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A ¢-SUPERCONGRUENCE ARISING FROM LEHMER-EULER
NUMBERS

WEI-WEI QI

ABSTRACT. In 1935, Lehmer defined certain generalization of Euler numbers,
as a natural generalization of Bernoulli and Euler numbers. In this paper,
we set a new polynomial related to the higher-order generalized Lehmer-Euler
numbers and determine its a g-supercongruence.

1. INTRODUCTION

For positive integer r and «, the generalized Lehmer-Euler numbers of order «,
which is denoted by W% is defined by

> " r “ = ¢
W}?L)* = <T> = ( ) )
];) ™ opl ij(l) eCit ; (rl)!

where ¢ = (, is the primitive rth root of unity. Whenr =3 and a =1, W, = Wl(sz
is the original Lehmer-Euler numbers, which was introduced and investigated by
D. H. Lehmer [I] in 1935. Komatsu and Liu [2] showed that

n T
@ _ N~ (atk-1\ atn) 1, K =
v = ()G Y (S
k=0 i1Higt-Fip=k Jj=1
11,82,..,59 20

If r = 2, we will get an expression of the Euler number of higher-order [3]:

G [

k=0 =0 M

For more details results involving Lehmer-Euler numbers, the readers may refer to
[, [5], [6] and so on.
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The g-binomial coefficients are defined as

(6D if0<k<n,

m - [”L —{ (G0 (D), (1.1)

0 otherwise,

where g-shifted factorial (g-Pochhammer symbol) is defined (a;q), = (1 —a)(1 —

aq)...(1 —aqg"'). Throughout the paper, the g-integer [n], is defined by [n] =
[n]y = 111'1; =(1+q+--+q"1). The nth cyclotomic polynomial is given by
u(q)= [[ (@—¢),
1<k<n

(n,k)=1

where ¢ denotes a primitive nth root of unity.

For polynomials A(q), B(q), C(q) € Z[q], the g-congruence A(q)/B(q) = 0
(mod C(q)) is understood as A(q) is divisible by C(¢) and B(q) is coprime with
C(q). In general,

A(g) = B(g) (mod C(q)) <= A(g)—B(g)=0 (mod C(q)).
In 2007, Pan [19, Theorem 1.1 and Lemma 2.4] proved that

(p—1)/2 - e
Z ﬁ +20Q,5(2,9) — Qp(2,9)%p) = (Qp(Q,q)(l —q)+ (pl)g(lq)) ] (mod [p]2),
and
p—1 (—l)j (p—1)/2 1 (p . 1)(1 - (Z) (p2 _ 1)(1 . Q)2 ,
G Y g bl (wed )

where p is prime and the g-Fermat quotient is defined by

(" 0" )n-1/(¢;Q)n—1—1
[n] '

Qn(ma Q) -

The Apéry numbers are given by
"+ k\? /n)> " n+k\?/n
A, = Al = .
()0 ) ()

In 2012, Guo and Zeng[7, (1.9)] established the following congruence to show two
supercongruences involving the Apéry number

n—1

Z(nzk>2<nkl>2—0 (mod n). (1.2)

k=0
They also conjectured a g-analogue of (1.2 as follows:

n—1

3 g [“ N ’“} 2 [“ . 1} oV (mod ). (L3)

k=0
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In 2020, Gu and Guo[8, Theorem 1.3] gave a positive answer to ([1.3)) by establishing
the following more general result:

"z_:l (k2 [n+k 2 —112
q k k

k=0

q[n] (mod ®,(q)?).

In 2021, Guo, Schlosser and Zudilin [9, Conjecture 1] conjectured that

n—1 2 2
qu(nfk)%r(rfl)k [n + k} " {n - 1} "
— k k
— (r—1)n+1 _ T(QT — 1)(” B 1)QQ(1 B Q)Q
=q [n] 1
where r is positive integer, which were confirmed by Liu and Jiang[I0, Theorem
1.2].

In the past few years, congruences involving g-binomial coefficients are an in-
teresting project, which attracted many authors’ attention. For more studies on
g-congruences, one may consult [§], [I0] —[19] and so on.

