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UNIVALENCE STUDIES CONCERNING A NEW INTEGRAL

OPERATOR INVOLVING BESSEL FUNCTION OF THE FIRST

KIND

DANIELA ANDRADA BARDAC-VLADA

Abstract. The present investigation enhances a basic theme in geometric

function theory, namely introducing new operators and establishing geometric

characterization properties of starlikeness and convexity for these operators.
This paper presents a new integral operator defined by applying the fractional

integral of the Bessel function of the first kind and order ν ≥ 0. The investi-

gation establishes sufficient and necessary conditions for starlikeness and con-
vexity of the newly introduced operator by applying specific techniques of the

differential subordination theory and certain properties previously obtained

for the fractional integral of the Bessel function of the first kind and order
ν ≥ 0. Although a simple application example is provided, the starlikeness

and convexity properties given here could motivate additional investigation on

this operator for further applications in other lines of research in geometric
function theory.

1. Introduction

A central problem in the theory of analytic functions is the study of integral op-
erators. They have been studied since around 1900 by a number of mathematicians,
including J. W. Alexander, R. Libera or S. Bernardi. Properties of univalence, star-
likeness, and convexity are the most common outcomes of the study of operators.
The substantial role of integral operators and other related types of operators in
the research field of geometric function theory is highlighted in [2]. An overview
of the evolution of some of the most renowned integral and related operators in
geometric function theory is provided in this article.

In this paper, a new integral operator is developed using the fractional integral
of the Bessel function of the first kind and order ν ≥ 0. This function proved to
be of interest after the investigation done in a recent paper [14] where starlikeness
and convexity conditions have been established regarding it. Considering these
properties, it is possible to further use the function to define a new integral operator.
The previous work [15] inspired this endeavor, since in that paper starlikeness and
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convexity conditions of the the Bessel function of the first kind and order ν ≥ 0
have facilitated the introduction of new generalized operators.

Further motivation for the introduction of the new integral operator is given by
the very recent investigations seen in [1]. The authors propose and investigate there
a new integral operator defined using the fractional integral and the four-parameter
Mittag-Leffler function for which starlikeness and convexity of positive and negative
order is established.

A significant approach for determining the univalence conditions and geometric
properties of various operator types is differential subordination theory. The theory
introduced by Sanford S. Miller and Petru T. Mocanu in two papers in 1978 [8]
and 1981 [9] was reinforced over the following years by an extensive group of re-
searchers. The monograph [10] presents all the essential components of this theory
and discusses it in detail. The investigation described in this paper involves the use
of the methods of this theory.

The context of the study is provided by the class of analytic functions H(U),
where U = {z ∈ C : |z| < 1}, with U = {z ∈ C : |z| ≤ 1} and ∂U = {z ∈ C : |z| =
1}.

Considering a ∈ C and n ∈ Z, n > 0, the subclasses of H(U) are of particular
interest for thos study:

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + an+1z

n+1 + . . . , z ∈ U},

with H0 = H[0, 1] and H1 = H[1, 1],

An = {f ∈ H(U) : f(z) = z + an+1z
n+1 + . . . , z ∈ U},

with A1 = A.
Any function f ∈ A that is univalent in U and is restricted by the constraints

f(0) = 0, f ′(0) = 1 is in the class of univalent functions, symbolized by S.
Additional significant subclasses of A include:

S∗(α) =

{
f ∈ A : Re

zf ′(z)

f(z)
> α, f ′(0) 6= 0, z ∈ U

}
,

expressing the starlike functions of order α < 1 and

K(α) =

{
f ∈ A : Re

(
zf ′′(z)

f ′(z)
+ 1

)
> α, f ′(0) 6= 0, z ∈ U

}
,

expressing the convex functions of order α < 1. For α = 0, the classes of starlike
and convex functions are obtained, denoted by S∗ and K, respectively.

The duality theorem proved by Alexander, seen also in [11, Th. 4.4.4, p. 76],
states that S∗(α) ⊂ S and K(α) ⊂ K when 0 ≤ α < 1.

