)=nl, n=1,23,....

This integral representation, introduced by the Swiss mathematician Leonhard Eu-
ler (1707-1783), not only extended the factorial function but also revealed deep
connections with complex analysis, probability theory, and special functions.

The logarithmic derivative of the gamma function:

()

= (InT(z)) =

v(e) = (nT(@) =

is called the digamma function. It admits the following expansion:

1 << By
~ 1 _— = _—
¥(@) ~Inz 2z Pt 2kax2k’

as r — 00,
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where B; are the Bernoulli numbers. For further details, see [I]. The first terms
are:

1 1 1 1
~lnz— — — _ o 2.1
V@)~ = o= ot ot~ 25aes (2.1)

The trigamma function v¢’(z), i.e., the derivative of the digamma function, ad-
mits the following asymptotic series as x — oco:

oo

Bay,
/
P (x) ~ Z 22k
k=0
The first terms are:
1 1 1 1 1

1
M)~ = — = — _ o 2.2
V@)~ ot set em 30 T 3000 T (2.2)

The tetragamma function ¢”(x), i.e., the derivative of the trigamma function,
admits the following asymptotic series as x — oo:

" S (k + 1)Bk
Vi)~ =Y e
k=0
The first terms are:
1 1 1 1 1
—_—t — = — + ... 2.3
2 23 2zt 628 628 + (2:3)
Alzer [2, Theorem 8] proved that for all n > 1, the functions:
2n

ng
Fo(z) =InT(z) — (z—1/2)lnz+2—1/2In27 — ; 2j(2j — a2 1’
and
2n+1

=—Inl —1/2)Inz — 1/2In2 _
Gn(2) nl(z)+ (z—1/2)lnx —x+1/21n 7T—‘r; 272 — )21

are completely monotonic on (0, c0), that is,
(-1)*FEP(z) >0 and  (-1)°G¥(z) >0, 5=0,1,2,3,...

These inequalities show that by truncating the asymptotic series of the polygamma
functions, alternating lower and upper approximations are obtained. In particular,
we will use the truncations of the series 7 associated with the digamma,
trigamma, and tetragamma functions, respectively.

Usually, to an approximation formula of the form

fn)=g(n), asn— oo (2.4)

()

(in the sense that lim,,_, PIC)

= 1), we associate the sequence

wp, = In M, n>1,
g(n)
and we say that the approximation is better when w,, converges to zero more
rapidly. If w, converges to zero as n~", then we say that the approximation
is of order n=*.

The Stirling approximation (1.1]) is of order n~!, since the associated sequence
I'(n+1)
V2mn (%)n

Wiy =1In
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admits the following representation:

wi, = InT'(n+1)—1/2In(27n) —nlon+n
1 1 1 1
- 12n_360n3+1260n5+0<n7>’ e
See, e.g., [1], where the following series is presented:
= By,
InT(n+1)~(n+1/2)lnn—n+ 1/21n27r+kZ::1 T2k — 2T n — oo.
Thus,
1 1
InT(n+1)~(n+1/2)lnn —n+1/2In27 + T~ 36003
1 1
+ 126005 163007 +..., m— o0 (2.5)

3. NEW FORMULAS IN TERMS OF THE DIGAMMA FUNCTION

We can see from that for large values of x, we have ¢(z) = Inx. Thus,
z ~ e¥®) as  — oo. This leads us to replace some occurrences of n by ¥ in
Stirling’s formula to obtain new approximation formulas. Moreover, our formulas
are more accurate than Stirling’s formula and still retain a simple form.

