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EXISTENCE AND REGULARITY RESULTS OF ELASTIC

PROBLEM WITH FOURIER BOUNDARY CONDITION

MOURAD BOUDERSA, AYACHE BENHADID AND AMRANE HOUAS

Abstract. In this paper, we consider the elastic problem with mixed bound-
ary conditions (Dirichlet-Fourier-maximal monotone graph) in a smooth do-

main. We prove the existence and the regularity results for the weak solution

of this problem. The proof is based on the approach of maximal monotone
graph by its Yosida regularization and the contraction method of Brézis.

1. Introduction

The studies of the existence, uniqueness and regularity for the solution of elas-
ticity system or Stokes system with mixed boundary conditions have been made
by several authors. In [17], a mathematical model which describes the motion of
a 3D unsteady fluid flow governed by the Navier-Stokes system, and subjected to
mixed boundary conditions is considered. The regularity result for the solution of
elliptic boundary value problem with mixed conditions is studied in [14]. In [15],
the stationary equations for a non-isothermal Newtonian and incompressible fluids,
in a three-dimensional bounded domain is considered. The problem is governed
by a coupled system involving a balance of linear momentum and the heat energy
with Tresca free boundary friction conditions. Existence, uniqueness and regular-
ity of the weak solution to this coupled problem are proved. More recently, the
authors in [16] have proved the existence result of solution of a problem describing
the motion of an incompressible, non-isothermal and non-Newtonian fluid taking
into account the heat convection term. The nonlinear boundary value problem
governed by a stationary perturbed Stokes system with mixed boundary conditions
were studied in ([3], [4]). In [1], the authors have studied the existence result for
weak solutions and the asymptotic analysis of a problem describing the motion of
an incompressible, non-isothermal, and non-Newtonian fluid in a three-dimensional
thin domain. The existence, uniqueness and regularity results for the weak solution
of Lamé equations in a non homogeneous three-dimensional domain with boundary
condition is treated by [2].
The purpose of this paper is to study the existence and regularity for the solution
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of the following problem. Let Ω be a bounded open subset of R3 of class C2. The
boundary ∂Ω = Γ is assumed to consist of three disjoint parts Γ1, Γ2 and Γ3 with
measure (Γ1) > 0. We look for a solution u in H2(Ω)3 of the following problem

−div σ (u) + α2u = f in Ω
u = 0 on Γ1

P (u)− σ(u)n ∈ β(u) on Γ2

u.n = 0
στ (u) + ku = 0

}
on Γ3

(1.1)

where u is the displacement field, σ the stress tensor, P the first order differential
operator with lipschitzian coefficients, β the maximal monotone graph such that
0 ∈ β(0), n the unit outward normal vector on Γ, f ∈ L2(Ω)3, k > 0 and α is a real
number to be fixed lateron. The elements σij of σ are given by the Hooke’s law

σij = 2µdij(u) + λtr (d(u)) δij 1 ≤ i, j ≤ 3

where λ and µ are elasticity coefficients with λ > 0 and λ+ µ ≥ 0,

dij(u) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
the symmetric deformation tensor and δij is the Krönecker symbol.

We define respectively the normal and the tangential components of u on the
boundary by

un = u.n uτ = u− (un)n

and the normal and the tangential components of the stress tensor by

σn = (σ.n).n στ = σ.n− (σn)n

The condition of Fourier is

u.n = 0
στ (u) + ku = 0

}
on Γ3

The paper is organized as follows. In section 2 we present some preliminaries
which will be needed below. In section 3, we replace in problem (1.1), β by the
approaching of Yosida βξ, we obtain the approached problem and we solve for this
problem from a method of Brézis’s contraction [7]. A priori estimate allows us to
pass to the limit when ξ tends to zero, we prove our main results of existence and
regularity of the solution to initial problem (1.1).

2. Preliminaries

In this paragraph we give some results of [5] which will be useful in the sequel.

Lemma 2.1. Let Ω be open bounded of class C2, P a tangent operator of the first
order, for all ϕ ∈ L1(Γ)n such that P (ϕ) ∈ L1(Γ)n we get∣∣∣∣∫

Γ

P (ϕ)ds

∣∣∣∣ ≤ c1 ∫
Γ

|ϕ|ds (2.1)

where c1 = c1 (Ω, P ) is a constant.

