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A GENERALIZATION OF THE DEGENERATE DAEHEE

POLYNOMIALS

JIN-WOO PARK

Abstract. Recently, Adell introduced the probabilistic Stirling numbers of
the second kind, which has led to a growing body of research focused on the

probabilistic versions of various special functions and their properties.

In this study, we introduce the probabilistic degenerate Daehee polyno-
mials, a generalization of the classical Daehee polynomials, and explore their

connections with other special functions. In particular, we derive several in-

teresting identities involving these polynomials under gamma random variable
with parameter α, β, Poisson random variable with parameter α, Bernoulli

random variable, binomial distribution with parameter m, p, or uniform dis-

tribution.

1. Introduction

The Daehee polynomials are defined by the generating function to be

log(1 + t)

t
(1 + t)x =

∞∑
n=0

Dn(x)
tn

n!
.

When x = 0, Dn = Dn(0) are called the Daehee numbers (see [13, 14, 19]).
Special functions are widely used in pure and applied mathematics, engineering,

economics, mathematical physics, and many other fields (see [3, 23]. One of the
special functions, the Daehee polynomial, was introduced by Kim-Kim (see [13]),
and since then, its properties and applications have been actively studied by many
researchers. In [19], Kim-Kim-Seo used the umbral calculus to derive properties of
higher-order Daehee polynomials and some interesting inequalities. Do-Lim used p-
adic q-integral to define generalized Daehee polynomails and found their properties
of those polynomials and numbers (see [7]). Lim defined (partially) degenerate Dae-
hee polynomials and found some formulas related to those polynomials by using the
degenerate exponential function in [20]. Simsek et al. defined the Apostol-Daehee
polynomials and found some identities, recurrence relations of those polynomials
and integral representations related to Bernstein basis functions (see [28, 29, 30]).
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In [25], Seo-Kim studied p-adic invariant integral over Zp to find explicit symmetric
identities for Daehee polynomials. Kim-Dolgy defined degenerate Catalan-Daehee
numbers and polynomials of order r and utilized degenerate umbral calculus to
find their polynomials and their relationship to special numbers (see [11]), and
Yun-Park defined degenerate poly-Daehee polynomials and used lambda umbral
calculus to find interesting relationships between various special polynomials and
their polynomials (see [31]).

For nonzero integers n and k with n ≥ k, the Stirling numbers of the first kind
and the Stirling numbers of the second kind S1(n, k), S2(n, k), respectively are
defined by generating function to be

1

k!
(log(1 + t))

k
=

∞∑
l=k

S1(n, k)
tl

l!
and

1

k!

(
et − 1

)k
=
∞∑
l=k

S2(l, k)
tl

l!
,

(see [6]).
The Bernoulli polynomials of the second kind of order r ∈ R are defined as

follows: (
t

log(1 + t)

)r
(1 + t)x =

∞∑
n=0

β(r)
n (x)

tn

n!
. (1.1)

When x = 0, β
(r)
n = β

(r)
n (0) are called the Bernoulli numbers of the second kind of

order r and, βn(x) = β
(1)
n (x) are called the Bernoulli numbers of the second kind

(see [3, 6, 12, 23]). For example, if r = 3
5 or r = 5, the previous five terms would

look like as follows:

β
( 3

5 )
0 (x) = 1, β

( 3
5 )

1 (x) = x+
3

10
, β

( 3
5 )

2 (x) = x2 − 2

5
x− 4

25
,

β
( 3

5 )
3 (x) = x3 − 21

10
x2 +

31

50
x+

63

250
, β

( 3
5 )

4 (x) = x4 − 24

5
x3 +

161

25
x2 − 204

125
x− 409

625
,

β
(3)
0 (x) = 1, β

(3)
1 (x) = x+

5

2
, β

(3)
2 (x) = 2x2 + 4x+

25

6
,

β
(3)
3 (x) = x3 +

9

2
x2 + 7x+

15

4
, β

(3)
4 (x) = x4 + 4x3 + 6x2 + 4x+ 1.

