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A q-SUPERCONGRUENCE ARISING FROM LEHMER-EULER

NUMBERS

WEI-WEI QI

Abstract. In 1935, Lehmer defined certain generalization of Euler numbers,

as a natural generalization of Bernoulli and Euler numbers. In this paper,

we set a new polynomial related to the higher-order generalized Lehmer-Euler
numbers and determine its a q-supercongruence.

1. Introduction

For positive integer r and α, the generalized Lehmer-Euler numbers of order α,

which is denoted by W
(α)
r,n is defined by

∞∑
k=0

W (α)
r,n

tn

n!
=

(
r∑r−1

j=0 e
ζjt

)α
=

( ∞∑
l=0

trl

(rl)!

)
,

where ζ = ζr is the primitive rth root of unity. When r = 3 and α = 1, Wn = W
(1)
1,n

is the original Lehmer-Euler numbers, which was introduced and investigated by
D. H. Lehmer [1] in 1935. Komatsu and Liu [2] showed that

W (α)
r,n =

n∑
k=0

(
α+ k − 1

k

)(
α+ n

n− k

)
(−1

r
)k

∑
i1+i2+···+ir=k
i1,i2,...,ir≥0

k!

i1!i2!· · ·r!

 r∑
j=1

ζj−1ij

 .

If r = 2, we will get an expression of the Euler number of higher-order [3]:

E(α)
n =

n∑
k=0

(
α+ k − 1

k

)(
α+ n

n− k

)
(−1

2
)k

k∑
j=0

(
k

j

)
(k − 2j)n.

For more details results involving Lehmer-Euler numbers, the readers may refer to
[4], [5], [6] and so on.
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The q-binomial coefficients are defined as

[
n

k

]
=

[
n

k

]
q

=


(q; q)n

(q; q)k (q; q)n−k
if 0 6 k 6 n,

0 otherwise,

(1.1)

where q-shifted factorial (q-Pochhammer symbol) is defined (a; q)n = (1 − a)(1 −
aq) . . . (1 − aqn−1). Throughout the paper, the q-integer [n]q is defined by [n] =

[n]q = 1−qn
1−q = (1 + q + · · ·+ qn−1). The nth cyclotomic polynomial is given by

Φn(q) =
∏

1≤k≤n
(n,k)=1

(q − ζk),

where ζ denotes a primitive nth root of unity.
For polynomials A(q), B(q), C(q) ∈ Z[q], the q-congruence A(q)/B(q) ≡ 0

(mod C(q)) is understood as A(q) is divisible by C(q) and B(q) is coprime with
C(q). In general,

A(q) ≡ B(q) (mod C(q)) ⇐⇒ A(q)−B(q) ≡ 0 (mod C(q)).

In 2007, Pan [19, Theorem 1.1 and Lemma 2.4] proved that

2

(p−1)/2∑
j=1

1

[2j]
+ 2Qp(2, q)−Qp(2, q)2[p] ≡

(
Qp(2, q)(1− q) +

(p2 − 1)(1− q)2

8

)
[p] (mod [p]2q),

and

2

p−1∑
j=1

(−1)j

[j]
≡ 2

(p−1)/2∑
j=1

1

[2j]
− (p− 1)(1− q)

2
− (p2 − 1)(1− q)2

24
[p] (mod [p]2q),

where p is prime and the q-Fermat quotient is defined by

Qn(m, q) =
(qm, qm)n−1/(q; q)n−1 − 1

[n]
.

The Apéry numbers are given by

An =

n∑
k=0

(
n+ k

k

)2(
n

k

)2

, A′n =

n∑
k=0

(
n+ k

k

)2(
n

k

)
.