Lemma 2.2. Let Ω be open bounded subset of Rn with Lipschitzian boundary Γ,
if u ∈ H1(Ω)n and if β is uniformly Lipschitzian function then β(u) belongs to
H1(Γ)n.
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Theorem 2.3. Let Ω be open bounded subset of Rn of class C0,1, ∀ε > 0, there
exist c2(ε) depending only on ε such that

‖ϕ‖2L2(Γ)n ≤ ε ‖∇ϕ‖
2
L2(Ω)n×n + c2(ε) ‖ϕ‖2L2(Ω)n , ∀ϕ ∈ H1(Ω)n (2.2)

‖∇ϕ‖2L2(Γ)n×n ≤ ε ‖ϕ‖2H2(Ω)n + c2(ε) ‖ϕ‖2H1(Ω)n , ∀ϕ ∈ H2(Ω)n (2.3)

3. Main Results

In this section and for the study of the considered problem, we approach the
maximal monotone graph β by a function βξ. To reach the desired goal, let us
introduce a non-decreasing function βξ which is the approaching of Yosida of β
defined by: βξ = ξ−1(I + Jξ), where Jξ = −(I + ξβ)−1 is the resolvent of β.

At first time, we consider the following problem approached
−div σ (uξ) + α2uξ = f in Ω

uξ = 0 on Γ1

P (uξ)− σ(uξ)n = βξ(uξ) on Γ2

uξ.n = 0
στ (uξ) + kuξ = 0

}
on Γ3

(3.1)

The nonlinear problem (3.1) is not well adapted to the fixed point method, an
other difficulty is to give the priori estimate.

3.1. Resolution of the intermediate problem. We introduce the following in-
termediate problem for which the Banach fixed point theorem holds

−div σ (v) + α2v = f in Ω
v = 0 on Γ1

P (v)− σ(v)n− v

ξ
=
Jξ(u)

ξ
on Γ2

v.n = 0
στ (v) + kv = 0

}
on Γ3

(3.2)

where u ∈ L2(Γ2)3. One will remark that a fixed point of (3.2) (a.e if one finds a
solution v such that v�Γ2

= u) will give a solution of (3.1).

Theorem 3.1. There exists a unique v ∈ K solution to problem (3.2), where

K =
{
ϕ ∈ H1(Ω)3 : ϕ = 0 on Γ1 and ϕ.n = 0 on Γ3

}
Proof. We multiply the equation

−div σ (v) + α2v = f

by ϕ where ϕ ∈ K and integrate, we obtain∫
Ω

−∂σij(v)

∂xj
ϕidx+ α2

∫
Ω

viϕidx =

∫
Ω

fiϕidx

Using the Green formula, we deduce∫
Ω

σij(v)
∂ϕi
∂xj

dx−
∫

Γ

(σij(v)nj)ϕids+ α2

∫
Ω

viϕidx =

∫
Ω

fiϕidx

Therefore

2µ

∫
Ω

d(v)d(ϕ)dx+λ

∫
Ω

div(v)div(ϕ)dx−
∫

Γ2

σ(v)n(ϕ)ds−
∫

Γ3

στϕds+α
2

∫
Ω

vϕdx =

∫
Ω

fϕdx
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we deduce

2µ

∫
Ω

d(v)d(ϕ)dx+ λ

∫
Ω

div(v)div(ϕ)dx+ α2

∫
Ω

vϕdx− 〈P (v), ϕ〉
H− 1

2 (Γ2)×H
1
2 (Γ2)

