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BOUNDS FOR THE `p NORMS OF SOME CAUCHY–TOEPLITZ

MATRICES

TSERENDORJ BATBOLD, SUGARDORJ URTNASAN

Abstract. In this paper, we establish several new lower and upper bounds

for the `p norms of some Cauchy–Toeplitz matrices. Moreover, we compare
our results with others that appear in the literature.

1. Introduction

Cauchy–Toeplitz matrices are matrices that satisfy the definitions of both Cauchy

matrices, Cn =
[

1
xi−yj

]n
i,j=1

, (xi 6= yj), and Toeplitz matrices, Tn = [ti−j ]
n
i,j=1 .

Let h 6= 0, and g and h are arbitrary numbers such that g/h is not an integer. Then
the matrix

Tn =

[
1

g + (i− j)h

]n
i,j=1

,

is a Cauchy–Toeplitz matrix. Setting g = 1
2 and h = 1, we obtain the matrix

introduced by Tyrtyshnikov, as discussed in [9]. This matrix is expressed as

Tn =

[
2

1 + 2(i− j)

]n
i,j=1

. (1.1)

It is referred to as an almost Cauchy–Toeplitz matrix, which has the following form:

An =

{
a, i = j
1

i−j , i 6= j
, 1 ≤ i, j ≤ n (1.2)

where a ∈ R. Let the matrix T ′n be a Cauchy–Toeplitz matrix of the following form:

T ′n =

[
2

1 + 2|i− j|

]n
i,j=1

. (1.3)
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It is well known that the `p norm of a matrix A = [aij ]
n
i,j=1 is

‖A‖p =

 n∑
i,j=1

|ai,j |p
 1

p

.

Bozkurt [2] established the bounds for the `p norm of almost Cauchy–Toeplitz
matrix An in 1996, as follows:

|a| ≤ n−
1
p ‖An‖p ≤

(
|a|p +

2p

2p−1 − 1

) 1
p

, 1 < p ≤ 2 (1.4)

[|a|p + ζ(p)]
1
p ≤ n−

1
p ‖An‖p ≤ [|a|p + 2ζ(p)]

1
p , p > 2 (1.5)

where γ is Euler’s constant and ζ(p) is Riemann’s zeta function. Unfortunately,
it is straightforward to observe that the first inequality in (1.5) does not hold for
n = 1, 2 and n = 3 (2 < p < 2.2232...).

In 1998, Bozkurt [3] found the bounds for `p norm of the matrix as in (1.1),
specifically:

[(2p − 1) ζ(p)]
1
p ≤ n−

1
p ‖Tn‖p ≤ 2

1
p [(2p − 1) ζ(p)]

1
p (1.6)

where p > 1. Recently, Batbold [1] found better bounds than the ones above using
the Binet–Cauchy identity and the Hermite–Hadamard’s inequality.

In 2004, Solak et al. [6] determined the upper bound for the `p norm of certain
Cauchy–Toeplitz matrices T ′. Specifically, if 2 ≤ p <∞, then

n−
1
p ‖T ′n‖p ≤ [2ζ(p)(2p − 1)− 2p]

1
p . (1.7)

For some related results of the norm of CauchyToeplitz matrices, the reader is
referred to papers ([4], [5], [7], [8], [10]).

From the above results, the question naturally arises of determining the more
sharper lower bounds for the `p norms of almost Cauchy–Toeplitz matrix An and
Cauchy–Toeplitz matrix T ′n than existing.

The following identity and inequality are useful in the sequel. First, we recall
the well-known Binet–Cauchy identity. Let ak, bk, ck, dk be real numbers for k =
1, . . . , n− 1. Then(

n−1∑
k=1

akck

)(
n−1∑
k=1

bkdk

)

=

(
n−1∑
k=1

akdk

)(
n−1∑
k=1

bkck

)
+

∑
1≤k<m≤n−1

(akbm − ambk) (ckdm − cmdk) .

Next, we also recall the classical HermiteHadamard inequality, which states that if
f : [a, b]→ R is convex function, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
.