In 2012, Guo and Zeng[7, (1.9)] established the following congruence to show two
supercongruences involving the Apéry number

n−1∑
k=0

(
n+ k

k

)2(
n− 1

k

)2

≡ 0 (mod n). (1.2)

They also conjectured a q-analogue of (1.2) as follows:

n−1∑
k=0

q(n−k)
2

[
n+ k

k

]2[
n− 1

k

]2
≡ q(n−1)

2

[n] (mod [p]2qn/p). (1.3)
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In 2020, Gu and Guo[8, Theorem 1.3] gave a positive answer to (1.3) by establishing
the following more general result:

n−1∑
k=0

q(n−k)
2

[
n+ k

k

]2[
n− 1

k

]2
≡ q[n] (mod Φn(q)2).

In 2021, Guo, Schlosser and Zudilin [9, Conjecture 1] conjectured that

n−1∑
k=0

qr(n−k)
2+(r−1)k

[
n+ k

k

]2r[
n− 1

k

]2r
≡ q(r−1)n+1[n]− r(2r − 1)(n− 1)2q(1− q)2

4
[n]3 (mod [n]Φn(q)3).

(1.4)

where r is positive integer, which were confirmed by Liu and Jiang[10, Theorem
1.2].

In the past few years, congruences involving q-binomial coefficients are an in-
teresting project, which attracted many authors’ attention. For more studies on
q-congruences, one may consult [8], [10] –[19] and so on.

Inspired by the above, referring to the higher-order generalized Lehmer-Euler
numbers, we set a polynomial M∗n(α) by M∗n(α) =

∑n
k=0

(
α+k−1

k

)(
α+n
n−k

)
, where α

and n are positive integer. In this paper, we mainly show a q-supercongruence of
M∗n(α) and investigate some corollaries.

Theorem 1.1. Let n be a positive odd integer and α be a positive even integer with
α<n. Then
n−1∑
k=0

q(
k+1
2 )
[
α+ k − 1

k

]
q

[
α+ n− 1

n− 1− k

]
q

≡ 2[n](1− q) +
2qα[n]− [α]

[α]
− 2[n]Qn(2, q)− 2[n]

α∑
k=1

(−1)k

[k]
(mod Φn(q)2).

(1.5)

Furthermore, we have

n−1∑
j=0

qj
j∑

k=0

q(
k+1
2 )
[
α+ k − 1

k

]
q

[
α+ n− 1

n− 1− k

]
q

≡ −[n]− [α]− [n]

qα
− 2[α][n]

qα
Qn(2, q)− 2[α][n]

qα

α∑
k=1

(−q)k

[k]
(mod Φn(q)2).

(1.6)

Recall that the Euler numbers {En} is given by

2

ex + e−x
=

∞∑
n=0

En
xn

n!

(
|x|<π

2

)
,

n∑
k=0

(
2n

2k

)
E2k = 0.

In view of [21, Lemma 2.2](or [20]):
Let m,n ∈ N, we have

n∑
k=1

(−1)kkm =
(−1)n

2
(Em(n+ 1) + (−1)nEm(0)) . (1.7)



A q-SUPERCONGRUENCE ARISING FROM LEHMER-EULER NUMBERS 15

Therefore, by Fermat’s little theorem and (1.7), we deduce that

α∑
k=1

(−1)k

k
≡ (−1)α

2
(Ep−2(α+ 1) + (−1)αEp−2(0)) (mod p). (1.8)

Letting n = p, q → 1 in (1.5) and (1.6), then combining (1.8), we immediately
obtain the following congruences.

Corollary 1.2. For prime p and positive even integer α. Then

p−1∑
k=0

(
α+ k − 1

k

)(
α+ p− 1

p− 1− k

)
≡ −1− 2pqp(2)− p (Ep−2(0)− Ep−2(α)) (mod p2),

and

p−1∑
j=0

j∑
k=0

(
α+ k − 1

k

)(
α+ p− 1

p− 1− k

)
≡ −α− 2αpqp(2)− αp (Ep−2(α+ 1) + Ep−2(0)) (mod p2),

where qp(2) = 2p−1
p is Fermat quotient.

We are going to prove Theorem 1.1 in the next section. As an application, we
will show a corollary of Theorem 1.1 in the section 3.