+
1

ξ

∫
Γ2

vϕds+ k

∫
Γ3

vϕds =

∫
Ω

fϕdx− 1

ξ

∫
Γ2

Jξ(u)ϕds

We pose

a(v, ϕ) = 2µ

∫
Ω

d(v)d(ϕ)dx+λ

∫
Ω

div(v)div(ϕ)dx+α2

∫
Ω

vϕdx−
∫

Γ2

P (v)ϕds+
1

ξ

∫
Γ2

vϕds+k

∫
Γ3

vϕds

l(ϕ) =

∫
Ω

fϕdx− 1

ξ

∫
Γ2

Jξ(u)ϕds

we obtain
a(v, ϕ) = l(ϕ), ∀ϕ ∈ K

The bilinear form a(., .) is continuous.
For ϕ ∈ H2(Ω)3 ∩K, we have

a(ϕ,ϕ) = 2µ ‖d(ϕ)‖2L2(Ω)3×3+λ ‖div(ϕ)‖2L2(Ω)3+α2 ‖ϕ‖2L2(Ω)3−
∫

Γ2

P (ϕ)ϕds+
1

ξ
‖ϕ‖2L2(Γ2)3+k ‖ϕ‖2L2(Γ3)3

Considering the integral of border
∫

Γ2
P (ϕ)ϕds, by lemma 2.1 we have∫

Γ2

P (ϕ)ϕds =

∫
Γ2

P (
ϕ2

2
)ds and

∫
Γ2

P (ϕ)ϕds ≤ c1
∫

Γ2

ϕ2ds

then
a(ϕ,ϕ) ≥ 2µ ‖d(ϕ)‖2L2(Ω)3×3 + α2 ‖ϕ‖2L2(Ω)3 − c1 ‖ϕ‖

2
L2(Γ2)3

by Korn’s inequality we get

a(ϕ,ϕ) ≥ 2µ ‖ϕ‖2H1(Ω)3 + α2 ‖ϕ‖2L2(Ω)3 − c1 ‖ϕ‖
2
L2(Γ2)3

we use the theorem 2.3, it follows that

a(ϕ,ϕ) ≥ (2µc3 − εc1) ‖∇ϕ‖2L2(Ω)3×3 + (α2 − c1c2(ε)) ‖ϕ‖2L2(Ω)3

choosing ε and α such that

ε <
2µc3
c1

, α ≥
√
c1c2(ε) = α1 and m = min

(
2µc3 − εc1 , α2 − c1c2(ε)

)
(3.3)

we obtain
a(ϕ,ϕ) ≥ m ‖ϕ‖2H1(Ω)3 , ∀ϕ ∈ H2(Ω)3 ∩K

as H2(Ω)3 ∩K is dense in K one has

a(ϕ,ϕ) ≥ m ‖ϕ‖2H1(Ω)3 , ∀ϕ ∈ K

this shows the coercivity of the form a(., .).
The form l is linear and continuous and the functional j is convex, lower semi-
continuous and proper on K.

So, by the Lax-Milgram theorem, there exists a unique solution v ∈ K of

a(v, ϕ) = l(ϕ), ∀ϕ ∈ K (3.4)

Let’s remark if (3.2) and (3.4) are equivalent, the implication (3.2) ⇒ (3.4) is
easily verifiable, has (3.4)⇒ (3.2).

If ϕ ∈ D(Ω)3, we obtain



EXISTENCE AND REGULARITY RESULTS OF ELASTIC PROBLEM WITH FBC 43

2µ

∫
Ω

d(v)d(ϕ)dx+ λ

∫
Ω

div(v)div(ϕ)dx+ α2

∫
Ω

vϕdx =

∫
Ω

fϕdx

⇒ −div σ (v) + α2v = f in the sense of D′(Ω)3

We multiply the equation

−div σ (v) + α2v = f

by ϕ and we use the Green formula, we obtain

2µ

∫
Ω

d(v)d(ϕ)dx+λ

∫
Ω

div(v)div(ϕ)dx−
∫

Γ

∑
ij

σij(v)niϕjds+α
2

∫
Ω

vϕdx =

∫
Ω

fϕdx

From (3.4), we get∫
Γ

σ(v).n.ϕds =

∫
Γ2

P (v)ϕds− 1

ξ

∫
Γ2

vϕds− 1

ξ

∫
Γ2

Jξ(u)ϕds− k
∫

Γ3

vϕds (3.5)

If we take ϕ ∈ D(Γ)3 and supp(ϕ) ⊂ Γ2 in (3.5), we deduce∫
Γ2

σ(v).n.ϕds =< P (v), ϕ >
H− 1

2 (Γ2)3×H
1
2 (Γ2)3

−1

ξ

∫
Γ2

vϕds− 1

ξ

∫
Γ2

Jξ(u)ϕds

⇒ σ(v)n− P (v) +
v

ξ
= −Jξ(u)

ξ

now we take ϕ ∈ D(Γ)3 and supp(ϕ) ⊂ Γ3 in (3.5), we deduce∫
Γ3

σ(v).n.ϕds = −k
∫

Γ3

vϕds

As στ = σ.n− (σn)n and ϕ ∈ K then∫
Γ3

στ (v)ϕds = −k
∫

Γ3

vϕds

thus

στ (v) + kv = 0

Then there exists v ∈ H1(Ω)3 solution of (3.2). �

Theorem 3.2. Under the same assumptions, there exists a unique uξ ∈ K solution
to the problem (3.1).