In this paper, following the method of [1], we employ the Binet–Cauchy identity
and the Hermite–Hadamard inequality to derive new lower and upper bounds for
the `p norms of the Cauchy–Toeplitz matrices given in (1.2) and (1.3).
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2. Main results

Let us provide upper and lower bounds for the `p norm of the almost Cauchy–
Toeplitz matrix. From the definition of `p norm, it follows that

‖An‖p =

[
n∑

i=1

(|a1i|p ‖ei‖p + |a2i|p ‖ei‖p + · · ·+ |ani|p ‖ei‖p)

] 1
p

=

(
n|a|p + 2

n−1∑
k=1

n− k
kp

) 1
p

, (2.1)

where ei (1 ≤ i ≤ n) is the basis of Rn.

Lemma 2.1. Suppose that An is the almost Cauchy–Toeplitz matrix. Then

n−
1
p ‖An‖p < (n+ 1)−

1
p ‖An+1‖p . (2.2)

Proof. It is enough to prove the following inequality

1

n+ 1
‖An+1‖pp −

1

n
‖An‖pp > 0.

We have

1

n+ 1
‖An+1‖pp −

1

n
‖An‖pp

=
1

n+ 1

(
(n+ 1)|a|p + 2

n∑
k=1

n+ 1− k
kp

)
− 1

n

(
n|a|p + 2

n−1∑
k=1

n− k
kp

)

= 2

(
1

n+ 1

n∑
k=1

n+ 1− k
kp

− 1

n

n−1∑
k=1

n− k
kp

)

= 2

(
1

np(n+ 1)
+

n−1∑
k=1

(
n+ 1− k
(n+ 1)kp

− n− k
nkp

))

= 2

(
1

np(n+ 1)
+

n−1∑
k=1

1

n(n+ 1)kp−1

)
> 0.

Thus, the lemma is proved. �

Theorem 2.2. Suppose that p > 1 and An is the almost Cauchy–Toeplitz matrix.
Then

|a| ≤ n−
1
p ‖An‖p < [|a|+ 2ζ(p)]

1
p .

Proof. From the Lemma 2.1, we have

|a| = 1−
1
p ‖A1‖p ≤ n−

1
p ‖An‖p ≤ lim

n→∞
n−

1
p ‖An‖p.
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Moreover,

lim
n→∞

n−
1
p ‖An‖p = lim

n→∞

[
|a|p +

2

n

n−1∑
k=1

(
n− k
kp

)] 1
p

= lim
n→∞

[
|a|p + 2

n−1∑
k=1

1

kp
− 2

n

n−1∑
k=1

1

kp−1

] 1
p

= [|a|p + 2ζ(p)]
1
p .

Hence, by combining it with the above relations, we obtain the desired result. �

Theorem 2.3. Suppose that p > 1 and An (n ≥ 2) is the almost Cauchy–Toeplitz
matrix. Then

[|a|p + ζ(p) + c1]
1
p < n−

1
p ‖An‖p < [|a|p + 2ζ(p) + c2]

1
p , (2.3)

where

c1 =
2

n(n− 1)
ζ(p)− n2 − n+ 2

(p− 1)n(n− 1)(n− 1
2 )p−1

− 2

n(n− 1)p

and

c2 = − 2

n
ζ(p)− 2(n− 1)

(p− 1)np
.

Proof. Using the Binet-Cauchy identity with ak = 1
n−1 , bk = n − k, ck = 1

n−1 ,

dk = 1
kp , we obtain(
n−1∑
k=1

1

(n− 1)2

)(
n−1∑
k=1

n− k
kp

)

=

(
1

n− 1

n−1∑
k=1

1

kp

)(
1

n− 1

n−1∑
k=1

(n− k)

)

+
1

(n− 1)2

n−2∑
k=1

n−1∑
m=k+1

((n−m)− (n− k))

(
1

mp
− 1

kp

)
.