2. Proof of Theorem 1.1

In order to achieve the proof Theorem 1.1, we need the following two q-harmonic
series congruences. For odd integer n,

n−1∑
k=1

(−1)k

1− qk
≡ 2

n−1
2∑

k=1

1

1− q2k
− n− 1

2
(mod Φn(q)), (2.1)

and

n−1
2∑

k=1

1

1− q2k
≡ −Qn(2, q)

1− q
(mod Φn(q)). (2.2)

In view of [19, Lemma 2.4] and [19, Theorem 1.1], (2.1) and (2.2) can be easily
proved by the same method as them. In fact, (2.1) and (2.2) are the weaker ver-
sions of [19, Lemma 2.4] and [19, Theorem 1.1], respectively.

Using (2.1) and (2.2), we obtain

n−1∑
k=1

(−1)k

1− qk+α
= (−1)α

(
n−1∑
k=1

(−1)k

1− qk
+

n+α−1∑
k=n

(−1)k

1− qk
−

α∑
k=1

(−1)k

1− qk

)

≡ −2

α∑
k=1

(−1)k

1− qk
− 2Qn(2, q)

(1− q)
− 1

1− qn
− n− 1

2
+

1

1− qα
(mod Φn(q)).

(2.3)
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For k 6= n− α, we have[
α+ n− 1

α+ k

]
q

=
(1− qn+α−1) . . . (1− qn) . . . (1− qn−k)

(1− q) . . . (1− qα+k)

≡ (1− qn)
(−1)kq−(k+1

2 )

(1− qα+k)
[
α+k−1

k

] (mod Φn(q)2).

(2.4)

By (2.4), we get

n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

]
q

[
α+ n− 1

n− 1− k

]
q

− q(
n−α+1

2 )
[
n− 1

n− α

]
q

[
n+ α− 1

α− 1

]
q

≡ (1− qn)

n−1∑
k=1

(−1)k

1− qk+α
+ 1 (mod Φn(q)2).

(2.5)

Furthermore, by the properties of the q-binomial coefficients, we deduce[
n+ α− 1

α− 1

]
=

[
n− 1

n− α

]∏α−1
i=1 (1− qn+i)∏α−1
i=1 (1− qn−i)

≡
[
n− 1

n− α

]
(−1)α−1q(

α
2)

(
1 + (1− qn)

α−1∑
i=1

1 + qi

1− qi

)
(mod Φn(q)2),

(2.6)

and[
n− 1

α− 1

]
=

∏α−1
i=1 (1− qn−i)

(q; q)α−1
≡ (−1)α−1q−(α2)

(
1− (1− qn)

α−1∑
i=1

1

1− qi

)
(mod Φn(q)2),

(2.7)

where we used the fact that 1− qn ≡ 0 (mod Φn(q)).
Whence, combining (2.6) and (2.7) gives[

n− 1

α− 1

][
n+ α− 1

α− 1

]
≡ q−(α2)(α− 1)(1− qn)− q−(α2) (mod Φn(q)2). (2.8)

Since for any integer t,

qtn = 1− (1− qtn)

= 1− (1− qn)(1 + qn + q2n + · · ·+ q(t−1)n)

≡ 1− t(1− qn) +
t(t− 1)(1− qn)2

2
(mod Φn(q)3).

(2.9)

It follows that

q(
n−α+1

2 )−(α2) ≡ 1 +
2α− n− 1

2
(1− qn) (mod Φn(q)2). (2.10)

Substituting (2.3), (2.8) and (2.10) into (2.5), then simplifying we get

n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

]
q

[
α+ n− 1

n− 1− k

]
q

≡ 2[n](1− q) +
[n](2qα − 1)− [α]

[α]

− 2[n]Qn(2, q)− 2[n]
α∑
k=1

(−1)k

[k]
(mod Φn(q)2),

(2.11)
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Noting that

n−1∑
k=0

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
=

n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
+

[
α+ n− 1

n− 1

]
,

(2.12)

and

[
α+ n− 1

n− 1

]
= (1− qn)

(1− qn+α−1)(1− qn+1)

(1− q) . . . (1− qα)
≡ [n]

[α]
(mod Φn(q)2). (2.13)

Then, combining (2.11)–(2.13), we will arrive at (1.5).