Theorem 3.1. The following approximation formula:

C(n+1)~ p, :=2me(n+1/3) "MD" pn o0 (3.1)
is of order n=2 (and consequently more accurate than Stirling’s formula,).
Proof. The associated sequence to the formula is the following:
I'(n+1)
T fare(n 1 1/3) en(b(m—1)
= InT(n+1)—1/2In(2we) — 1/2In(n + 1/3) — np(n) + n.
By using the asymptotic series and 7 we obtain:
1 7 1 1
“Wan = 369 J06m3 T oasnd | O (n5> ‘
We deduce that )
nhﬂngo nzwgm =35 #0,
SO wa,,, converges to zero as n~2. The conclusion follows. U

The following table shows the superiority of our new formula (3.1)) over Stirling’s
approximation:

Another way to replace n by e¥(™ leads us to the following result:

n In L2 tD) In L24D
10 [ 8.3306 x 107 | 2.6060 % 102
50 | 1.6666 x 107 | 1.0973 x 107
100 | 8.3333 x 10~ | 2.7605 x 10~
250 | 3.3333 x 10~ % | 4.4334 x 107
1000 | 8.3333 x 107 | 2.776 x 10~ ®
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Theorem 3.2. The following approximation formula:

[(n+1)~ 71, := V2re¥(n+2/3) (E) (3.2)

e
is of order n=2 (and consequently more accurate than Stirling’s formula,).
Proof. The associated sequence to the formula is the following:
N P(n+1)
Varerw I (2)”
= InT'(n+1)—-1/2In(27) — 1/2In¢(n+2/3) —nlnn + n.
By using the asymptotic series and , we obtain:
1 11 1 13 1

“an = =502 ¥ 350005 T Gasnt | asont T C (nﬁ‘> '

We deduce that

w3 n =

1
. 2
lim n ws, = —== #0,
SO ws,p, converges to zero as n~2. The conclusion follows. O

The following table shows the superiority of our new formula (3.2)) over Stirling’s
approximation:

" 1p LD ~ Iy LD
10 | 8.3306 x 107 | 1.3531 x 102
50 | 1.6666 x 10~ | 5.5281 x 10~
100 | 8.3333 x 102 | 1.3855 x 10~ ©
250 | 3.3333 x 10 % | 2.22 x 107
1000 | 8.3333 x 107 | 1.3885 x 10~ °

4. A FORMULA IN TERMS OF THE TRIGAMMA FUNCTION

We can see from that for large values of x, we have ¢/(x) ~ 1/x. Thus,
x & 1/¢'(z) as x — oo. This leads us to replace some occurrences of n by 1/¢'(n)
in Stirling’s formula, which yields the following approximation formula in Theorem
3. Moreover, this new formula is more accurate than Stirling’s formula while still
retaining a simple form.

Theorem 4.1. The following approximation formula:

2w n\m"
T(n+1)~0, = m(z) (4.1)

is of order n=2 (and consequently more accurate than Stirling’s formula,).

Proof. The associated sequence to the formula (4.1)) is the following:
r 1
Wa.n — In (n * )

7 V e (2)"

= Inl(n+1)—1/2In(27) +1/2In¢'(n +2/3) — nlnn + n.




6 C. MORTICI, M. MAHMOUD, H. ALMUASHI

By using the asymptotic series (2.5) and (2.2)), we obtain:

Wap = — + 07 + 191 +0
LT T 4402 T 648003 | 51840n4
‘We deduce that
5
. 2 _ 9
Jim nwy, = 114 # 0,

S0 Wy, converges to zero as n~2. The conclusion follows.

]

The following table shows the superiority of our new formula (4.1]) over Stirling’s

approximation:
n I L(n 1) “n %
10 [ 8.3306 x 107 | 3.3601 x 10 2
50 | 1.6666 x 10=3 | 1.3805 x 1079
100 | 8.3333 x 107% [ 3.4618 x 10~ ©
250 | 3.3333 x 10~% | 5.5489 x 10~ 7
1000 | 8.3333 x 107 ° | 3.4712 x 108

5. SOME INEQUALITIES

Now we present some inequalities for the Gamma function with sharp constants.
The choice of constants is essential for the precision of an inequality. An inequality
is sharp with respect to these constants if the bound cannot be improved without
altering them. Determining such optimal constants ensures the inequality provides
the most accurate estimate and truly reflects the behavior of the function.

Theorem 5.1. The following inequality holds true for all x > 0
a-/2me (z +1/3)e*P@"D < D(z +1) < 8- /2me (z + 1/3)e* W@ 1),
where the constants o« =1 and § = g’—; ~ 1.13925 are sharp.