We can rewrite it as

n−1∑
k=1

n− k
kp

=
1

n− 1

(
n−1∑
k=1

1

kp

)(
n−1∑
k=1

n−
n−1∑
k=1

k

)

+
1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(k −m)

(
1

mp
− 1

kp

)

=
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(m− k)

(
1

kp
− 1

mp

)
. (2.4)
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First, we prove the left-hand side of inequality (2.3). Using an elementary inequality,
we have

n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(m− k)

(
1

kp
− 1

mp

)

>
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(
1

kp
− 1

mp

)

>
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(
1

(m− 1)p
− 1

mp

)

=
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

(
1

kp
− 1

(n− 1)p

)

=
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−1∑
k=1

1

kp
− 1

(n− 1)p

=

(
n

2
+

1

n− 1

) n−1∑
k=1

1

kp
− 1

(n− 1)p
.

Hence, by combining it with the relations (2.1) and (2.4), we obtain

n−
1
p ‖An‖p =

(
|a|p +

2

n

n−1∑
k=1

n− k
kp

) 1
p

>

(
|a|p +

(
1 +

2

n(n− 1)

) n−1∑
k=1

1

kp
− 2

n(n− 1)p

) 1
p

=

[
|a|p +

(
1 +

2

n(n− 1)

)(
ζ(p)−

∞∑
k=n

1

kp

)
− 2

n(n− 1)p

] 1
p

. (2.5)

By Hermite-Hadamard’s inequality for the convex mapping f(x) = x−p, p > 1, one
has

∞∑
k=n

1

kp
=

∞∑
k=n

f(k) ≤
∞∑

k=n

∫ k+ 1
2

k− 1
2

f(x)dx =

∫ ∞
n− 1

2

f(x)dx

=

∫ ∞
n− 1

2

x−pdx =
1

(p− 1)
(
n− 1

2

)p−1 .
Hence, we obtain

n−
1
p ‖An‖p >

[
|a|p +

(
1 +

2

n(n− 1)

)(
ζ(p)−

∞∑
k=n

1

kp

)
− 2

n(n− 1)p

] 1
p

>

[
|a|p +

(
1 +

2

n(n− 1)

)(
ζ(p)− 1

(p− 1)
(
n− 1

2

)p−1
)
− 2

n(n− 1)p

] 1
p

= [|a|p + ζ(p) + c1]
1
p .
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Now, we prove the right-hand side of inequality (2.3). By using an elementary
inequality in the last expression of (2.4), we have

n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(m− k)

(
1

kp
− 1

mp

)

<
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

n−1∑
m=k+1

(m− k)
1

kp

=
n

2

n−1∑
k=1

1

kp
+

1

n− 1

n−2∑
k=1

1

kp
· (n− 1− k)(n− k)

2

≤ n

2

n−1∑
k=1

1

kp
+
n− 2

2

n−2∑
k=1

1

kp

≤ n

2

n−1∑
k=1

1

kp
+
n− 2

2

n−1∑
k=1

1

kp

= n

(
1− 1

n

) n−1∑
k=1

1

kp
. (2.6)

Hence, by combining it with the relation (2.1) and (2.4), we obtain

n−
1
p ‖An‖ =

(
|a|p +

2

n

n−1∑
n=1

n− k
kp

) 1
p

<

(
|a|p + 2

(
1− 1

n

) n−1∑
n=1

1

kp

) 1
p

=

[
|a|p + 2

(
1− 1

n

)(
ζ(p)−

∞∑
k=n

1

kp

)] 1
p

.

Since the function f(x) = x−p is strictly decreasing, we have

n−
1
p ‖An‖ <

[
|a|p + 2

(
1− 1

n

)(
ζ(p)−

∫ ∞
n

x−pdx

)] 1
p

=

[
|a|p + 2

(
1− 1

n

)
ζ(p)− 2

(
1− 1

n

)
· 1

(p− 1)np−1

] 1
p

,

and the proof is completed. �

Remark. Our upper bound [|a|p + 2ζ(p) + c2]
1
p is better than Bozkurts upper bound(

|a|p + 2p

2p−1−1

) 1
p

, 1 < p ≤ 2 and [|a|p + 2ζ(p)]
1
p , p > 2. Indeed, it is clear that the

[|a|p + 2ζ(p) + c2]
1
p < [|a|p + 2ζ(p)]

1
p

and by Hermite–Hadamard’s inequality and the elementary inequality 2p−1 < p, (1 <
p ≤ 2), we also have

2ζ(p) = 2

∞∑
n=1

1

np
≤
∞∑
k=1

∫ n+ 1
2

n− 1
2

f(x)dx = 2

∫ ∞
1
2

1

xp
dx =

2p

p− 1
<

2p

2p−1 − 1
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for 1 < p ≤ 2.