Let us turn to (1.6). Similarly, we have

n−1∑
j=0

qj
j∑

k=0

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]

=

n−1∑
k=0

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
([n]− [k])

≡ [n]−
n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
[k] (mod Φn(q)2),

(2.14)

where we used (1.5) and the fact [0] = 0.
In addition, by (2.4) we get

n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
[k]− [n− α]

[
n− 1

n− α

][
α+ n− 1

n

]
q(
n−α+1

2 )

≡ (1− qn)

n−1∑
k=1

(−1)k[k]

1− qk+α
+ [n− α]

= [n]

(
n−1∑
k=1

(−1)k

1− qk+α
−
n−1∑
k=1

(−q)k

1− qk+α

)
+ [n− α] (mod Φn(q)2).

(2.15)

Since n is odd and α is even, using (2.1) and (2.2) yield

n−1∑
k=1

(−q)k

1− qk
=

n−1∑
k=1

(−1)k − ((−1)k − (−q)k)

1− qk
=

n−1∑
k=1

(−1)k

1− qk
−
n−1∑
k=1

(−1)k

≡ −n− 1

2
− 2

1− q
Qn(2, q) (mod Φn(q)).

(2.16)



18 WEI-WEI QI

Therefore, utilizing (2.16) we obtain

n−1∑
k=1

(−q)k

1− qk+α
=

(−1)α

qα

(
n−1∑
k=1

(−q)k

1− qk
+ (−q)n

α−1∑
k=0

(−q)k

1− qk+n
−

α∑
k=1

(−q)k

1− qk

)

≡ 1

qα

(
n−1∑
k=1

(−q)k

1− qk
− 2

α∑
k=1

(−q)k

1− qk
− qn

1− qn
+

qn+α

1− qα

)

≡ 1

qα(1− q)

(
(1− n)(1− q)

2
− 2Qn(2, q)− 2

α∑
k=1

(−q)k

[k]
− qn

[n]
+
qα

[α]

)
(mod Φn(q)).

(2.17)

By (2.9), we have

q(
n−α+1

2 )−(α+1
2 ) ≡ 1

qα
+

(2α− n− 1)(1− qn)

2qα
(mod Φn(q)2). (2.18)

With the help of (2.8) and (2.18) gives

[n− α]

[
α+ n− 1

n

][
n− 1

n− α

]
q(
n−α+1

2 )

≡ (1 + (2α− n− 1)(1− qn))
[α]− [α][n](α− 1)(1− q)− [n]

qα
(mod Φn(q)2).

(2.19)

Substituting (2.3), (2.17) and (2.19) into (2.15) and simplifying, we obtain

n−1∑
k=1

q(
k+1
2 )
[
α+ k − 1

k

][
n+ α− 1

n− 1− k

]
[k]

≡ [α]− [n]

qα
+

2[α][n]

qα
Qn(2, q) +

2[α][n]

qα

α∑
k=1

(−q)k

[k]
(mod Φn(q)2).

(2.20)

Finally, combining (2.14) and (2.20), we get

n−1∑
j=0

qj
j∑

k=0

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]

≡ −[n]− [α]− [n]

qα
− 2[α][n]

qα
Qn(2, q)− 2[α][n]

qα

α∑
k=1

(−q)k

[k]
(mod Φn(q)2),

as desired.
Now, we complete the proof of Theorem 1.1. �

3. Two corollaries

Let

Hn =

n∑
j=1

1

j
and Hn(q) =

n∑
j=1

1

[j]q
(3.1)

denote the classical harmonic number and its q-analogue.
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Corollary 3.1. Let n be a positive odd integer and α be a positive even integer
with α<n. Then modulo Φn(q)2 we have

n−1∑
k=0

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
≡ −2(1− qn)Qn(2, q)− [n](1− q)2(n2 + 4n− 4αn+ 8α2 − 12α+ 3)