For this study, the class of close-to-convex functions is also significant:

C =

{
f ∈ A : ∃ ϕ ∈ K, Re

f ′(z)

ϕ′(z)
> 0, z ∈ U

}
.

Remark. 1 i) When ϕ(z) = z, z ∈ U , the condition Ref ′(z) > 0 reveals that
f ∈ S.

ii) Assuming that D is a simply connected domain and that f ∈ A, ϕ ∈ K, Ozaki
and Kaplan have demonstrated [11, Th. 4.6.1, p. 81] that the relation

Re
f ′(z)

ϕ′(z)
> 0,
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implies that f ∈ S.
iii) Considering Alexander’s duality theorem [11, Th. 4.2.2, p. 52], ϕ ∈ K if and

only if g(z) = zϕ′(z) ∈ S∗, hence a function f ∈ A is in the class C if and only if
there exists a function g ∈ S∗ such that:

Re
zf ′(z)

g(z)
> 0, z ∈ U.

Definition 1.1. [18] Let f, F ∈ H(U). The function f is said to be subordinate
to F , written f ≺ F , f(z) ≺ F (z), if there exists a function w analytic in U , with
w(0) = 0 and |w(z)| < 1, z ∈ U and such that f(z) = F (w(z)). If F is univalent,
then f ≺ F if and only if f(0) = F (0) and f(U) ⊂ F (U).

Definition 1.2. [10] Let ψ : C3 ×U → C and let h ∈ S. If p ∈ H(U) and satisfies
the differential subordination

ψ(p(z), zp′(z), z2p′′(z); z) ≺ h(z), (1.1)

then p is called a solution of the differential subordination. The differential subor-
dination (1.1) is called second-order differential subordination and q ∈ S is called a
dominant of the solutions of the differential subordination, or more simply a dom-
inant, if p ≺ q for all p satisfying (1.1). A dominant q̃ that satisfies q̃ ≺ q for all
dominants q of (1.1) is said to be the best dominant of (1.1).

The lemma presented next is applied in the proofs of the theorems in the main
results.

Lemma 1.1. [10] Let q ∈ S, and let θ, φ ∈ H(D) with φ(ω) 6= 0 when ω ∈ q(U)
and q(U) ⊂ D.

Let Q(z) = zq′(z) · φ (q(z)) , h(z) = θ (p(z)) +Q(z) and assume that:
(i) Q ∈ S∗,
(ii) Re zh

′(z)
Q(z) = Re

(
θ′(q(z))
θ(q(z)) + zQ′(z)

Q(z)

)
> 0, z ∈ U .

If p ∈ H(U) with p(0) = q(0), p(U) ⊂ D and

θ (p(z)) + zp′(z) · φ (p(z)) ≺ θ (q(z)) + zq′(z) · φ (q(z)) = h(z), (1.2)

then p(z) ≺ q(z) and q is the best dominant of (1.2).

The Bessel function of the first kind proved to be a prolific tool for studies in
geometric function theory starting with the first investigations on the geometric
properties of this function due to Baricz ([3, 4]) and Baricz and Ponnusamy ([5]).
Very recent studies continue to focus on this interesting function’s geometric prop-
erties as seen in [7] or use it to introduce new classes of analytic functions like in
[19].

Definition 1.3. [3] The Bessel function of the first kind and order ν ≥ 0 is given
by the following:

Iν(z) =
(z

2

)ν ∞∑
p=0

(−1)p
(z

2

)2p
p!Γ(ν + p+ 1)

, ν ≥ 0, p ∈ N, (1.3)

where Γ is Euler’s gamma function, Γ(z) =
∫∞
0
e−ttz−1dt when Rez > 0, with the

properties Γ(z + 1) = zΓ(z),Γ(n+ 1) = n!,Γ(1) = 1.
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With the fractional integral of order λ (λ > 0), used in [16, 17], and defined for
a function f ∈ H(U) by the expression:

D−λz f(z) =
1

Γ(λ)

∫ z

0

f(t)

(z − t)1−λ
dt,

where f is an analytic function in a simply-connected region of the z-plane con-
taining the origin and the multiplicity of (z− t)1−λ removed by requiring log(z− t)
to be real when z − t > 0, the fractional integral of the Bessel function of the first
kind and order ν ≥ 0 was introduced and studied in [14] as follows:

Definition 1.4. [14] Let ν ≥ 0, z ∈ C, λ > 0, p ∈ N, the fractional integral of
order λ and the Bessel function of the first kind and order ν given by (1.3). The
fractional integral of the Bessel function of the first kind and order ν is defined as:

D−λz Iν(z) =
1

Γ(λ)

∫ z

0

Iν(t)

(z − t)1−λ
dt

=
zν+λ

2ν

∞∑
p=0

(−1)pΓ(2p+ ν + 1)

22pp!Γ(ν + p+ 1)Γ(2p+ ν + λ+ 1)
· z2p

= zν+λ
1

2νΓ(ν + λ+ 1)
− zν+λ+2 Γ(ν + 3)

2ν+2Γ(ν + 2)Γ(ν + λ+ 3)
+ . . . .

(1.4)

In the following part, a new integral operator is introduced by applying the
fractional integral of the Bessel function of the first kind and order ν given by
(1.4). Necessary and sufficient conditions are determined in the theorems proved
such that this operator is starlike of order α, 0 ≤ α < 1 and, respectively, convex,
hence univalent. A numerical example is given based on the first proved theorem.

2. Main results

Using the fractional integral of the Bessel function of the first kind and order ν
given by (1.4), the operator G : H(U)→ H(U) is defined by:

G(z) =
2νβ [Γ(ν + λ+ 1)]

β
[(ν + α)β + λ+ ν + β]

zν+λ+β

∫ z

0

[
D−λz Iν(t)

]β · tν+λ+β−1 · dt,
(2.1)

where ν ≥ 0, β > 0, λ > 0, (ν + λ)β = 1.

Remark. 2 The form of the operator G(z) seen in (2.1) is:

G(z) = z + an+1z
n+1 · · · ,

with G′(0) = 1, which shows that the function is analytic in U .

The first result proved provides the necessary and sufficient conditions such that
the operator G given by (2.1) is starlike of order α, 0 ≤ α < 1, hence univalent.

Theorem 2.1. Consider q ∈ S, q(z) = 1+(2α−1)z
1+z , 0 ≤ α < 1 and θ, φ ∈ H(D),

such that q(U) ⊂ D with φ(w) 6= 0, whenever w ∈ q(U).
With β > 0, ν ≥ 0, λ > 0, define

Q(z) =
(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
,
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h(z) =
1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
, z ∈ U,

and suppose that:

Re
zh′(z)

Q(z)
> 0, z ∈ U.

When p ∈ H(U), p(z) =
z[D−λz Iν(z)]

′

D−λz Iν(z)
, D−λz Iν(z) given by (1.4), with p(0) =

q(0), p(U) ⊂ D and the following differential subordination is satisfied:

β
z
[
D−λz Iν(z)

]′
D−λz Iν(z)

≺ h(z) =
1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
, (2.2)

we have that

Re
zG′(z)

G(z)
> α, 0 ≤ α < 1, (ν + λ)β = 1, z ∈ U, i.e. G ∈ S∗(α) ⊂ S∗ ⊂ S,

with G(z) given by (2.1).

Proof. We next use the notation,

A = 2νβ [Γ(ν + λ+ 1]
β

[(ν + α)β + λ+ ν + β] . (2.3)

With notation (2.3), the form of the operator (2.1) becomes:

G(z) =
A

zν+λ+β

∫ z

0

[
D−λz Iν(t)

]β · tν+λ+β−1 · dt. (2.4)

Using (2.4), we can write:

zν+λ+β ·G(z) = A ·
∫ z

0

[
D−λz Iν(t)

]β · tν+λ+β−1 · dt. (2.5)

By differentiating (2.5) and doing some simple calculations, we obtain:

(ν + λ+ β)G(z) + zG′(z) = A ·
[
D−λz Iν(t)

]β
, z ∈ U,

which is equivalent to:

G(z)

[
ν + λ+ β +

zG′(z)

G(z)

]
= A ·

[
D−λz Iν(t)