Here, we present some numerical results obtained for the bounds in (1.4), (1.5)
and (2.3).

n |a| [|a|p + ζ(p) + c1]
1
p n−

1
p ‖An‖p [|a|p + 2ζ(p) + c2]

1
p [|a|p + 2p

2p−1−1 ]
1
p

2 0 0.978025971 1 1.070015918... 2
3 0 1.221984215 1.224744871... 1.322422390... 2
5 0 1.240960526... 1.419115530... 1.520491534... 2
10 0 1.253561598... 1.585478417... 1.667597469... 2
20 0 1.265607620... 1.683018871... 1.740797152... 2
30 0 1.270692732... 1.7198743441... 1.765151953... 2
40 0 1.273444608... 1.739701346... 1.777321420... 2
50 0 1.275163400... 1.752226370... 1.784620623... 2
60 0 1.276337578... 1.760913216... 1.789485741... 2
70 0 1.277190177... 1.767319655... 1.792960332... 2
80 0 1.277837240... 1.772254708... 1.795566006... 2
90 0 1.278345026... 1.776182112... 1.797592482... 2
100 0 1.278754102... 1.779387605... 1.799213564... 2

Table 1. for a = 0, p = 2

n [|ap|+ ζ(p)]
1
p [|a|p + ζ(p) + c1]

1
p n−

1
p ‖An‖p [|a|p + 2ζ(p) + c2]

1
p [|ap|+ 2ζ(p)]

1
p

2 1.063265385... 0.986371563... 1 1.025052752... 1.339630440...
3 1.063265385... 1.122072728... 1.123110683... 1.151960980... 1.339630440...
5 1.063265385... 1.088264246... 1.213251195... 1.236667047... 1.339630440...
10 1.063265385... 1.069355785... 1.277545431... 1.291603163... 1.339630440...
20 1.063265385... 1.064734692... 1.308839046... 1.316463812... 1.339630440...
30 1.063265385... 1.063909159... 1.319156646... 1.324373047... 1.339630440...
40 1.063265385... 1.063624794... 1.324295016... 1.328257386... 1.339630440...
50 1.063265385... 1.063494344... 1.327371600... 1.330565559... 1.339630440...
60 1.063265385... 1.063423886... 1.329419996... 1.332095006... 1.339630440...
70 1.063265385... 1.063381572... 1.330881840... 1.333182901... 1.339630440...
80 1.063265385... 1.063354188... 1.331977517... 1.333996325... 1.339630440...
90 1.063265385... 1.063335457... 1.332829292... 1.334627509... 1.339630440...
100 1.063265385... 1.063322082... 1.333510450... 1.335131525... 1.339630440...

Table 2. for a = 0, p = 3

Now, we establish and prove the bounds for the `p norm of the Cauchy–Toeplitz
matrix T ′n, as given in (1.3). From the definition of `p norm, it follows that

‖T ′n‖p =

(
2

n−1∑
k=1

(
2

2k + 1

)p

(n− k) + n · 2p
) 1

p

=

(
2p+1

n−1∑
k=1

n− k
(2k + 1)p

+ n · 2p
) 1

p

. (2.7)

Lemma 2.4. Suppose that T ′n is the Cauchy–Toeplitz matrix as in (1.3). Then

n−
1
p ‖T ′n‖p < (n+ 1)−

1
p

∥∥T ′n+1

∥∥
p
. (2.8)
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Proof. It is enough to show that the following inequality

1

n+ 1
‖T ′n+1‖pp −

1

n
‖T ′n‖

p
p > 0.