Proof. We use the Banach fixed point theorem. For this, we consider the following
operator

T : L2(Γ2)3 → L2(Γ2)3

u→ T (u) = v�Γ2

where v is the solution of (3.2).
We will show that T is a strict contraction, we can take Γ ∈ C0,1 only. Let v1

and v2 be solutions of the following problems

−div σ (vi) + α2vi = f in Ω
vi = 0 on Γ1

P (vi)− σ(vi)n−
vi
ξ

=
Jξ(ui)

ξ
on Γ2

vi.n = 0
στ (vi) + kvi = 0

}
on Γ3
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it implies

a(v1, v2 − v1) =

∫
Ω

f(v2 − v1)dx− 1

ξ

∫
Γ2

Jξ(u1)(v2 − v1)ds

a(v2, v1 − v2) =

∫
Ω

f(v1 − v2)dx− 1

ξ

∫
Γ2

Jξ(u2)(v1 − v2)ds

by adding both equalities, we get

a(v2 − v1, v2 − v1) =
1

ξ

∫
Γ2

(Jξ(u1)− Jξ(u2)) (v2 − v1)ds

We pose w = v2 − v1 and by the Young inequality, we deduce

a(w,w) ≤ 1

2ξ

∫
Γ2

(Jξ(u1)− Jξ(u2))
2
ds+

1

2ξ

∫
Γ2

w2ds

In the other hand we have

a(w,w) = 2µ

∫
Ω

|d(w)|2 dx+ λ

∫
Ω

|divw|2 dx+ α2

∫
Ω

|w|2 dx−
∫

Γ2

P (w)wds+
1

ξ

∫
Γ2

|w|2 ds+ k

∫
Γ3

|w|2 ds

≥ 2µ

∫
Ω

|d(w)|2 dx+ α2

∫
Ω

|w|2 dx− εc1
∫

Ω

|5w|2 dx− c1c2(ε)

∫
Ω

|w|2 dx+
1

ξ

∫
Γ2

|w|2 ds

≥ (2µc3 − εc1)

∫
Ω

|5w|2 dx+
(
α2 − c1c2(ε)

) ∫
Ω

|w|2 dx+
1

ξ

∫
Γ2

|w|2 ds

≥ m ‖w‖2H1(Ω) +
1

ξ

∫
Γ2

w2ds

then

2ξm ‖w‖2H1(Ω) + 2

∫
Γ2

w2ds ≤
∫

Γ2

(Jξ(u1)− Jξ(u2))
2
ds+

∫
Γ2

w2ds

since Jξ is a contracting and if ε and m verify (3.3) then

2ξm ‖w‖2H1(Ω) +

∫
Γ2

w2ds ≤
∫

Γ2

(Jξ(u1)− Jξ(u2))
2
ds ≤

∫
Γ2

|u2 − u1|2 ds

From to the theorems of traces, we deduce that

(c4 + 1) ‖w‖2L2(Γ2) ≤ ‖u2 − u1‖2L2(Γ2)

this implies

‖w‖L2(Γ2) = ‖v2 − v1‖L2(Γ2) ≤
1√
c4 + 1

‖u2 − u1‖L2(Γ2)

since 1√
c4+1

< 1, T is a strict contraction. Then there exists one and only one

u ∈ L2(Γ2)3 such that T (u) = u = v�Γ2 and v is solution of (3.2). Finally, we have
proved the existence of v in K solution of (3.1). �

Remark. We have u ∈ H 1
2 (Γ2)3 because v�Γ2

∈ H 1
2 (Γ2)3.
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3.2. Regularity of the solution of (3.1). From (3.2), where the u intervening in
the boundary conditions is the u realizing the fixed point of T .

Theorem 3.3. Let Ω be open bounded subset of R3 of class C2, if f ∈ L2(Ω)3,
h ∈ H1(Ω)3, P a differential operator, of the first order to coefficients lipschitzians
and α verifying (3.3) then there exists an unique v ∈ H2(Ω)3 solution of

−div σ (v) + α2v = f in Ω
v = 0 on Γ1

P (v)− σ(v)n = h on Γ2

v.n = 0
στ (v) + kv = 0

}
on Γ3

Proof. We look at that pass locally

a) For points in the inside of Ω or on Γ1 and Γ3, we know that v ∈ H2(Ω)3

(classic result).
b) For points in the boundary Γ2 we have v ∈ H2

loc(Ω)3 see [10].

Combining a) and b) using a partition of the unit, we obtain v ∈ H2(Ω)3 �

3.3. Existence of a solution in H2(Ω)3 of (1.1). Let uξ be the solution of (3.1)
then we have the following Theorem

Theorem 3.4. (A priori estimate) There exists a constant C independent of ξ
such that

‖uξ‖2H2(Ω)3 ≤ C ‖f‖
2
L2(Ω)3 , (3.6)

with α verified (3.10).