Inspired by the above, referring to the higher-order generalized Lehmer-Euler
numbers, we set a polynomial M («) by M (a) = > 7_, (O‘ﬂ:*l) (¢*7), where «
and n are positive integer. In this paper, we mainly show a g-supercongruence of
M («) and investigate some corollaries.

(1.4)

[n)° (mod [n]®,(q)°).

Theorem 1.1. Let n be a positive odd integer and « be a positive even integer with
a<n. Then

ni(k;rl) at+k—-1] [a+n—-1
1 ko] ln-1-k],

k=0
“In]l — o 2 (=1)F
=2pil - )+ 2EL oo, 2 Y S mod 0,07,
! (1.5)
Furthermore, we have
n_lj I\ e a+k—-1] [a+n—-1
jz::oq kz_oq( ’ )[ 2 L[n—l—kL
R (et L A1) 2]l 5~ (0t >
=-- =3 Q20— =2 kX:jl - (med 2.(2)).
(1.6)
Recall that the Euler numbers {E,,} is given by
2 > " s " (2n
v n by (<) X <2k:)E =0
In view of [21, Lemma 2.2](or [20]):
Let m,n € N, we have
> (—1)kEm = <_21)n (Em(n+1) 4+ (=1)"E,(0)). (1.7)

k=1
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Therefore, by Fermat’s little theorem and (1.7, we deduce that

S O g, @t )+ (0B a(0) (modp).  (18)
k=1

Letting n = p, ¢ — 1 in (1.5)) and (|1.6)), then combining (1.8]), we immediately
obtain the following congruences.

Corollary 1.2. For prime p and positive even integer a. Then

:_1 (a +k— 1) (ij:;) =—1—2pg,(2) —p(Ep_2(0) — E,_o2(a)) (mod p?),
=0

and

L fatk—1 a+p—1\
]ZkZ:jo ( > (p 1 k) = —a —2apgy(2) — ap (Ep-a(a+1) + E,2(0))  (mod p),

where gp(2) = 2:%1 is Fermat quotient.

We are going to prove Theorem 1.1 in the next section. As an application, we
will show a corollary of Theorem 1.1 in the section 3.

2. PROOF OF THEOREM 1.1

In order to achieve the proof Theorem 1.1, we need the following two g-harmonic
series congruences. For odd integer n,

n—1
Z: k =2 Z 1— q2k - Tl (mOd (I)n(Q))y (21)
and
S 1 Qg
= 1y (mod®alg) (2.2)
k=1

In view of [I9, Lemma 2.4] and [19] Theorem 1.1}, (2.1) and (2.2) can be easily
proved by the same method as them. In fact, (2.1) and (2.2) are the weaker ver-
sions of [19, Lemma 2.4] and [19, Theorem 1.1}, respectively.

Using (2.1) and (2.2)), we obtain

e e DAY A= O DL O DN Ca DL
> T = (D) < =it X 1_qk_zl_qk>

k=1

N (—1)F2Q,(2,9) 1 n—1 1
_zzl_qk_ o 1@ 2 "1 g (mod ®,,(q)).
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For k # n — a, we have
[aw—l] (g (). (1 g h)
q

a+k (1=q). . (L =gh) (2.4)
e DR : |
=(1-g¢q )(1 — qa+k)[a+lkc—1] (mod @y (q)")-
By (2.4)), we get
n-l 1y oo + K —1 a+n—1 n—at1y i —1 n+a-—1
ZQ(Z)[ k } [n—l—k} 7q( ’ )[n—a} { a—1 }
k=1 a e ! (@25)
_ n = (_1>k b 2
:(1—(] )k=1m+1 (mOd n(Q) )

Furthermore, by the properties of the g-binomial coefficients, we deduce

[n+a—1}:[n—1]w

a=1 |7 [n—al i — g

= 1 vt (1 -y fjﬁ) (mod ,()%),

- (2.6)
and
n=1] IS 0= o) (1 ] . ,
LV— J (@ 0)a-1 =0 <1 (1-¢ ); 1_qi> (mod ,,(q)%),
(2.7)

where we used the fact that 1 —¢™ =0 (mod ®,(q)).
Whence, combining (2.6 and (2.7) gives