]β
, z ∈ U. (2.6)

Take

p(z) =
zG′(z)

G(z)
. (2.7)

Using (2.7) in (2.6), we have:

G(z) [ν + λ+ β + p(z)] = A ·
[
D−λz Iν(t)

]β
, z ∈ U. (2.8)

By differentiating (2.8), we write:

zG′(z)

G(z)
+

zp′(z)

ν + λ+ β + p(z)
= β

z
[
D−λz Iν(z)

]′
D−λz Iν(z)

, z ∈ U. (2.9)
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Using the notation (2.7) in (2.8), we have:

p(z) +
zp′(z)

ν + λ+ β + p(z)
= β

z
[
D−λz Iν(z)

]′
D−λz Iν(z)

, z ∈ U. (2.10)

Using relation (2.10), differential subordination (2.2) can be seen as:

p(z) +
zp′(z)

ν + λ+ β + p(z)
≺ h(z) =

1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
. (2.11)

To obtain the proof of this theorem, Lemma (1.1) will be applied. For that, we
make the following choice: For ω ∈ q(U), define the functions,

θ(ω) = ω, φ(ω) =
1

ν + λ+ β + ω
. (2.12)

When ω = q(z) = 1+(2α−1)z
1+z , 0 ≤ α < 1, z ∈ U, the functions in (2.12) are:

θ(q(z)) = q(z) =
1 + (2α− 1)z

1 + z
,

φ(q(z)) =
1

ν + λ+ β + q(z)
=

1 + z

ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)
. (2.13)

Next, we show that the differential subordination (2.11) coincides to the differential
subordination in Lemma (1.1). According to the choice made in (2.12),

θ(p(z)) + zp′(z) · φ(p(z)) = p(z) + zp′(z) · 1

ν + λ+ β + p(z)
, (2.14)

and

θ(q(z)) + zq′(z) · φ(q(z)) =
1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
= h(z). (2.15)

Using (2.14) and (2.15) in (2.11), we have:

θ(p(z)) + zp′(z) ·φ(p(z)) = p(z) + zp′(z) ≺ θ(q(z)) + zq′(z) ·φ(q(z)), z ∈ U. (2.16)

Now, we show that the requirements of Lemma 1.1 are met. It means that we must
prove that Q ∈ S∗. For that, we calculate:

Re
zQ′(z)

Q(z)
= Re

[
− z

1 + z
+

ν + λ+ β + 1

ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)

]
= −1

2
+ Re

ν + λ+ β + 1

ν + λ+ β + 1 + (ν + λ+ β + 2α− 1)(ρ cosα+ iρ sinα)
. (2.17)

Taking ρ→ 1− in (2.17), we get:

Re
zQ′(z)

Q(z)
=

lim
ρ→1−

[
−1

2
+ Re

ν + λ+ β + 1

ν + λ+ β + 1 + (ν + λ+ β + 2α− 1)(ρ cosα+ iρ sinα)

]
=

=
2(1− α)(2ν + 2λ+ 2β + 2α)

(ν + λ+ β + 1)2 + 2(ν + λ+ β + 1)(ν + λ+ β + 2α− 1) cosα+ (ν + λ+ β + 2α− 1)2
.



66 D.A. BARDAC-VLADA

Hence,

Re
zQ′(z)

Q(z)
> 0, (2.18)

since 0 ≤ α < 1, ν ≥ 0, β > 0, λ > 0.
We evaluate now:

Q′(z) =
(2α− 2) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)(1 + z)]

(1 + z)2 [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
2 −

(2α− 2) · z · [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]

(1 + z)2 [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
2 −

(2α− 2)z(1 + z)(ν + λ+ β + 2α− 1)

(1 + z)2 [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
2 , z ∈ U. (2.19)

Considering z = 0, relation (2.19) gives:

Q′(0) =
2α− 2

ν + λ+ β + 1
6= 0, 0 ≤ α < 1, ν + λ+ β + 1 > 0.

