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AN EXTENSION OF THE k-TYPE HYPERGEOMETRIC

MATRIX FUNCTIONS

SHILPI JAIN, IQBAL M. BATIHA, DUMITRU BALEANU AND PRAVEEN AGARWAL

Abstract. The main objective of the present paper is to investigate a gener-

alizationof (k)-H.M.F. using (k)-M.L.F. with two parameters. Many identities

of these extensions are studied, such as derivative formulas, generating rela-
tions, symmetric relations, functional relations, summation formulas, integral

representations, Mellin transform, and generalizing these identities that satisfy
(k)-G.H.M.F. and (k)-C.H.M.F..

1. Introduction and Prelinimaries

In 1998, Jdar and Corts [15, 16] considered some specific matrix functions. The
determination of the nature and properties of these functions (which exist in physi-
cal problems) has played a large part in statistics, Lie group theory, tensor algebra,
and differential equations. Matrix extensions of classical special functions are widely
used recently in research work [2, 11, 14, 25, 5].

In this paper, we use I and O to indicate the identity matrix and zero matrix in
G1 ∈ Cr×r, respectively, where G1 ∈ Cr×r denotes avector space of r× r complex
matrices. We denote the spectrum of a matrix G1 ∈ Cr×r by σ(G1) and is the
collection of all eigenvalues of the matrix G1. If R(α) > 0,∀α ∈ σ(G1), a matrix
G1 ∈ Cr×r is a positive stable.

The (k)-G.M.F. is described in the following way [19]:

Γk(G1) =

∫ ∞
0

wG1−Ie−w
kk−1

dw, (1.1)

and

Γk(G1 + kI) = G1Γk(G1) (1.2)

where, k > 0 and <(G1) > 0.
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Submitted August 28, 2024. Accepted September 30, 2024. Published April 12, 2025.
Communicated by S. Araci.

1



2 S. JAIN, I. M. BATIHA, D. BALEANU AND P. AGARWAL

The (k)-P.M.S. is described in the following way [19]:

(G1)s,k :=
Γk (G1 + skI)

Γk (G1)
=

{
I s = 0,

G1 (G1 + kI) · · · (G1 + (s− 1)kI) s ∈ N;G1 ∈ Cr×r.

(1.3)

The (k)-B.M.F. is described in the following way [19]:

Bk(G1, G2) =
1

k

∫ 1

0

w
G1
k −I(1− w)

G2
k −Idw, (1.4)

where <(G1) and <(G2) > 0.

Here we introduce the relationship between (k)-G.M.F. and (k)-B.M.F. as given
below [19]:

Bk(G1, G2) =
Γk(G1)Γk(G2)

Γk(G1 +G2)
(1.5)

where, <(G1) and <(G2) > 0.

For k > 0, (k)-G.H.M.F. is described in the following way [23]:

2F1,k[(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

(G1)s,k(G2)s,k
(G3)s,k

ws

s!
, (1.6)

where, <(G1) > 0, <(G2) > 0, <(G3) > 0 and |w| < 1
k and (G1)s,k is (k)-P.M.S..

For k > 0, (k)-C.H.M.F. is described in the following way [23]:

1F1,k[(G2, k); (G3, k);w] = φ[(G2, k); (G3, k);w] =

∞∑
s=0

(G2)s,k
(G3)s,k

ws

s!
, (1.7)

where, <(G2) > 0, <(G3) > 0.

Following are series representations of (k)-G.H.M.F. and (k)-C.H.M.F.:

2F1,k[(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

(G1)s,k
Bk(G2 + skI,G3 −G2)

Bk(G2, G3 −G2)

ws

s!
(1.8)

and

1F1,k[(G2, k); (G3, k);w] =

∞∑
s=0

Bk(G2 + skI,G3 −G2)

Bk(G2, G3 −G2)

ws

s!
(1.9)

where, <(G1) > 0, <(G2) > 0, <(G3) > 0 and |w| < 1
k and Bk(G1, G2) is (k)-

B.M.F..
G. Rahman et. al [23] introduced the integral form of (k)-G.H.M.F. and (k)-

C.H.M.F. is presented as:

2F1,k[(G1, k), (G2, k); (G3, k);w] =
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I

(1− kwt)−
G1
k dt

(1.10)
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and

1F1,k[(G2, k); (G3, k);w] =
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −Iewtdt

(1.11)
where, <(G1) > 0, <(G2) > 0, <(G3) > 0 and |w| < 1

k and Bk(G1, G2) is (k)-
B.M.F..

