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GENERALIZED DEGENERATE FUBINI-EULER-GENOCCHI
POLYNOMIALS

AYED AL EDAMAT, WASEEM AHMAD KHAN, NAEEM AHMAD, UGUR DURAN

ABSTRACT. In this study, we define the generalized degenerate Fubini-Euler-
Genocchi polynomials. Then, we derive some of their properties, including ad-
dition formulas, summation formulas, identities, and relations, utilizing some
series manipulation methods and analyzing their generating function. Also,
we provide several symmetric properties for the generalized degenerate Fubini-
Euler-Genocchi polynomials. In addition, we consider the generalized degener-
ate Fubini-Euler-Genocchi polynomials of the order 8 and then we investigate
implicit summation formulas, correlations, addition formulas, and their deriv-
ative and difference properties.

1. INTRODUCTION

Recurrence relations, p-adic integrals, classical and exponential generating func-
tions, explicit formulae, and other techniques are used to represent the definitions
of special numbers and polynomials in various ways. Special numbers and poly-
nomials play a significant role in the theory of analytic number theory, classical
analysis, finite differences, and statistics. The most famous special polynomials
and numbers are Fubini (cf. [3 [7, 19]), Euler (cf. [2 [7]), Genocchi (cf. []]),
Bernoulli (cf. [6, 20]) and Stirling numbers and polynomials (cf. [I7]). Fubini
(geometric) polynomials can be found in combinatorial mathematics. Extensive re-
search has been conducted by numerous experts in the fields of number theory and
combinatorics, yielding a variety of intriguing findings regarding their properties
(see [3} [7, [18]). In recent years, degenerate Fubini polynomials in [I} 111 I3} [I4],
Euler-Genocchi polynomials in [2, [l [10], degenerate Euler-Genocchi polynomials
in [9], 12} 15], and Fubini-Euler-Genocchi polynomials in [I8] have been considered,
and various properties, applications, and relationships have been investigated. Mo-
tivated and inspired by the above studies, we examine the degenerate version of
Fubini-Euler-Genocchi polynomials based on their exponential generating function
and then analyze their various properties and relations.
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Throughout the paper, let N, Z, Ny, R and C denote, respectively, the set of all
natural numbers, the set of all integers, the set of all nonnegative integers, the set
of all real numbers, and the set of all complex numbers.

The degenerate version of the exponential function is given as follows (cf. [11 4]
6, 13])

s e t"
(1) = (14205 = 3 (@uar, (L1)
n=0
where (), y = (x —A)(@—2))--- (r— (n—1)A) (1 < n) with (z)or =1for A € R.
Note that el (t) = (1 4+ At)> and limy o €% (t) = e*’.
The A) , difference operator is provided as follows (cf. [9] [15])

1
which satisfies the following difference rule:
Ax (€ (1) = teX (1) - (1.3)

The degenerate versions of the Euler E, (z; \) and the Genocchi G,,(z; A) poly-
nomials are defined by (cf. [12], [16])

Al =) E —and ————ei(t) = > L4
O 16,\(t) HZ:O (2, A) | and NOE: 16/\(t) 2 Gn(z,\) 5 (1.4)

Their corresponding numbers can be derived by taking z = 0, namely E, (\) =
E,.(0,A) and G,,(\) = G, (0, A).

The degenerate Stirling numbers of the second kind are defined for j > 0 as
follows (cf. [3] [I7])

-1
ZSZATLJ 7( =1 (1.5)
g!
The degenerate Fubini polynomlals are defined by (cf. [T}, 13| 14])

Z JINE tn (1.6)

1—ax(ex(t

When m = 1 F,x = Fy A(1) are called the degenerate Fubini numbers.