8

− 1− (1− q)(α− 1)[n]

[n]
· 2 + (2α− n− 1)(1− qn)

2
− 2[n]

α−1∑
k=1

(−1)k

[k]2

− (1− qn)Hα−1(q) + [n]Hα−1(q)2,

(3.2)

and
n−1∑
j=0

qj
j∑

k=0

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]

≡ 1

qα
+ 2[n]Qn(2, q)− [n][α](1− q)2(n2 + 4n− 4αn+ 8α2 − 12α+ 3)

8qα

− 1− (1− q)(α− 1)[n]

[n]
· 2 + (2α− n− 1)(1− qn)

2
· [α+ n]

qα

+
2[n]

qα

(
α−1∑
k=1

(−1)k

[k]
− [α]

α−1∑
k=1

(−1)k

[k]2

)
− 1− qn

qα
Hα−1(q) +

[n][α]

qα
Hα−1(q)2.

(3.3)

By Fermat’s little theorem and (1.7), we deduce that

α−1∑
k=1

(−1)k

k2
≡ (−1)α−1

2
Ep−3(α) (mod p). (3.4)

Letting n = p, q → 1 in (3.2) and (3.3), then combining (1.8) and (3.4), we
immediately obtain the following congruences.

Corollary 3.2. Let p be prime and α be a positive even integer. Then

p−1∑
k=0

1

k + α

(
α+ k − 1

k

)(
α+ n− 1

n− 1− k

)
≡ −1

p
+ pEp−3(α) + pH2

α−1 (mod p2),

and
p−1∑
j=0

j∑
k=0

1

k + α

(
α+ k − 1

k

)(
n+ α− 1

n− 1− k

)
≡ 2pqp(2)− α

p
+ pαEp−3(α) + pEp−2(0)− pEp−2(α) + pαH2

α−1 (mod p2).

Proof of corollary 3.1. By (2.4), we get

n−1∑
k=1

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
− q(

n−α+1
2 )

[n]

[
n− 1

n− α

][
α+ n− 1

n

]

≡ (1− q)2[n]

n−1∑
k=1

(−1)k

(1− qk+α)2
+

1

[n]
(mod Φn(q)2).

(3.5)
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With the help of (2.2) gives

n−1∑
k=1

(−1)k

(1− qk)2
=

(n−1)/2∑
k=1

1

(1− q2k)2
−

(n−1)/2∑
k=1

1

(1− q2k−1)2

≡
(n−1)/2∑
k=1

1

(1− q2k)2
−

(n−1)/2∑
k=1

q4k

(1− q2k)2

≡ − 2

1− q
Qn(2, q)− n− 1

2
(mod Φn(q)).

(3.6)

It follows that, under the condition of corollary 3.1, we deduce that

n−1∑
k=1

(−1)k

(1− qk+α)2
= (−1)α

(
n−1∑
k=1

(−1)k

(1− qk)2
+

α−1∑
k=1

(−1)k+n

(1− qk+n)2
−

α∑
k=1

(−1)k

(1− qk)2

)

≡ −2Qn(2, q)

1− q
− 2

α∑
k=1

(−1)k

(1− qk)2
− 1

(1− qn)2
+

1

(1− qα)2
− n− 1

2
(mod Φn(q)).

(3.7)

where in the last step we used (3.6) .
Meanwhile, we have[

n+ α− 1

α− 1

]
=

∏α−1
i=1 (1− qn+i)

(q; q)α−1

≡ 1 + (1− qn)

α−1∑
k=1

qk

1− qk

+
(1− qn)2

2

(
(

α−1∑
k=1

qk

1− qk
)2 −

α−1∑
k=1

q2k

(1− qk)2

)
(mod Φn(q)3),

(3.8)

and

(−1)α−1q−(α2)
[
n− 1

α− 1

]
= (−1)α−1q−(α2)

∏α−1
i=1 (1− qn−i)

(q; q)α−1

≡ 1− (1− qn)

α−1∑
k=1

1

1− qk

+
(1− qn)2

2

(
(

α−1∑
k=1

1

1− qk
)2 −

α−1∑
k=1

1

(1− qk)2

)
(mod Φn(q)3).