Extensions of the M.L.F studied by many authors [3, 12, 13]. Recently, P. Laxmi
et al. studied (k)-G.M.F. and (k)-B.M.F. with recent improvements utilizing a two-
parameter (k)-M.L.F. as the kernel, which is described in the following way:

Γ
(v1,v2)
k,v (G1) =

∫ ∞
0

tG1−IEk,v1,v2

(
− t

k

k
− vkt−k

k

)
dt (1.12)

where, k > 0, <(G1) > 0, v ≥ 0, <(v1) > 0,<(v2) > 0 and Ek,v1,v2(z) is defined in
(1.15). and

B
(v1,v2)
k,v (G1, G2) =

1

k

∫ 1

0

t
G1
k −I(1− t)

G2
k −IEk,v1,v2

(
−vk

kt(1− t)

)
dt (1.13)

where, k > 0, min {< (G1) ,< (G2)} > 0, v ≥ 0, <(v1) > 0,<(v2) > 0 and
Ek,v1,v2(z) is defined in (1.15).

For proving our main result, we have to involve the following definition of (k)-
M.L.F. [20]:

Ek,v1(z) =

∞∑
s=0

zs

Γk(sv1 + 1)
, k > 0,<(v1) ≥ 0, z ∈ C. (1.14)

Ek,v1,v2(z) =

∞∑
s=0

zs

Γk(sv1 + v2)
, k > 0,<(v1) ≥ 0,<(v2) ≥ 0, z ∈ C. (1.15)

NOTE: If we consider variable v1 = v2 = 1 in above equation (1.15), then we
get k-exponential function Ek(z).

2. Main Results

In this paper, we introduce a new extension of (k)-G.H.M.F. involving the 2-
parameter (k)-M.L.F. and also discussing its basic properties.

Definition 2.1. Let G1, G2, G3 and G3 −G2 be matrices in Cr×r such that G2 +
skI is invertible for all integer s ≥ 0. Then, modified extended (k)-G.H.M.F. is
described in the following way:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!
,

(2.1)

where, k > 0 , <(v1) > 0, <(v2) > 0 and |w| < 1
k and B

(v1,v2)
k,v (G1, G2) is extended

(k)-B.M.F..
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Definition 2.2. Let G2, G3 and G3−G2 be matrices in Cr×r such that G2 +skI is
invertible for all integer s ≥ 0. Then, modified extended (k)-C.H.M.F. is described
in the following way:

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)

ws

s!
, (2.2)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

NOTE: If we include variable v2 = 1 in the preceding definitions (2.1) and (2.2),
we obtain furtherextension of (k)-G.H.M.F. and (k)-C.H.M.F. as given below:

Definition 2.3. Let G1, G2, G3 and G3 −G2 be matrices in Cr×r such that G2 +
skI is invertible for all integer s ≥ 0. Then, modified extended (k)-G.H.M.F. is
described in the following way:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

B
(v1)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!
,

(2.3)

where, k > 0 , <(v1) > 0 and |w| < 1
k and B

(v1)
k,v (G1, G2) is extended (k)-B.M.F..

Definition 2.4. Let G2, G3 and G3−G2 be matrices in Cr×r such that G2 +skI is
invertible for all integer s ≥ 0. Then, modified extended (k)-C.H.M.F. is described
in the following way:

φ
(v1)
k,v [(G2, k); (G3, k);w] =

∞∑
s=0

B
(v1)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)

ws

s!
, (2.4)

where, k > 0,<(v1) > 0, and B
(v1)
k,v (G1, G2) is extended (k)-B.M.F..

Remark. (i) If we set v1 = v2 = 1 and v = 0 in above equations (2.1) and (2.2)
then, we get (k)-G.H.M.F. and (k)-C.H.M.F. (1.8) and (1.9) respectively.

F
(1,1)
k,0 [(G1, k), (G2, k); (G3, k);w] = Fk[(G1, k), (G2, k); (G3, k);w] (2.5)

and

φ
(1,1)
k,0 [(G2, k); (G3, k);w] = φk[(G2, k); (G3, k);w] (2.6)

(ii) If we set v1 = v2 = 1, k = 1 and v = 0 in above equations (2.1) and (2.2) then,
we get classical G.H.M.F. and C.H.M.F. respectively.