Proof. Let uξ be solution of (3.1) and −div σ (uξ) = L in Ω then

〈 f , f 〉 = ‖L‖2L2(Ω)3 + 2α2 〈 L , uξ 〉+ α4 ‖uξ‖2L2(Ω)3

= ‖L‖2L2(Ω)3 + 4α2µ ‖d(uξ)‖2L2(Ω)3 − 2α2

∫
Γ2

(σ(uξ)n)uξds

−2α2

∫
Γ3

(σ(uξ)n)uξds+ α4 ‖uξ‖2L2(Ω)3

Using the fact that βξ is increasing Lipschitzian with βξ(0) = 0 and lemma 2.1, we
obtain∫

Γ2

(σ(uξ)n)uξds =

∫
Γ2

P (uξ)uξds−
∫

Γ2

βξ(uξ)uξds ≤ c1 ‖uξ‖2L2(Γ2) , (3.7)

on the other hand, using the results of [11], [12], [18] and of Grisvard [8], [9], we
show the existence of a constant c5 > 0 such that

c5 ‖uξ‖2H2(Ω)3 ≤ ‖L‖
2
L2(Ω)3 (3.8)

We also get (3.8) as in Schechter[11].
By Holder’s inequality, we have∫

Γ3

(σ(uξ)n)uξds =

∫
Γ3

στ (uξ)uξds ≤ k ‖uξ‖2L2(Γ3)3 (3.9)
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Using trace theorems ( see [13] ) , inequalities (3.7), (3.8) and (3.9), the theorem
2.3 and Korn’s inequality we have

〈f, f〉 ≥ c5 ‖uξ‖2H2(Ω)3 + 4α2µc3 ‖uξ‖2H1(Ω)3 − 2α2c1ε ‖5uξ‖2L2(Ω)3×3 − 2α2c1c2(ε) ‖uξ‖2L2(Ω)3

− 2α2εk ‖5uξ‖2L2(Ω)3×3 − 2α2c6(ε)k ‖uξ‖2L2(Ω)3 + α4 ‖uξ‖2L2(Ω)3

this implies

‖f‖2L2(Ω)3 ≥ c5 ‖uξ‖2H2(Ω)3 + 2α2 (2µc3 − c1ε− kε) ‖5uξ‖2L2(Ω)3×3

+α2
(
α2 − 2c1c2(ε)− 2kc6(ε)

)
‖uξ‖2L2(Ω)3

if we choose

ε < inf

{
2µc3
c1 + k

,
2µc3
c1

}
and α ≥ α3 = max

{
α1 =

√
c1c2(ε) , α2 =

√
2c1c2(ε) + 2kc6(ε)

}
(3.10)

the inequality (3.6) is examined. �

Theorem 3.5. (Passage to the limit)
For (3.10) verified, there exists u ∈ H2(Ω)3 solution of (1.1).

Proof. According to (3.6) there exists a sequence ξj tanding to 0 such that

uξj → u weakly in H2(Ω)3

uξj → u strongly in H1(Ω)3

u = 0 on Γ1

On the other hand, from the lemma 2.2, we have

σ(uξj )n → σ(u)n in L2(Γ2)3

P (uξj ) → P (u) in L2(Γ2)3

then

βξj (uξj )→ P (u)− σ(u)n in L2(Γ2)3

But since

βξj ⊂ β ◦ (−Jξ)
we deduce that

uξj + Jξj (uξj ) = ξjβξj (uξj )→ 0 ξj → 0,

which is equivalent to

−Jξj (uξj )→ u ξj → 0

whence

−σ(u)n+ P (u) ∈ β(u)

and

uξj .n→ u.n = 0 on Γ3

στ
(
uξj
)

+ kuξj → στ (u) + ku = 0 on Γ3

hence the limit u satisfies (1.1). �
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4. Conclusion

In this paper, using the approach of maximal monotone graph by its Yosida
regularization and the contraction method of Brézis we prove the existence and the
regularity results for the weak solution of elasticity system with mixed boundary
conditions (Dirichlet-Fourier-maximal monotone graph) in a smooth domain.
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[6] H. Benseridi and M. Dilmi, Some inequalities and asymptotic behaviour of

dynamic problem of linear elasticity. Georgian Math. J 20 (2013), 25–41.

https://www.degruyterbrill.com/document/doi/10.1515/gmj-2013-0004/html
[7] H. Brezis, Monotonicity methods in H-spaces and some applications to non linear partial

differential equations. Academic Press, 1971.

[8] P. Grisvard, Singularites in boundary value problems. Masson, 1992.
[9] P. Grisvard, Le problème de Dirichlet pour les équations de Lamé . C. R. Acad. Sc 304 3
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