Since Q′(0) 6= 0, relation (2.18) implies that Q ∈ S∗, hence Q ∈ S. Since Q ∈ S,

using the assertion of the theorem that Re zh
′(z)

Q(z) > 0, z ∈ U and part iii) in Remark

1, we have that h ∈ C, hence univalent in the subordination (2.2). We also need to

prove that φ
(

1+(2α−1)z
1+z

)
6= 0, z ∈ U . For that, we evaluate:

Reφ

(
1 + (2α− 1)z

1 + z

)
= Re

1 + z

ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)
=

Re
1 + ρ cosα+ iρ sinα

ν + λ+ β + 1 + (ν + λ+ β + 2α− 1)(ρ cosα+ iρ sinα)
. (2.20)

Taking ρ→ 1− in (2.20), we get:

Reφ

(
1 + (2α− 1)z

1 + z

)
=

lim
ρ→1−

Re
1 + ρ cosα+ iρ sinα

ν + λ+ β + 1 + (ν + λ+ β + 2α− 1)(ρ cosα+ iρ sinα)
=

=
2(ν + λ+ β + α)(1 + cosα)

(ν + λ+ β + 1)2 + 2(ν + λ+ β + 1)(ν + λ+ β + 2α− 1) cosα+ (ν + λ+ β + 2α− 1)2
.

Then Reφ
(

1+(2α−1)z
1+z

)
> 0, since 0 ≤ α < 1, ν ≥ 0, β > 0, λ > 0, hence

φ
(

1+(2α−1)z
1+z

)
6= 0. Now all the conditions required by Lemma 1.1 are satisfied,

therefore, applying the lemma, we obtain that:

p(z) ≺ q(z) =
1 + (2α− 1)z

1 + z
, z ∈ U, (2.21)

with q being the best dominant of the differential subordination (2.2). Using the
notation (2.7) in (2.21), we have:

zG′(z)

G(z)
≺ q(z) =

1 + (2α− 1)z

1 + z
, z ∈ U. (2.22)

We show that q ∈ K. For that we use,

q′(z) =
2α− 2

(1 + z)2
, q′′(z) =

−2(2α− 2)

(1 + z)3
,
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and we evaluate:

Re

(
zq′′(z)

q′(z)
+ 1

)
= Re

(
−2z

1 + z
+ 1

)
= Re

1− z
1 + z

> 0. (2.23)

Since q′(0) = 2α − 2 6= 0, relation (2.23) implies that q ∈ K, hence univalent.
Furthermore, subordination (2.22) is equivalent to:

Re
zG′(z)

G(z)
> Re

1 + (2α− 1)z

1 + z
> α, z ∈ U, 0 ≤ α < 1. (2.24)

For (ν + λ)β 6= 1, relation (2.24) does not imply that G ∈ S∗ since G′(0) = 0 and
the necessary condition for starlikeness is not satisfied.
For (ν+λ)β = 1, G′(0) = 1, and from relation (2.24) we conclude that G ∈ S∗(α).
Since 0 ≤ α < 1, from Alexander’s duality theorem mentioned in Introduction, we
have that S∗(α) ⊂ S∗, hence G is an univalent operator.

The next result proved provides the necessary and sufficient conditions such that
the operator G given by (2.1) is convex of order α, 0 ≤ α < 1, hence univalent.

Theorem 2.2. Consider q ∈ S, q(z) = 1+(2α−1)z
1+z , 0 ≤ α < 1 and θ, φ ∈ H(D),

such that q(U) ⊂ D with φ(w) 6= 0, whenever w ∈ q(U).
With β > 0, ν ≥ 0, λ > 0, define

Q(z) =
(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
,

h(z) =
1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
, z ∈ U,

and suppose that:

Re
zh′(z)

Q(z)
> 0, z ∈ U.

When p ∈ H(U), p(z) = (β − 1)
z[D−λz Iν(z)]

′

D−λz Iν(z)
+

z[D−λz Iν(z)]
′′

[D−λz Iν(z)]
′ + 1, D−λz Iν(z) given

by (1.4), with p(0) = q(0), p(U) ⊂ D and the following differential subordination
is satisfied:

(β − 1)
z
[
D−λz Iν(z)

]′
D−λz Iν(z)

+
z
[
D−λz Iν(z)

]′′[
D−λz Iν(z)

]′ + 1 ≺ h(z) =
1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
, (2.25)

we have that

Re

[
zG′′(z)

G′(z)
+ 1

]
> α, 0 ≤ α < 1, (ν + λ)β = 1, z ∈ U, i.e. G ∈ K(α) ⊂ K ⊂ S,

with G(z) given by (2.1).