F
(1,1)
1,0 [(G1, k), (G2, k); (G3, k);w] = F [G1, G2;G3;w] (2.7)

and

φ
(1,1)
1,0 [(G2, k); (G3, k);w] = φ[G2;G3;w] (2.8)

Theorem 2.5. Let G1, G2, G3 and G3−G2 be positive stable matrices in Cr×r then,
the following integral representations have been developed for the new extended (k)-
G.H.M.F.:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I

(1− kwt)−
G1
k Ek,v1,v2

(
−vk(kt(1− t))−1

)
dt

(2.9)
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F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)

∫ π
2

0

(sin θ)
2G2
k −I

(cos θ)
2G3−2G2

k −I(1− kw sin2 θ)−
G1
k Ek,v1,v2

(
−vk

k
sec2 θ csc2 θ

)
dθ

(2.10)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)

∫ π
2

0

(cos θ)
2G2
k −I

(sin θ)
2G3−2G2

k −I(1− kw cos2 θ)−
G1
k Ek,v1,v2

(
−vk

k
sec2 θ csc2 θ

)
dθ

(2.11)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

zI+
G1−G3

k

kBk(G2, G3 −G2)

∫ z

0

u
G2
k −I

(z − u)
G3−G2

k −I(z − kwu)−
G1
k Ek,v1,v2

(
−vk

k

z2

u(z − u)

)
du

(2.12)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)∫ ∞
0

[
(sinh θ)

2G2
k −I(cosh θ)I+

2(G1−G3)
k(

cosh2 θ − kw sinh2 θ
)G1
k

]
Ek,v1,v2

(
−vk

k
cosh2 θ coth2 θ

)
dθ

(2.13)

where, k > 0,<(v1) > 0, <(v2) > 0 and |w| < 1
k and B

(v1,v2)
k,v (G1, G2) is extended

(k)-B.M.F..

Proof. To prove (2.9), consider definition of extended (k)-G.H.M.F. (2.1), we obtain

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!
,

(2.14)
Now, applying the property of extended (k)-B.M.F. (1.13), we get

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

Bk(G2, G3 −G2)
∞∑
s=0

[
1

k

∫ 1

0

t
G2+skI

k −I(1− t)
G3−G2

k −IEk,v1,v2

(
−vk

kt(1− t)

)
dt

]
(G1)s,k

ws

s!
,

(2.15)

On interchanging summation and integration with some arrangements of terms, we
have

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I

∞∑
s=0

(
(G1)s,k

(wt)
s

s!

)
Ek,v1,v2

(
−vk

kt(1− t)

)
dt,

(2.16)
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Now using the power series result in above equation and we get our expected result.
∞∑
s=0

(G1)s,k
ts

s!
= (1− kt)

−G1
k (2.17)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I

(1− kwt)
−G1
k Ek,v1,v2

(
−vk

kt(1− t)

)
dt,

(2.18)

In order to prove (2.10), (2.11),(2.12) and (2.13) substitute t = cos2 θ, t = sin2 θ,
t = u

z and t = tanh2 θ in the equation (2.9) respectively and follow the similar
process as above we get our all expected result. �

Corollary 2.6. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I(1− kwt)−

G1
k Ek,v1

(
−vk(kt(1− t))−1

)
dt

=
2

kBk(G2, G3 −G2)

∫ π
2

0

(sin θ)
2G2
k −I(cos θ)

2G3−2G2
k −I(1− kw sin2 θ)−

G1
k

Ek,v1

(
−vk

k
sec2 θ csc2 θ

)
dθ

=
2

kBk(G2, G3 −G2)

∫ π
2

0

(cos θ)
2G2
k −I(sin θ)

2G3−2G2
k −I(1− kw cos2 θ)−

G1
k

Ek,v1

(
−vk

k
sec2 θ csc2 θ

)
dθ

=
zI+

G1−G3
k

kBk(G2, G3 −G2)

∫ z

0

u
G2
k −I(z − u)

G3−G2
k −I(z − kwu)−

G1
k Ek,v1

(
−vk

k

z2

u(z − u)

)
du

=
2

kBk(G2, G3 −G2)

∫ ∞
0

[
(sinh θ)

2G2
k −I(cosh θ)I+

2(G1−G3)
k(

cosh2 θ − kw sinh2 θ
)G1
k

]
Ek,v1

(
−vk

k
cosh2 θ coth2 θ

)
dθ

(2.19)

where, k > 0,<(v1) > 0 and |w| < 1
k and B

(v1)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. Consider v2 = 1 in Theorem (2.5), we get our results. �

Theorem 2.7. Let G1, G2, G3 and G3 − G2 be positive stable matrices in Cr×r

then, new extended (k)-G.H.M.F. has following integral representations:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
(c− d)I+

G1−G3
k

kBk(G2, G3 −G2)

∫ c

d

(u− d)
G2
k −I(c− u)

G3−G2
k −I(c− d− kw(u− d))−

G1
k

Ek,v1,v2

(
−vk

k

(c− d)2

(u− d)(c− u)