We have

1

n+ 1
‖T ′n+1‖pp −

1

n
‖T ′n‖

p
p =

=
1

n+ 1

(
2

n∑
k=1

(
2

2k + 1

)p

(n+ 1− k) + (n+ 1)2p

)

− 1

n

(
2

n−1∑
k=1

(
2

2k + 1

)p

(n− k) + n · 2p
)

=
2

n+ 1

n∑
k=1

(
2

2k + 1

)p

(n+ 1− k)− 2

n

n−1∑
k=1

(
2

2k + 1

)p

(n− k)

= 2p+1

(
1

n+ 1

n∑
k=1

n+ 1− k
(2k + 1)p

− 1

n

n−1∑
k=1

n− k
(2k + 1)p

)

= 2p+1

(
1

(n+ 1)(2n+ 1)p
+

n−1∑
k=1

k

n(n+ 1)(2k + 1)p

)
> 0.

�

Theorem 2.5. Suppose that p > 1 and T ′n is the Cauchy–Toeplitz matrix as in
(1.3). Then

2 ≤ n−
1
p ‖T ′n‖p < [2p + 2ζ(p)(2p − 1)− 2p+1]

1
p .

Proof. From the Lemma 2.4, we have

2 = 1−
1
p ‖T ′1‖p ≤ n

− 1
p ‖T ′n‖p ≤ lim

n→∞
n−

1
p ‖T ′n‖p.

Moreover,

lim
n→∞

n−
1
p ‖T ′n‖p = lim

n→∞

[
2p +

2p+1

n

n−1∑
k=1

n− k
(2k + 1)p

] 1
p

= lim
n→∞

[
2p + 2p+1

n−1∑
k=1

1

(2k + 1)p
− 2p+1

n

n−1∑
k=1

k

(2k + 1)p

] 1
p

= [2ζ(p)(2p − 1)− 2p]
1
p .

Hence, by combining it with the above relations, we obtain the desired result. �

Theorem 2.6. Suppose that p > 1 and T ′n, (n ≥ 2) is the Cauchy–Toeplitz matrix
as in (1.3). Then[

ζ(p)

(
1 +

2

n(n− 1)

)
(2p − 1) + 2p · c1

] 1
p

≤ n−
1
p ‖T ′p‖ ≤

[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

] 1
p

, (2.9)
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where

c1 = 1−
(

1 +
2

n(n− 1)

)(
1 +

1

2p · np−1(p− 1)

)
− 2

n(2n− 1)p

and

c2 = 2

(
1− 1

n

)(
1 +

1

2(p− 1)(2n+ 1)p−1

)
− 1.

Proof. Similarly to the procedure used in the proof of Theorem 2.3, using Binet-
Cauchy identity with ak = 1

n−1 , bk = n− k, ck = 1
n−1 , dk = 1

(2k+1)p , we obtain the

following inequality(
n

2
+

1

n− 1

) n−1∑
k=1

1

(2k + 1)p
− 1

(2n− 1)p
<

n−1∑
k=1

n− k
(2k + 1)p

< n

(
1− 1

n

) n−1∑
k=1

1

(2k + 1)p
. (2.10)

Applying the first inequality of (2.10) to the estimate (2.7) and Hermite–Hadamard’s
inequality we have

n−
1
p ‖T ′n‖p

=

(
2p +

2p+1

n

n−1∑
k=1

n− k
(2k + 1)p

) 1
p

>

[
2p +

2p+1

n

((
n

2
+

1

n− 1

) n−1∑
k=1

1

(2k + 1)p
− 1

(2n− 1)p

)] 1
p

=

[
2p + 2p

(
1 +

2

n(n− 1)

)( ∞∑
k=1

1

(2k + 1)p
−
∞∑

k=n

1

(2k + 1)p

)
− 2p+1

n(2n− 1)p

] 1
p

=

[
2p + 2p

(
1 +

2

n(n− 1)

)(
ζ(p)