For a given λ ∈ R − {0}, the degenerate exponential function is defined by L.
Carlitz to be

exλ(t) = (1 + λt)
x
λ , and eλ(t) = (1 + λt)

1
λ , (see [4, 9, 10]). (1.2)

By using the degenerate exponential function, Kim et al. defined the degenerate
Stirling numbers of the first kind and the second kind S1,λ(n, k) and S2,λ(n, k),
respectively defined as follows:

1

k!
(logλ(1 + t))

k
=

∞∑
l=k

S1,λ(n, k)
tn

n!
and

1

k!
(eλ(t)− 1)

k
=

∞∑
l=k

S2,λ(n, k)
tn

n!
,

where logλ(t) is the compositional inverse of eλ(t) such that eλ (logλ(t)) = logλ (eλ(t)) =
t (see [9, 10]).
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Let Y be a random variable with the moment generating function of Y

E
[
eY t
]

=

∞∑
n=0

E [Y n]
tn

n!
, (|t| < r) exists for some r > 0,,

(see [1, 2]). Note that if Y = 1, then E
[
eY t
]

= et.
As the generalization of the Stirling numbers of the first and the second kind,

the probabilistic Stirling numbers of the first and the second kind associated with
random variable Y are defined as follows (see [1, 2]):

1

k!

(
logE

[
eY t
])k

=

∞∑
l=k

SY1 (l, k)
tl

l!
and

1

k!

(
E
[
eY t
]
− 1
)k

=

∞∑
l=k

SY2 (l, k)
tn

n!
. (1.3)

In the special case Y = 1, SY1 (l, k) = S1(n, k) and SY2 (l, k) = S2(n, k).
In [21], Luo-Kim-Kim-Ma defined the probabilistic degenerate Bernoulli numbers

associated with random variable Y as follows:

t

E
[
eYλ (t)

]
− 1

=

∞∑
n=0

BYn,λ
tn

n!
. (1.4)

Recently, probabilistic versions of various special functions have been defined and
their properties and applications are being actively studied by many researchers
(see [5, 8, 15, 16, 17, 18, 21, 26, 27]). In particular, Kim-Kim-Kwon defined the
probabilistic degenerate Stirling numbers of the second kind as follows:

1

k!

(
E
[
eYλ (t)

]
− 1
)k

=

∞∑
n=k

SY2,λ(l, k)
tl

l!
.

In this paper, we define the probabilistic degenerate Daehee polynomials as-
sociated with random variable Y with degenerate exponential function. We also
establish some relationships between the (degenerate) Stirling numbers of the first
and second kinds, the Daehee numbers, the Bernoulli numbers, and the probabilis-
tic Stirling numbers of the first and second kinds, as well as these polynomials.
In addition, we investigate some interesting relationships between special numbers
and these polynomials when Y is a gamma random variable with parameters α and
β, a Poisson random variable with parameter α, a Bernoulli random variable with
probability success p, a binomial distribution with parameter m and p, or a uniform
distribution.

2. Probabilistic degenerate Daehee polynomials

Let (Yj)j∈N be sequence of mutually independent copies of the random variable

Y , and let

S0 = 0, Sk = Y1 + Y2 + · · ·+ Yk, k ∈ N.
In viewpoint of (1.3) and (1.4), we define the probabilistic degenerate Daehee

polynomials associated with random variable Y by generating function to be

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

∞∑
n=0

dYn,λ(x)
tn

n!
, (t 6= 0). (2.1)

In the special case x = 0, dYn,λ = dYn,λ(0) are called the probabilistic degenerate

Daehee numbers. Note that lim
λ→0

d1
n,λ(x) = Dn(x) are the Daehee polynomials.
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By (2.1), we see that

(
E
[
eYλ (log(1 + t))

])x
=

t

log(1 + t)

∞∑
n=0

dYn,λ(x)
tn

n!

=

( ∞∑
n=0

βn
tn

n!

)( ∞∑
n=0

dYn,λ(x)
tn

n!

)

=

∞∑
n=0

(
n∑

m=0

(
n

m

)
βn−md

Y
m,λ(x)

)
tn

n!
,

(2.2)

and (
E
[
eYλ (log(1 + t))

])x
=
(
E
[
eYλ (log(1 + t))

]
− 1 + 1

)x
=

∞∑
n=0

(x)n
1

n!

(
E
[
eYλ (log(1 + t))

]
− 1
)n

=

∞∑
n=0

(x)n

∞∑
l=n

SY2,λ(l, n)
1

l!
(log(1 + t))

l

=

∞∑
n=0

(x)n

∞∑
l=n

SY2,λ(l, n)

∞∑
m=l

S1(m, l)
tm

m!

=

∞∑
n=0

(
n∑
a=0

a∑
l=0

(x)n−aS
Y
2,λ(l + n− a, n− a)S1(n, l + n− a)

)
tn

n!
.

(2.3)

By (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. For each nonnegative integer n, we have

n∑
m=0

(
n

m

)
βn−md

Y
m,λ(x) =

n∑
a=0

a∑
l=0

SY2,λ(l + n− a, n− a)S1(n, l + n− a)(x)n−a.