From and ., we have
(@) =D 12 (n,5)(2);5
j=0

The higher-order degenerate Fubini polynomials are provided as follows (cf. [Il
110)

oo

ﬁ n
(ma) 50-X e

n=0

When z+1 =y = 1, Fff; (0,1) = Ffbﬂg are termed the higher-order degenerate
Fubini numbers.
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A generalized falling factorial sum o;(n; \) is defined as follows (cf. [20])

n+1) 1

— (145
Z:()Jj(n,)\) T (1.7)

The next section considers the generalized degenerate Fubini-Euler-Genocchi
polynomials and the higher-order generalized degenerate Fubini-Euler-Genocchi
polynomials. Then, several of their formulas and relations, including implicit sum-
mation formulas, correlations, symmetric identities, addition formulas, derivative
property, and difference property are investigated utilizing their exponential gener-
ating functions and using series manipulation methods.

2. GENERALIZED DEGENERATE FUBINI-EULER-GENOCCHI POLYNOMIALS

In this part, we consider the generalized degenerate Fubini-Euler-Genocchi poly-
nomials with their higher-order extension, and we look into various properties and
formulas related to these polynomials.

We start with the following principal definition.

Definition 2.1. Let k € Ny and A € R\ {O} The generalized degenerate Fubini-
FEuler-Genocchi polynomials, denoted by FEGn )\(x y), are defined by

k, x
ZFEG;MA (« y ___Ual (2.1)

(v 411

for |t] < X

Remark. Upon setting z =0, IFEG;k;(y) = IE‘EGST;(Q y) are called the generalized
degenerate Fubini-Euler-Genocchi polynomials with one parameter, provided by

im@““) e = A (2.2)
2 A = Ty e ) - 1)

Remark. Letting y = 1, FEG® (2 \)= FEG%;(I‘,l) are called the generalized
degenerate Fubini-Euler-Genocchi polynomials with one parameter, different from

, provided by

> " thel(t)
D FEG, (2 0) 5 = 5= ;(t)'

Remark. Lettingxz =0 and y =1, FEG?& = IFEGS&(O, 0) are called the general-
ized degenerate Fubini-Euler-Genocchi numbers, provided by

o0
Z g® "
2—6)\ o ”)‘n
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We readily note that FEG.Y (z,y) = 0 where i € {0,1,--- ,k—1}. Also, we
observe that

Fox(z,y) = FEG' (2,9) (n > 0),

n7

G (z) = FEG"} (x ) n>0),

)

En(z) = FEG!} (g; ) (n > 0). (2.3)

We provide our first theorem.

Theorem 2.2. The following addition formula is valid for n € Z>:

n

n
FEG\\ (21 + 2,9) = Y <]> (22)n— i AFEGYY) (21, 7). (2.4)
§=0

Proof. We obtain from (2.1]) that

— tn tk
FEG") — = T (t)e2(t
SFEG (@1t aay) s = e (0
oo t”
= nz%(xz n)\ o nz%]FEGn A(ﬂfl,y)a
oo n n . m
= 2 |2 (2) saFmE R e
n=0 | j=0 J :
which suggests the alleged outcome. O
We want to present certain specific cases of Theorem [2.2] as follows.
Corollary 2.3. The following identity is verified for n € Z>q:
" /n
FEG(w0) = 3 (1) h-saFEE ).
§=0
Corollary 2.4. The following relation is verified for n € Z>q:
" /n
FEG.\(z+1,5) =Y (;) (- AFEG') (2, y).
§=0
Theorem 2.5. The following summation formula is valid for n € Z>y:
1 (R e (k)
@os= s (02 (1 FEEr @) (W + FEGL s )+ 1
(n+ k) = j+Ek J "

(2.5)
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Proof. We obtain from (2.1)) that

1
ex(t) = * (1— - 1)) E IFEGELkz\ (x y
o0 y oo
(1);at? (k) tn
= | = E ( : 1 E FEG 7
yj:O ]' +( +y) et n+k, )\( )(n+k)'

Z _?JZ <n—|— k)}pEGgik A(m,y)m —|—IFIEGn+k NEA

n=0

which suggests the alleged outcome by (|1.1) and (2.6).