(
1− 1

2p

)
− 1−

∞∑
k=n

1

(2k + 1)p

)
− 2p+1

n(2n− 1)p

] 1
p

>

[
2p + 2p

(
1 +

2

n(n− 1)

)(
ζ(p)

(
1− 1

2p

)
− 1− 1

2pnp−1(p− 1)

)
− 2p+1

n(2n− 1)p

] 1
p

=

[
ζ(p)

(
1 +

2

n(n− 1)

)
(2p − 1)

+2p
[
1−

(
1 +

2

n(n− 1)

)(
1 +

1

2pnp−1(p− 1)

)
− 2

n(2n− 1)p

]] 1
p

=

[
ζ(p)

(
1 +

2

n(n− 1)

)
(2p − 1) + 2p · c1

] 1
p

.

Now, we prove the right-hand side of inequality (2.9). Similarly to the procedure
used in the end of proof of Theorem 2.3, we obtain

n−
1
p ‖T ′n‖ <

[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

] 1
p

.

The proof is now completed. �
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Remark. Our upper bound
[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

] 1
p is better than the

upper bound [2ζ(p)(2p − 1)− 2p]
1
p found by Solak et al.. Indeed, we have

[2ζ(p)(2p − 1)− 2p]−
[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

]
=

2

n
ζ(p)(2p − 1) + 2p(c2 − 1)

=
2

n
ζ(p)(2p − 1) + 2p

(
n− 1

n(p− 1)(2n+ 1)p−1
− 2

n

)
=

2

n
(ζ(p)(2p − 1)− 2p) +

(n− 1)2p

n(p− 1)(2n+ 1)p−1

=
2p+1

n

( ∞∑
n=0

1

(2n+ 1)p
− 1

)
+

(n− 1)2p

n(p− 1)(2n+ 1)p−1
> 0.

Here, we present some numerical results obtained for the bounds in (1.7) and
(2.9).

n
[
ζ(p)

(
1 + 2

n(n−1)

)
(2p − 1) + 2p · c1

] 1
p

n−
1
p ‖T ′n‖p

2 2.103606416... 2.108185106...
3 2.166862206... 2.167777493...
5 2.188270854... 2.233421214...
10 2.202529748... 2.302163504...
20 2.211152656... 2.349027714...
30 2.214376797... 2.368264355...
40 2.216063304... 2.379018981...

Table 3. p = 2, lower bounds

n n−
1
p ‖T ′n‖p

[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

] 1
p [2ζ(p)(2p − 1)− 2p]

1
p

2 2.108185106... 2.129507501... 2.422726645...
3 2.167777493... 2.205776632... 2.422726645...
5 2.233421214... 2.281397473... 2.422726645...
10 2.302163504... 2.347597791... 2.422726645...
20 2.349027714... 2.383996907... 2.422726645...
30 2.368264355... 2.396642709... 2.422726645...
40 2.379018981... 2.403063907... 2.422726645...

Table 4. p = 2, upper bounds

n
[
ζ(p)

(
1 + 2

n(n−1)

)
(2p − 1) + 2p · c1

] 1
p

n−
1
p ‖T ′n‖p

2 2.023269901... 2.024392647...
3 2.035675701... 2.035831581...
5 2.035165453... 2.046726685...
10 2.034264840... 2.056141450...
20 2.034026909... 2.061307681...
30 2.033985193... 2.063103255...
40 2.033971041... 2.064015302...

Table 5. p = 3, lower bounds
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n n−
1
p ‖T ′n‖p

[
2ζ(p)

(
1− 1

n

)
(2p − 1)− 2p · c2

] 1
p [2ζ(p)(2p − 1)− 2p]

1
p

2 2.024392647... 2.027487027... 2.066809764...
3 2.035831581... 2.040676224... 2.066809764...
5 2.046726685... 2.051701227... 2.066809764...
10 2.056141450... 2.059680859... 2.066809764...
20 2.061307681... 2.063394053... 2.066809764...
30 2.063103255... 2.064570470... 2.066809764...
40 2.064015302... 2.065145204... 2.066809764...

Table 6. p = 3, upper bounds
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