Proof. With the notation (2.3), with the operator G(z) given by (2.4), and differ-
entiating relation (2.5), just as in the proof of Theorem 2.1, we write:

(ν + λ+ β)G(z) + zG′(z) = A ·
[
D−λz Iν(t)

]β
, z ∈ U. (2.26)
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By differentiating (2.26), after a simple calculation, we obtain:

G′(z)

[
ν + λ+ β + 1 +

zG′′(z)

G′(z)

]
= A · β ·

[
D−λz Iν(t)

]β−1 · [D−λz Iν(t)
]′
. (2.27)

Denote

p(z) = 1 +
zG′′(z)

G′(z)
, (2.28)

Having the operator G(z) given by (2.1), and using the expression of the fractional
integral of the Bessel function of the first kind and order ν seen in (1.4), we get:

G(z) = z(ν+λ)β + a(ν+λ)β+2z
(ν+λ)β+2 + · · · ,

hence p(0) = 1.
Using (2.28) in (2.27), we write:

G′(z) [ν + λ+ β + p(z)] = A · β ·
[
D−λz Iν(t)

]β−1 · [D−λz Iν(t)
]′
. (2.29)

By differentiating (2.29), after a simple calculation, we obtain:

1 +
zG′′(z)

G′(z)
+

zp′(z)

ν + λ+ β + 1 + p(z)
= (β − 1)

z
[
D−λz Iν(z)

]′
D−λz Iν(z)

+
z
[
D−λz Iν(z)

]′′[
D−λz Iν(z)

]′ + 1.

(2.30)
Using (2.28) in (2.30) we have:

p(z) +
zp′(z)

ν + λ+ β + 1 + p(z)
= (β − 1)

z
[
D−λz Iν(z)

]′
D−λz Iν(z)

+
z
[
D−λz Iν(z)

]′′[
D−λz Iν(z)

]′ + 1. (2.31)

Using relation (2.31), the differential subordination (2.25) becomes:

p(z) +
zp′(z)

ν + λ+ β + 1 + p(z)
≺ 1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
= h(z). (2.32)

To obtain the proof of this theorem, Lemma (1.1) will be applied. It was proved for
Theorem 2.1 that Q ∈ S∗ and thta φ(ω) 6= 0 whenever ω ∈ q(U). Also in the proof
of Theorem 2.1 it was shown h ∈ C. Using relations given by (2.12), we now show
that the differential subordination (2.25) coincides to the differential subordination

in Lemma 1.1. When ω = q(z) = 1+(2α−1)z
1+z , 0 ≤ α < 1, z ∈ U,

θ(p(z)) + zp′(z) · φ(p(z)) = p(z) + zp′(z) · 1

ν + λ+ β + 1 + p(z)
, (2.33)

and

θ

(
1 + (2α− 1)z

1 + z

)
+ z

[
1 + (2α− 1)z

1 + z

]′
· 1

ν + λ+ β + 1 + 1+(2α−1)z
1+z

=

1 + (2α− 1)z

1 + z
+

(2α− 2)z

(1 + z) [ν + λ+ β + 1 + z(ν + λ+ β + 2α− 1)]
= h(z). (2.34)

By applying (2.33) and (2.34), differential subordination (2.25) becomes:

θ(p(z)) + zp′(z) · φ(p(z)) ≺ θ(q(z)) + zq′(z) · φ(q(z)) = h(z), z ∈ U.
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Now all the conditions required by Lemma 1.1 are satisfied, therefore, applying the
lemma, we obtain that:

p(z) ≺ q(z), (2.35)

q being the best dominant for differential subordination (2.25). By using (2.28) and

q(z) = 1+(2α−1)z
1+z ∈ S, differential subordination (2.35) is equivalent to:

Re

[
1 +

zG′′(z)

G′(z)

]
> Re

1 + (2α− 1)z

1 + z
> α, z ∈ U, 0 ≤ α < 1. (2.36)

For (ν+λ)β 6= 1, and relation (2.36) does not imply that G ∈ K(α) since G′(0) = 0
and the necessary condition for convexity is not satisfied.
For (ν + λ)β = 1, G′(0) = 1, and from relation (2.36) we conclude that G ∈ K(α).
Since 0 ≤ α < 1, from Alexander’s duality theorem mentioned in Introduction, we
have that K(α) ⊂ K, hence G is an univalent operator.