Corollary 2.6. The following summation formula is valid for n € Z>q:

FEG.}(0,y) Zy j1S2A(n. ).

Proof. We see from (12.1)) that

SFEGA(0,y)— = D yi(ealt) -
n=0 =0

o0

1l
j=0 I
oo n
= D) 1S i)y —
n=0 j=0

which suggests the alleged outcome.

Theorem 2.7. The following identity is valid for n € Z>y:

n F
FEG,x(z,y) = Z n_kk J_Aj)ij( ),

Proof. We get from ([2.1) that

- (k) tn s (t)tk
FE — = —_—
Z Gn,)\(xvy)n! 1— y(e)\(t) o 1)

Il |
~+ ~+
o b
2 190
(]
M: =
3
TN >
——— = 3
~— _
8
\:_/
L iMe
<
>
<
u’ﬁ >
< —~
SEEG A
~
5| %

n=0 | j=0
B i Ti:k(‘r)nfkfj)\nm?j,/\(y) "
- — ke — q\14! 1’
s k= 0)Y n

which suggests the alleged outcome.

(2.8)
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Theorem 2.8. The following identity holds for n € Z>q:

(@)n-ra ()i = (y + 1) FEG) (2,) — yFEG' (= + 1, ). (2.9)
Proof. We observe from (2.1]) that
1 —yex(t
thet(t) = thet()LE ver(t)

L= yen) - 1)
B thet (t) the (1)
- <y+1>[1_y<ej<t)_1)]— {1— . ]

ylea(t) — 1)
- k " - k "
= (y+1) ZOF]EG%;(% y)n'] -y Z()FEGELg\(x + l,y)n!] ,
which suggests the alleged outcome. (I

Theorem 2.9. The following identity holds for n € Z>q:

1
, (FEGI\ (2, 9) = (@)n-k ()i ) + FEGY) (2,y) = FEG{\ (z +1,y).  (210)

Proof. We acquire from (2.1]) that

> " tReX(t) (ex(t) — 1)
FEG") (z + 1,y) — FEG') =
;[ Gn,)\(x+ 7y) Gn))\(xay)] n! 1—y(6)\(t)—1
1 thes(t) k ]
= |20 ket
e
= S R ) D~ S @or ()
=7 Z n A\ Y) Z n=k Ay
which suggests the alleged outcome. O

Theorem 2.10. The following relation holds for n € Zx>:

i (J)]FEG A(@1,51)FEG (22, 31)

=0

 pFEGYY (@1 + 20,41) — i FEGY (w1 + 5, 90) (2.11)
Y2 — Y1 . .

Proof. We attain from (2.1]) that

12
[Zm;;(ml,yl ] zm@w@,m);

n=0 =
_ 2reg? (1)e? (1)
(I —wi(ea(t) — 1)1 —y2(ex(t) — 1))
t2k6§1 +xz2 (t) Yo t2ke§1 +x2 (t) i

L—yi(ex(t) =) ya—y  L—yolex(t) = 1)y — w1
_ i y2F]EG£Z]f\) (z1 +22,91) — ylFEGfilf\) (1 + 22, 4) | 1"
= Y2 — n!
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and
tI

5" FEG (o1, ZFEG xm)

n=0

oo n tn

= Z Z ( )F]EGSC)] )\(xl’yl)FEGgC)?(mQ,yQ) E,

n=0 \ j=0 J !

which suggest the alleged outcome. 0

We provide symmetry identities for the specified polynomials FEG,, (x,y) using

and ().

Theorem 2.11. The following identity is valid for a,b € Z and 0 < n:

Z <] > bYa" J]FIEG& )] A (b, y)FEng/\) (az2,y)
j=0

= Z( >a3b” IFEG ; \ (az1,y)FEG (b, y). (2.12)
j

§=0
Proof. Let

2k
t 6ab(aq +xz2)t

(1= ylea(at) = 1))((1 = ylex(dt) — 1)

It appears that the expression for A(¢) is symmetric in a and b. There are two ways
to expand A(t) into a series:

A(t) =

J
() 3 (axz, )Lﬂ_ﬁ)
4!