Note that, by (2.1) and (2.3), we get

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

( ∞∑
n=0

Dn
tn

n!

)( ∞∑
n=0

n∑
a=0

a∑
l=0

(x)n−aS
Y
2,λ(l + n− a, n− a)S1(n, l + n− a)

tn

n!

)

=

∞∑
n=0

(
n∑

m=0

m∑
a=0

a∑
l=0

(
n

m

)
SY2,λ(l +m− a,m− a)S1(m, l +m− a)Dn−m(x)m−a

)
tn

n!
.

(2.4)

and so, by (2.1) and (2.4), we obtain the following theorem.

Theorem 2.2. For each nonnegative integer n, we have

dYn,λ(x) =

n∑
m=0

m∑
a=0

a∑
l=0

(
n

m

)
SY2,λ(l +m− a,m− a)S1(m, l +m− a)Dn−m(x)m−a.
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Replacing t by et − 1 in (2.1), we get

t

et − 1

(
E
[
eYλ (t)

])x
=

∞∑
n=0

dYn,λ(x)
1

n!

(
et − 1

)n
=

∞∑
n=0

dYn,λ(x)

∞∑
l=m

S2(l, n)
tl

l!

=

∞∑
n=0

(
n∑

m=0

S2(n,m)dYm,λ(x)

)
tn

n!

(2.5)

and

t

et − 1

(
E
[
eYλ (t)

])x
=
eλ(t)− 1

t

t

et − 1

t

eλ(t)− 1

(
E
[
eYλ (t)

])x
=

( ∞∑
n=0

(1)n+1,λ

n+ 1

tn

n!

)( ∞∑
n=0

Bn
tn

n!

)( ∞∑
n=0

bYn,λ(x)
tn

n!

)

=

∞∑
n=0

(
n∑
a=0

a∑
m=0

(
n

a

)(
a

m

)
(1)n−a+1,λBmb

Y
a−m(x)

n− a+ 1

)
tn

n!
,

(2.6)

where bYn,λ(x) are the probabilistic degenerate Bernoulli polynomials which are

slightly different from Luo-Kim-Kim-Ma’s definition in [21], define by the generat-
ing function to be

t

eλ(t)− 1

(
E
[
eYλ (t)

])x
=

∞∑
n=0

bYn,λ(x)
tn

n!
.

Since

t

et − 1

(
E
[
eYλ (t)

])x
=

( ∞∑
n=0

Bn
tn

n!

)( ∞∑
n=0

(x)n
1

n!

(
E
[
eYλ (t)

]
− 1
)n)

=

( ∞∑
n=0

Bn
tn

n!

)( ∞∑
n=0

(x)n

∞∑
l=n

SY2,λ(l, n)
tl

l!

)

=

∞∑
n=0

(
n∑
r=0

r∑
m=0

(
n

r

)
SY2,λ(r,m)Bn−r(x)m

)
tn

n!
,

(2.7)

by (2.5), (2.6) and (2.7), we obtain the following theorem.

Theorem 2.3. For each nonnegative integer n, we have

n∑
m=0

S2(n,m)dYm,λ(x) =

n∑
a=0

a∑
m=0

(
n

a

)(
a

m

)
(1)n−a+1,λBmB

Y
a−m(x)

n− a+ 1

=

n∑
a=0

a∑
m=0

(
n

a

)
SY2,λ(a,m)Bn−a(x)m.
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Replacing t by log(1 + t) in (1.4), we get

log(1 + t)

E
[
eYλ (log(1 + t))

]
− 1

=

∞∑
n=0

BYn,λ
1

n!
(log(1 + t))

n

=

∞∑
n=0

n∑
m=0

S1(n,m)BYm,λ
tn

n!
.

(2.8)

By (1.1) and (2.8), we get

n∑
m=0

(
E
[
eYλ (log(1 + t))

])m
=

(
E
[
eYλ (log(1 + t))

])n+1 − 1

E
[
eYλ (log(1 + t))

]
− 1

=
t

(log(1 + t))
2

log(1 + t)

E
[
eYλ (log(1 + t))

]
− 1

log(1 + t)

t

((
E
[
eYλ (log(1 + t))

])n+1 − 1
)

=

(
1

t

∞∑
n=0

β(2)
n

tn

n!

)( ∞∑
n=0

n∑
m=0

S1(n,m)BYm,λ
tn

n!

)( ∞∑
m=0

(
dYm,λ(n+ 1)−Dm

) tm
m!