(3.9)

Utilize (2.9), we get

q(
n−α+1

2 )−(α2) ≡ 1− (n+ 1− 2α)(1− qn)

2

+
(n+ 1− 2α)(n− 1− 2α)(1− qn)2

8
(mod Φn(q)3).

(3.10)
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Substituting (3.7)–(3.10) into (3.5) and simplifying, we obtain,

n−1∑
k=1

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
≡ −2(1− qn)Qn(2, q)− [n](1− q)2(n2 + 4n− 4an+ 8α2 − 12α+ 3)

8
− [n]

[α]2

− 1− (1− q)(α− 1)[n]

[n]
× 2 + (2α− n− 1)(1− qn)

2
− 2[n]

α−1∑
k=1

(−1)k

[k]2

− (1− qn)

α−1∑
k=1

1

[k]
+ [n](

α−1∑
k=1

1

[k]
)2 (mod Φn(q)2).

(3.11)

Furthermore, note that

n−1∑
k=0

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
=

n−1∑
k=1

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
+

[
α+n−1
n−1

]
[α]

.

(3.12)

It is easy to check that [
α+n−1
n−1

]
[α]

≡ [n]

[α]2
(mod Φn(q)2). (3.13)

Combining (3.11)–(3.13), we will arrive at (3.2).

Moreover, we have

n−1∑
j=0

qj+α
j∑

k=0

q(
k+1
2 )

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]

=

n−1∑
k=0

q(
k+1
2 )[n+ α]

[k + α]

[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
−
n−1∑
k=0

q(
k+1
2 )
[
α+ k − 1

k

][
α+ n− 1

n− 1− k

]
.

(3.14)

Then, substituting (1.5) and (3.2) into the right-hand sides of (3.14) and simplify-
ing, we will get (3.3). Now we complete the proof of Corollary 3.1. �
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Delannoy numbers, Int. J. Number Theory 36 (2012) 2003–2016.

[8] C.-Y. Gu and V.J.W. Guo, q-Analogues of two supercongruences of Z.-W. Sun, Czech. Math.
J. 70 (2020) 757–765.

[9] V.J.W. Guo, M.J. Schlosser, W. Zudilin, New quadratic identities for basic hypergeometric

series and q-congruences, (2021) http : //math.ecnu.edu.cn/ jwguo/maths/quad.pdf .
[10] J.-C. Liu and X.-T. Jiang, On the divisibility of sums of even powers of q-binomial coefcients,

Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat. 116 2 (2022).

[11] L.-L. Shi and H. Pan, A q-analogue of Wolstenholmes harmonic series congruence, Am.
Math. Mon. 114 (2007) 529-531.

[12] H. Pan, A generalization of Wolstenholmes harmonic series congruence, Rocky Mt. J. Math.

38 (2008) 1263-1269.
[13] J. Liu, Pan H. and Zhang Y.: Ageneralization of Morley’s congruence, Adv. Differ. Equ.

2015:254 (2015).
[14] J.-C. Liu, On a congruence involving q-Catalan numbers, C. R. Math. Acad. Sci. Paris 358

(2020) 211-215.

[15] C. Wang and H.-X. Ni, Some q-congruences arising from certain identities, Period. Math.
Hungar. 85 (2022) 45-51.

[16] C. Wei, A q-supercongruence from a q-analogue of Whipple’s 3F2 summation formula, J.

Comb. Theory, Ser. A. 194: 105705 (2023).
[17] J.-C. Liu and W.-W Qi, Two new q-supercongruences arising from Carlitzs identity, Proc.

Amer. Math. Soc. 152 04 (2024) 1733-1741.

[18] V.J.W. Guo and J.-C. Liu, A q-congruence implying the Beukers-Van Hamme congruence,
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