Proof. We define the function
I(z+1)

V2me (z + 1/3)ex@(@-1)’

F(z)=In

and observe that
F(z)=InT(zx+1)—1/2In(2me) — 1/2In (z 4+ 1/3) — z¢(z) + =.
Differentiating yields

622 + bx + 2
623 + 222

Fllz)=a ( w’(@) .

The psi function has the integral representation [I]:

W(z) = /Ooo <et e >dt, 2> 0 (5.1)

t 1—et
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and hence the function

622 4 5z + 2 1 2 4+3e7F —3e3 el —1
= ! - = _ 7wtdt
/(@) vi@) 6x3 + 222 /0 2 — 2¢t ¢
oo [ X 3(—1)" — 3(27 3n) ¢n —xt
_ / S BEDTESE IV T g, ws
o | n!3n 2(et —1)

where the inequality 3(—1)"—3-2"+3" > 0 holds for all n > 4, which can be proved
by induction. Therefore, F' is strictly decreasing with F'(co) = limg_,oo F(z) =0

and F(0) = lim,_,0 F(z) = Iny/3¢. This implies

3
1 =exp F(00) < exp F(z) < exp F(0) = ;.
T

Theorem 5.2. The following inequality holds true for all x > 0:
§ -V 2me¥(@+2/3) ( ) <T(z+1) <a-V2ret@+2/3) (E)z ,
e

where the constants

1 w(2/3)
0= e 2 =x=0.771189, and a=1,
V2T
are sharp.
Proof. Define
r 1
G(a) = e+ 1)

n b
V2mey(@+2/3) (L )I

then using the formula (5.1)) and its derivatives, we have

1
G () :fln:z:+1/)(:r+1)f§z/}'(:r+2/3)
0 t/342 _ 9t
:/ et + 2t —2e" +2 -
2t — 2e't
2 —32- n(n _ 1) )tn e~ Tt
dt >0 0
/ n! 2t(et — 1) > =2
where the inequality 2—32‘”(71— 1)n > 0 holds for all n > 4, which can be proved by
w(2/3)
induction. Thus, G(x) is strictly increasing with G(co) = 0 and G(0) =1n < T
This implies
1 $(2/3)
e 2 =expG(0) <expG(z) < expG(o0) = 1.
v PG(0) < expGile) < expG(o0)
O

Theorem 5.3. The following inequality holds true for all x > 1:

orzm () <tervsa o (5)

P'(2/3)— %

where the constants o =1 and A = ¢ o

~ 0.978 are sharp.
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Proof. Define

and note that
1 1
J(z)=Inl(z+1)— 51n(27r) + ilnw’(:x +2/3) —zlnz +z.

Then
J'(z) =(z) —Inx + % + ;/}z/)’((xx—:—z//?;)))

Using the inequalities [2]:

11)(:E)>1nx7i !

1 1 1
!
2¢ 1222’ ¥

<224 — +—
(z) <x+2x2 63

we obtain

1 1 1
1 _ 1 _ 1
(z+2/3)2 (z+2/3)3 2(z+2/3)%4

2 (m+12/3 + sgreEe + 6(z+12/3)3)
(3z — 1)(15z + 34)
1222(3x + 2)(1822 + 33z + 17)

>0, z>1.

Hence J(x) is strictly increasing with J(oo) = 0 and

e2

J(1)=1/2In (u/ (2/3) — Z) +1/2In <27r) = —0.021913.

This gives

/ _9
1“2/2* = exp J(1) < exp J(z) < expJ(00) = 1.

6. CONCLUSIONS

R

The gamma function finds diverse applications across many practical domains,
including finance and economics (such as in option pricing), as well as in biomedical
sciences for modeling phenomena like disease transmission. In such areas, precise
and efficient approximation formulas play a vital role. The central results of this
work are summarized in Theorems , , and . Specifically, we have
proposed refined versions of Stirling’s approximation involving the Digamma and
Trigamma functions, offering greater accuracy than the classical form. Moreover,
these developments have led to the derivation of certain symmetric inequalities for
I'(z) Theorems , , and . It is hoped that the techniques presented here

will inspire further research in constructing approximation formulas of comparable

accuracy, while maintaining structural simplicity.
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