)

=

∞∑
c=0

(
c∑
b=0

b+1∑
a=0

a∑
m=0

(
c

b

)(
b+ 1

a

)
S1(a,m)BYm,λβ

(2)
b−a+1

b+ 1

(
dYc−b,λ(n+ 1)−Dc−b

)) tc

c!
,

(2.9)

and
n∑

m=0

(
E
[
eYλ (log(1 + t))

])m
=

n∑
m=0

E
[
eY1+···+Ym
λ (log(1 + t))

]
=

∞∑
c=0

n∑
m=0

E [(Sm)c,λ]
1

c!
(log(1 + t))

c

=

∞∑
c=0

(
c∑
b=0

n∑
m=0

S1(c, b)E [(Sm)b,λ]

)
tc

c!
.

(2.10)

By (2.9) and (2.10), we obtain the following theorem.

Theorem 2.4. Let n be a positive integer. For each nonnegative integer c, we have
c∑
b=0

n∑
m=0

S1(c, b)E [(Sm)b,λ]

=

c∑
b=0

b+1∑
a=0

a∑
m=0

(
c

b

)(
b+ 1

a

)
S1(a,m)BYm,λβ

(2)
b−a+1

b+ 1

(
dYc−b,λ(n+ 1)−Dc−b

)
.

The gamma random variable with parameter α, β is a continuous random variable
Y whose density function is given by

f(y) =

{
βe−βy (βy)α−1

Γ(α) , if y ≥ 0,

0, if y < 0,

(see [8, 15, 16, 17, 18, 24, 32]), and denoted by Y ∼ Γ(α, β).
Let Y ∼ Γ(1, 1). Then

E
[
eYλ (log(1 + t))

]
=

1

1− 1
λ log (1 + λ log(1 + t))

,

(
t <

1

λ
(eλ (log(1 + t)))− 1

)
.
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and, by (2.1), we get

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

log(1 + t)

t

(
1− 1

λ
log (1 + λ log(1 + t))

)−x
=

log(1 + t)

t

∞∑
n=0

(
−x
n

)
(−1)nλ−n (log (1 + λ log(1 + t)))

n

=
1

t

∞∑
n=0

< x >n

∞∑
l=n

S1(l, n)λl−n
1

l!
(log(1 + t))

l+1

=
1

t

∞∑
n=0

< x >n

∞∑
l=n

S1(l, n)λl−n(l + 1)

∞∑
r=l+1

S1(r, l + 1)
tr

r!

=

∞∑
n=0

(
n+1∑
l=1

l∑
r=1

(n− r + 2)λl−r

n+ 1

× S1(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2) < x >n−l+1

)
tn

n!
.

(2.11)

By (2.11), we obtain the following theorem.

Theorem 2.5. Let Y ∼ Γ(1, 1). For each nonnegative integer n, we have

dYn,λ(x) =

n+1∑
l=1

l∑
r=1

(n− r + 2)λl−r

n+ 1

× S1(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2) < x >n−l+1 .

Let Y be the Poisson random variable with parameter α > 0. Then

E
[
eYλ (log(1 + t))

]
= eα(eλ(log(1+t))−1), (see [24, 32]),

and thus,

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

log(1 + t)

t
eαx(eλ(log(1+t))−1)

=
log(1 + t)

t

∞∑
n=0

αnxn
1

n!
(eλ (log(1 + t))− 1)

n

=
1

t

∞∑
n=0

αnxn
∞∑
l=n

S2,λ(l, n)(l + 1)
1

(l + 1)!
(log(1 + t))

l+1

=

∞∑
n=0

(
n+1∑
l=1

l∑
r=1

(n− r + 2)αn−l+1

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)xn−l+1

)
tn

n!
.

(2.12)

By (2.12), we obtain the following theorem.
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Theorem 2.6. Let Y be the Poisson random variable with parameter α > 0. For
each nonnegative integer n, we have

dYn,λ(x) =

n+1∑
l=1

l∑
r=1

(n− r + 2)αn−l+1

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)xn−l+1.

In particular,

(n+1)dYn,λ(1) =

n+1∑
l=1

l∑
r=1

(n−r+2)αn−l+1S2,λ(n−r+1, n− l+1)S1(n+1, n−r+2).

Let Y be the Bernoulli random variable with probability success p. Then

E
[
eYλ (log(1 + t))

]
= p (eλ (log(1 + t))− 1) + 1, (see [24, 32]),

and so

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

log(1 + t)

t
(p (eλ (log(1 + t))− 1) + 1)

x

=
log(1 + t)

t

∞∑
n=0

(
x

n

)
pn (eλ (log(1 + t))− 1)

n

=
log(1 + t)

t

∞∑
n=0

(x)np
n
∞∑
l=n

S2,λ(l, n)
1

l!
(log(1 + t))

l

=
1

t

∞∑
n=0

(x)np
n
∞∑
l=n

S2,λ(l, n)(l + 1)

∞∑
r=l+1

S1(r, l + 1)
tr

r!