Example 2.1. Consider ν = 0, λ = 1, β = 1, α = 1
2 , (ν + λ)β = 1. Then we

have:

G(z) =
3

z2

∫ z

0

(
t+ a2t

2 + · · ·
)
t · dt =

3

z2

(
z3

3
+ a2

z4

4
· · ·
)

=

z + b2z
2 + · · · , G′(0) = 1 + 2b2z + · · · , G′(0) = 1 6= 0.

Consider q ∈ S, q(z) = 1
1+z , and θ, φ ∈ H(D), such that q(U) ⊂ D with φ(w) 6= 0,

whenever w ∈ q(U).
Define

Q(z) =
−z

(1 + z)(3 + z)
, h(z) =

1

1 + z
+

−z
(1 + z)(3 + z)

, z ∈ U,

and suppose that:

Re
zh′(z)

Q(z)
> 0, z ∈ U.

When p ∈ H(U), p(z) =
z[D−1

z I0(z)]
′

D−1
z I0(z)

, D−λz Iν(z) given by (1.4), with p(0) =

q(0), p(U) ⊂ D and the following differential subordination is satisfied:

z
[
D−1z I0(z)

]′
D−1z I0(z)

≺ h(z) =
1

1 + z
+

−z
(1 + z)(3 + z)

, z ∈ U,

we have that:

Re
zG′(z)

G(z)
>

1

2
, i.e. G ∈ S∗

(
1

2

)
. (2.37)

Indeed, sinceG(z) = z+b2z
2+· · · , G′(0) = 1+2b2z+· · · , G′(0) = 1 6= 0,, relation

(2.37) implies G ∈ S∗( 1
2 ) ⊂ S, hence function G(z) defined with the parameters

ν = 0, λ = 1, β = 1, α = 1
2 , (ν + λ)β = 1, is univalent in U .

3. Discussion and conclusions

By using the techniques offered by the theory of differential subordination, the
results of this work add knowledge to the field of geometric function theory that
deals with the development of new operators and the establishment of univalence
conditions pertaining to them. These kinds of studies typically aim to give insights
regarding the operators that could prove relevant for future research related to them
in the same or complementary fields of study.
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The present investigation is motivated by the previous research done on the
Bessel function of the first kind and order ν ≥ 0 associated to the well-known
fractional integral of order λ. With the investigation done in [14], where starlikeness
and convexity conditions have been established regarding the fractional integral of
the Bessel function of the first kind and order ν ≥ 0, new opportunities have been
created in order for this function to be further used in research related to geometric
function theory. A new operator is defined here using this function, given by (2.1),
and starlikeness and convexity conditions are derived in the two theorems proved,
respectively. The methods of investigation employed are provided by the theory of
differential subordination, including a widely used lemma.

Although the study’s primary focus is not on numerical examples, an example
is provided to demonstrate the relevance of the findings demonstrated during this
investigation.

As potential uses of the results presented here, the operator G(z) given by (2.1)
could be employed to establish new subclasses of analytical functions with partic-
ular geometric properties provided by the geometric aspects already established in
this article for this operator. The dual theories of differential subordination and
superordination could be used combined in order to obtain sandwich theorms in-
volving the univalent operator G(z) given by (2.1), as seen in recent studies like
[6, 20]. Additionally, this operator can be further studied in relation to specific
forms of differential subordination and superordination theories such as strong and
fuzzy differential subordinations and superordinations, like done in [12, 13].

Acknowledgments. The author thanks the anonymous referee for his/her com-
ments that helped improve this article.
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