[n - 1] [M “ 1} =g a-11-¢)-q ) (mod @.()). (28)

a—1 «a
Since for any integer ¢,
¢"=1-(1-q")
=1-(1=g")(1+¢"+¢" +---+4"7")

(2.9)
=1-t(1—q")+ w (mod ®,,(q)%).
It follows that
QL2112 0 ) (mod @,(0)%). (2.10)

2
Substituting (2.3)), (2.8) and (2.10]) into (2.5)), then simplifying we get

”z*:lq(k;l) {oﬁ-k—l] {a—%—n—l] = ofn](1 — )+ MG¢" = 1) o]

P k Jn—1-kK [a]
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Noting that

Ti:l(ky) a+k—-1|la+n-1 s (54 a+k—1 a+n—1 n a+n—1
¢ k n—1—k - 1q n—1—k n—1 |

k=0
(2.12)

and

at+n—1| _n(1_qTH_OZ_l)(l_an):u mo 2
[ }_(1 ) T e = d] (mod ®,(g)%). (2.13)

Then, combining (2.11))—(2.13]), we will arrive at (|1.5)).

Let us turn to (1.6)). Similarly, we have

"i S ]
:z‘: (49 {oﬁ—k—l] [Zt?:/j (1n] - [K]) (2.14)

_ : iq(kgl) [a +k— 1} [Z ﬂ_L ?:lj [k] (mod ®,(q)?),

where we used (1.5) and the fact [0] = 0.
(2.4)

In addition, by we get

:Z:Iq(kf) {Ox +llj - 1] [Z —i— ;L:lﬂ k] — [n— o [2:;] [a +Z - 1} L5

n—1

=( Z Ol k+a —a] (2.15)
k=1
. k - (_q)k 2
(Z k+a o Z m + [n - a} (mOd (I)n(q) )
k k=1

Since n is odd and « is even, using and (2.2)) yield

e L e (s ) L o ) L IO S (o) L <t S
= - )
ol kz::I 1-¢* e (2.16)
n—1 2
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Therefore, utilizing (2.16]) we obtain

k=1 =t k=0 =
1 (&R (g =~ (—9* ¢ ¢
:qa<k=11qk_2;1qk_1 +17 )
. - «a k n a
:qa(ll—q) <(1 )2(1 Ry 22 [q”]Jr[qo‘J od el
(2.17)
By , we have
q(nigﬂ) (31 _ ia L (200 —n —1)(1 —q") (mod ‘1)7L(Q)2)~ (2.18)

2q~
With the help of and ( gives

i — o] [a +n— 1} [n - 1] q(n—;+1)

n n—«uo

= (1 + (20[ —n— 1)(1 _ qn)) [Oé] — [oz][n](oz _ 1)(1 — q) — [TL] (mod ‘I)n(q)Z)

qOé
(2.19)
Substituting (2.3), (2.17) and ([2.19) into (2.15) and simplifying, we obtain
n—1
(54 at+k—-1|n+a-1
Zq ’ P —
k=1 . (2.20)
al —[n
= ]qa” 20, 2.0 Z (mod ®, (¢)°).
=1
Finally, combining (2.14) and -, we get
n—1 J
; G at+k—-1||la+n-—-1
20> at [ k n—1—k
=0 k=0
la] —[n]  2[a][n] -
= —[n] = 2 Qu( > (mod @, (q)?),
4 4 k=1
as desired.
Now, we complete the proof of Theorem 1.1. O
3. TWO COROLLARIES
Let
"1 "1
H,=Y = and Hp(q)=) (3.1)
= J = [7]q

denote the classical harmonic number and its g-analogue.
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Corollary 3.1. Let n be a positive odd integer and « be a positive even integer
with a<n. Then modulo ®,,(¢)? we have

) fatrk—1]Ta+n—1
q + +
Siral e i
n n](1 —q)%(n? + 4n — dan + 8a? — 12a + 3)
_2(1 —q )Qn(2a Q) - ) (32)