=

∞∑
n=0

(
n+1∑
l=1

l∑
r=1

(x)n−l+1p
n−l+1(n− r + 2)

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)

)
tn

n!
.

(2.13)

By (2.13), we obtain the following theorem.

Theorem 2.7. Let Y be the Bernoulli random variable with probability success p.
For each nonnegative integer n, we have

dYn,λ(x) =

n+1∑
l=1

l∑
r=1

(n− r + 2)pn−l+1

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)(x)n−l+1.

Let Y be the binomial distribution with parameters m and p. Then

E
[
eYλ (log(1 + t))

]
= (p (eλ (log(1 + t))− 1) + 1)

m
, (see [24, 32]),
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and so

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])x
=

log(1 + t)

t
(p (eλ (log(1 + t))− 1) + 1)

mx

=
log(1 + t)

t

∞∑
n=0

(mx)np
n 1

n!
(eλ (log(1 + t))− 1)

n

=
1

t

∞∑
n=0

(mx)np
n
∞∑
l=n

S2,λ(l, n)(l + 1)
1

(l + 1)!
(log(1 + t))

l+1

=
1

t

∞∑
n=0

(mx)np
n
∞∑
l=n

S2,λ(l, n)(l + 1)

∞∑
r=l+1

S1(r, l + 1)
tr

r!

=

∞∑
n=0

(
n+1∑
l=1

l∑
r=1

(mx)n−l+1p
n−l+1(n− r + 2)

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)

)
tn

n!
.

(2.14)

By (2.14), we obtain the following theorem.

Theorem 2.8. Let Y be the binomial distribution with parameters m and p. For
each nonnegative integer n, we have

dYn,λ(x) =

n+1∑
l=1

l∑
r=1

(n− r + 2)pn−l+1

n+ 1

× S2,λ(n− r + 1, n− l + 1)S1(n+ 1, n− r + 2)(mx)n−l+1.

Let Y be the uniform distribution. Then

E
[
eYλ (log(1 + t))

]
=
eλ (log(1 + t))− 1

log(1 + t)
, (see [24, 32]),

and thus for each positive inter k, we get

log(1 + t)

t

(
E
[
eYλ (log(1 + t))

])k
=

log(1 + t)

t

(
eλ (log(1 + t))− 1

log(1 + t)

)k
=t−k

(
t

log(1 + t)

)k−1

k!
1

k!
(eλ (log(1 + t))− 1)

k

=t−k
(

t

log(1 + t)

)k−1

k!

∞∑
l=k

S2,λ(l, k)
1

l!
(log(1 + t))

l

=

(
t

log(1 + t)

)k−1

k!

∞∑
l=k

S2,λ(l, k)

∞∑
r=l

S1(r, l)
tr−k

r!

=

( ∞∑
n=0

β(k−1)
n

tn

n!

)( ∞∑
l=0

l∑
r=0

k!S2,λ(l − r + k, k)S1(l + k, l − r + k)

(l + k)k

tl

l!

)

=

∞∑
n=0

(
n∑
l=0

l∑
r=0

(
n

l

)
k!S2,λ(l − r + k, k)S1(l + k.l − r + k)

(l + k)k
β

(k−1)
n−l

)
tn

n!
.

(2.15)

By (2.15), we obtain the following theorem.
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Theorem 2.9. Let Y be the uniform distribution and let k be a positive integer.
For each nonnegative integer n, we have

dYn,λ(k) =

n∑
l=0

l∑
r=0

(n)l
k!S2,λ(l − r + k, k)S1(l + k.l − r + k)

(l + k)!
β

(k−1)
n−l .

3. Conclusion

Since the probabilistic version of Stirling numbers of the first and second kind
was defined by Adell, many researchers have introduced probabilistic versions of
various special functions, and active research on their properties and identities has
been ongoing. In this study, we define the probabilistic degenerate Daehee polyno-
mials and investigate their relationships with the Bernoulli numbers of the second
kind, Stirling numbers of the first and second kind, degenerate Stirling numbers
of the first and second kind, and Daehee numbers. Additionally, we examine the
relationships between these polynomials and various special functions when the
random variable Y follows a gamma distribution, Poisson distribution, Bernoulli
distribution, binomial distribution, and uniform distribution.

Acknowledgments. The authors would like to thank the referees for their valu-
able and detailed comments which have significantly improved the presentation of
this paper.
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