Alt) = abZ]FEGk (bx1,y

. j n—j k t"
= ab Z < )FEGE’L )] /\(bxl,y)bia JFEG;‘,)?(GI27ZJ) E
Jj=

and
_ 1y R ( ®) (at)!
Alt) = %;)FEGM az1,y)— ZJFE(G  bia, y) ;
1 — " /n k . n
T oab Z( )FEG&)M(G% Y)a’b" FEG; A (b2, y) | —
n=0 \ j=0

Therefore, we attain the alleged outcome (2.12)). (I
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Theorem 2.12. The following identity is valid for a,b € Z and 0 < n:

EOOCP ()

b— )]FEG

<.

n

i

04

<.
Il

X
Q
3
/~

(bxh )FEG (a’x%y)

n—j—m,A\

s 21> 3

<.

0O (e

2 a—l)]FEGk)

n

I
MQ.
N

Il
=}

7=01

(ax1, y)IE‘EGyi)w\(bmg, y).

XOm n—j—m,\

/\
1> 3

Proof. We observe from (2.1)) that

_ 12 eSO o) (abt) — 1)2
BUO = A yena@n )0~ yleator) — 1){ex(at

(at) —1)(ex(bt) — 1)
)

| tFey (abxyt) ex(abt) — 1
T ow” _<1—y<ex<at>—1>>} * [embt)— J
ex(abt) — 1) tFey (abwot)

* Lmat) —1)] * [(1—y(€A(bt) —1>>]

- 3 [Bmttin o] S (o) 7]

j=0 =0
[Eretten ] [Eo o) 4]
_ ib x {ii (Z>a ( b 1) FEG®) | (ba1, )(“;‘)]]
JEE O (o)

: z[zz <:><z:><”:>w<z7a—l>

(b, )IFEG (ax27 y)}

n

njm)\

w0 - S EEE O ()

x b ala,, (2 ) FEG*

n!’

tTL

k
(amh y)FEnglA(bx27 y):| 57

n]mA

which suggest the alleged outcome (2.13)). a
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Now, we define the higher-order version of IFEGE?E\(L y) as follows.

Definition 2.13. Let § € R, A € R\ {0} and k € Z>¢. The generalized degenerate
Fubini- Euler-Genocchi polynomials of order B are defined as follows

Y R (8,
! (1 —ylex(t) — 1 > Z]FEG ) (2.14)

(v 1)

for |t] < 3

The correspondlng numbers of FEG (k.5 )(w y) can be obtained by choosing x = 0
and y = 1 in (2.14), namely FEG'" = IF]EG(k 200,1).

Theorem 2.14. Fach of the following relations hold for n € Zx>:

K, - n k,
FECH (2,4) = S (@)n_s (j)m@;f) v), (2.15)
j=0
FEG" (21 + 22,y sz ()FEG<k5(xl,y), (2.16)
Jj=
and
K, n k,
FEG P ) =3 (0 ER wFESE ey, )
j=0
Proof. We compute from (2.14)) that
(koBa+52) m N 1 B1+pB2
1+82 _ _ T
ZFEG PV = (1—y<eA<t>—1>> )
N POy 80 ()
— Z 2 ' [ZF}EG L )']
j=0
- > (S (1) wrEs R | Heas
n=0 \j=0

which suggests the alleged outcome ([2.17). The others can be done similarly. There-
fore, we omit them. O

Theorem 2.15. The following relation holds for n,k > 0 with n > k:
k,
FEG,3 (2,y) = (0,2 A (2.9). (2.19)
Proof. We observe from ([2.14)) that
(k ﬁ) " k 1 g
FEG! i () et
Z V= (Tem ) 40

ex

oo tn
— ¢k Z F(ﬂ) Z(n)kF(ﬂ)k Ne y)

n==k
which suggests the alleged outcome. (I
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Theorem 2.16. The following relation holds for n € Zx>:

]F]E(G(]C & Z Z (@) n—j—r (1)K (n ; k) <l1, . J ,lg) Figa(y) - Fiya(y)-

J=0li+-+lg=j
(2.20)

Proof. We calculate from (2.14]) that

(kﬁ " k 1 Bem
ZFEGM Vb t(l—yww—l)) ()

o tll S tl/g
=" <Z Fll,/\(y)ll!> ZFzE,A(y)E ex(t)

11=0 lg=0
_ 4k S j o tn
=ty > 1o ) Fia @) Fipa(y) Z(x)n,kﬁ
J=0 Uy dtlg=g N1 J =0 :
> nk n—k tm
DD <m>n_j_k7k<n>k( . )( J )%(y)--ﬂﬂ,me
n=k j=0 1+ +lg=j J llv ZB n:
O

which suggests the alleged outcome.

Theorem 2.17. The following relation holds for n € Zx>:

FEGS)\Q (z,9) Z ( ) )jS2,x(m, ])FEGflkf)\( ). (2.21)
=0j=
Proof. We see from ([2.14)) that
S ) K 1 ’
FEG T, =t ex(t
2, T, @) (Hme—T) 5©

=0
0o oo gm ) i
= Z(m)j Z Sa.a(m, j) ' Z IFEGnk:\ﬂ) (y),]
=0 m=j opr n!
00 n m n s ‘ m
=3 222 ( ) @FEG D (w)San(m, i) | -,
n=0 |:m:0 7=0 (m> 9 n!
O

which suggests the alleged outcome.

Theorem 2.18. The following difference relation holds for n € Z>q

ANFEG ) (z,y) = tFEG™?), (z,y). (2.22)
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Proof. Using (1.2)) and (1.3)), by applying the difference operator Ay to both sides
of formula (2.14)), we obtain that

iA IFEG(k’ﬁ)(x )ﬁ =tk _ ﬂA ex(t)
L AT BT 1—ylext) — 1)) 9
B
1
= " ———— ) )t
(=ew=) 40
tn—',—l
= ZF]EG(k ﬁ)(a: y)
n=0
which suggests the alleged outcome ([2.22)). O

Theorem 2.19. The following derivative relation holds for n € Zx>y:

0 e (k.8) | (k,8) (R
o +-FEG, )" (z,y) = n! ;FEGR A (T,y) R (2.23)
Proof. Tt can be computed by utilizing (2.14]) that
B
" 1 0
7]1?[@((;’“ o k(= ) D
Z A :Cy)n! <1— y(ex (t)—1)> 8:106”\()
= t’“_l(l )> (14+ M) In(1 4 \t)
_ ZF]EG(’C ﬂ) Z )\l 14
n
1=1

- (k,B (_1)l+1 Al_l tn

n=0 =0

which suggests the alleged outcome in . ([l

3. CONCLUSIONS

Inspired and motivated by the definition of the generalized Fubini-Euler-Genocchi
polynomials in [I8], in this work, we introduced a degenerate extension of general-
ized Fubini-Euler-Genocchi polynomials with its higher-order extension in Defini-
tions 1 and 2. Then, we investigated multifarious relations, identities, and formulas,
covering an addition formula in Theorem 1, summation formulas in Theorems 2, 3,
9 and 12, two identities in Theorems 4 and 5, and three relations in Theorems 6, 10
and 11. Also, we obtained two symmetric identities for the generalized degenerate
Fubini-Euler-Genocchi polynomials in Theorems 7 and 8. In addition, we derived
a difference property and a partial derivative property for the higher-order general-
ized degenerate Fubini-Euler-Genocchi polynomials in Theorems 13 and 14. To the
best of our knowledge, the results presented in this paper are new and don’t seem to
be reported in the literature. In general, these results can be used in many branches
of mathematics, probability, statistics, mathematical physics, and engineering.
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