1-(-gle-Dh 2+Ra-—n-D1-g¢") = (D

and
=G ) a+k—1|la+n-1
iN 4 + +
;Oq kz_o[k-i-a][ i }{n—l—k}
= qia +2[n]Qn(2, q) — (][ = ¢)*(n* + 4n8;a4om +8a? — 12a + 3)
1-(-g(a—-1)n] 2+@2a—n-1)(1—-¢") [a+n]
[n] 2 e
2n) (D SRR 1o ][] ,
i (Z RPN ) g Mo @ g o0
(3.3)
By Fermat’s little theorem and , we deduce that
a—1 1\k 1ya—1
S EE = p @) (o). (3.4)

k=1

Letting n = p, ¢ — 1 in ) and . then combining (1.8) and ., we

immediately obtain the followmg congruences.

Corollary 3.2. Let p be prime and a be a positive even integer. Then
p—1
1 a+k—-—1\/a+n—-1 1 9 9
—_— E. H d
kz_()k+a< k )(n_l_k) p+pp3( )+p a—1 (mop),
and
p_lz]: a+k—-1\/n+a—-1
k+ k n—1—k
7=0 k=0

«
2pqp(2) — el paE, 3(a) +pEp 2(0) — pE, s(a) + paH;_; (mod p?).

Proof of corollary 3.1. By (2.4), we get

’;iéffliﬂa*:‘l][ii?:ﬂ—W[Z:LH“Z”}

n—1 1
Zl Tt

(3.5)

(mod @, (q)Z).
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With the help of (2.2)) gives

n—1 (_1)k (n—1)/2 1
;(1_(]1@)2_ k; (1_q2k Z 1_q2k: 1)

_ 2k _ 2k
k=1 (1-q k=1 (1-q
2
zfrz%<>f” (mod @, (q))-
It follows that, under the condition of corollary 3.1, we deduce that
~_ (-1 C*(lw T _EDH N (D
S e (S S -y
_ gk+a)2 ( _ k)2 _ 4k+n)2 _ k)2
—=(l-q = (1-g")? = (1" = (14"
2Qn (2,9) 1 1 n—1
= — + — mod ®,(q)).
g ;31-@ T T T (med @)
(3.7)

where in the last step we used (3.6) .

Meanwhile, we have

[nw—qzw

a—1 (¢ 9)a—1
a—1 qk
El+(1_qn)k=1 1qu
(1—qn)? a-1 q* - a-1 el -
(3.8)
and
a1~ [P =1 _pyam1 () i (1 =" )
= I RS v
a—1 1
:I%Lwﬂgh 7
(1 - qn)Q a—1 1 - a—1 1 o
e OhJ¢> g&lqw> (mod @, (q)")
(3.9)
Utilize , we get
q(n—;ﬂ)_(g) _ (n+1-2a)(1—4q")
2 (3.10)

(n+1—2a)(n —81 —20)(1 - ¢")? (mod ®,,(q)%).
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Substituting - into and simplifying, we obtain,
i: 2 Ta+ k —1][a+n-1
Pt [k + «] n—1-—k

n)(1 = q)*(n? +4n — dan + 8a? — 12a+3)  [n]

=-2(1-¢")Qn(2,9) - g ol
1-(-gle-Dh] 2+Q@a-n-1)0-g¢") , (D"
) " 2 ] 2 e
=) (D ) (nod B(q)?).
= K] = K]
(3.11)

Furthermore, note that

Z_: X onrkfl a+n-1 7% q(k;rl) a+k—1la+n-1 [QZZII]
n—1-—k _k:1 [k + « k n—1—k (o]
(3.12)
It is easy to check that
@ = Il (mod ®,,(q)?) (3.13)
[a] [a]?
Combining (3.11)—(3.13]), we will arrive at (3.2).
Moreover, we have
n—1 i (k1
Soes e
= k=0[kz+a] k n—1-—k
_nilq 2 n+a {a—i—k—l][a—i—n—l} "lqk+1 [a—i—k—l][a—i—n—l}
= [k + o] k n—1-— — n—1—k
(3.14)
Then, substituting (1.5) and (3.2) into the right-hand sides of (3.14) and simplify-
ing, we will get (3.3). Now we complete the proof of Corollary 3.1. O
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