)
du

(2.20)
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F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
2I+

G1−G3
k

kBk(G2, G3 −G2)

∫ 1

−1

(1 + u)
G2
k −I(1− u)

G3−G2
k −I(2− kw(1 + u))−

G1
k

Ek,v1,v2

(
−vk

k

4

(1− u2)

)
du

(2.21)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
2I−

G3
k

kBk(G2, G3 −G2)

∫ ∞
−∞

eθ
(

2G2−G3
k

)
(cosh θ)

G1−G3
k

(
cosh θ − kw

2
eθ
)−G1

k

Ek,v1,v2

(
−4vk

k
cosh2 θ

)
dθ

(2.22)

where, k > 0, <(v1) > 0, <(v2) > 0 and |w| < 1
k and B

(v1,v2)
k,v (G1, G2) is extended

(k)-B.M.F..

Proof. To prove equations (2.20) and (2.21), substitute t = u−d
c−d and t = 1+u

2 in

the integral form of (k)-G.H.M.F. (2.9) then we get our results. In order to prove
(2.22), substitute u = tanh θ in equation (2.21), we get our expected results. �

Corollary 2.8. The following results are valid:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

=
(c− d)I+

G1−G3
k

kBk(G2, G3 −G2)

∫ c

d

(u− d)
G2
k −I(c− u)

G3−G2
k −I(c− d− kw(u− d))−

G1
k

Ek,v1

(
−vk

k

(u− d)2

(u− d)(c− u)

)
du

=
2I+

G1−G3
k

kBk(G2, G3 −G2)

∫ 1

−1

(1 + u)
G2
k −I(1− u)

G3−G2
k −I(2− kw(1 + u))−

G1
k

Ek,v1

(
−vk

k

4

(1− u2)

)
du

=
2I−

G3
k

kBk(G2, G3 −G2)

∫ ∞
−∞

eθ
(

2G2−G3
k

)
(cosh θ)

G1−G3
k

(
cosh θ − kw

2
eθ
)−G1

k

Ek,v1

(
−4vk

k
cosh2 θ

)
dθ

(2.23)

Proof. Consider v2 = 1 in Theorem (2.7), we get our results. �
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Theorem 2.9. Let G1, G2, G3 and G3 − G2 be positive stable matrices in Cr×r

then, new extended (k)-G.H.M.F. has following integral representations:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

G1−G3
k −I(1 + u(1− kw))−

G1
k

Ek,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.24)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

[
t
G2
k −I(1 + t(1− kw))−

G1
k + t

G3−G2
k −I(1 + t− kw))−

G1
k

(1 + t)
G3−G1

k

]
Ek,v1,v2

(
−vk

k

(
2 + t+

1

t

))
dt

(2.25)

where, k > 0, <(v1) > 0, <(v2) > 0 and |w| < 1
k and B

(v1,v2)
k,v (G1, G2) is extended

(k)-B.M.F..

Proof. To prove equation (2.24), substitute t = u
1+u in (2.9) with some arrange-

ments, we get our expected results.. Then, in order to prove equation(2.25), con-
sider (2.24), we have

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

G1−G3
k −I

(1 + u(1− kw))−
G1
k Ek,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.26)

After using the properties of integral we have

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

1

kBk(G2, G3 −G2)

∫ 1

0

u
G2
k −I(1 + u)

G1−G3
k −I

(1 + u(1− kw))−
G1
k Ek,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du+

1

kBk(G2, G3 −G2)∫ ∞
1

u
G2
k −I(1 + u)

G1−G3
k −I(1 + u(1− kw))−

G1
k Ek,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.27)

Then substitute u = t in the first part of the integral and u = 1
t in the second part

of the integral and simplifying, we get our expected result. �
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Corollary 2.10. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

G1−G3
k −I(1 + u(1− kw))−

G1
k

Ek,v1

(
−vk

k

(
2 + u+

1

u

))
du

=
1

kBk(G2, G3 −G2)

∫ 1

0

[
t
G2
k −I(1 + t(1− kw))−

G1
k + t

G3−G2
k −I(1 + t− kw)−

G1
k

(1 + t)
G3−G1

k

]
Ek,v1

(
−vk

k

(
2 + t+

1

t

))
dt

(2.28)

Proof. Consider v2 = 1 in Theorem (2.9), we get our results. �

Theorem 2.11. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-C.H.M.F. has following integral representations:

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −IewtEk,v1,v2

(
−vk(kt(1− t))−1

)
dt

(2.29)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
ew

kBk(G2, G3 −G2)

∫ 1

0

t
G3−G2

k −I(1− t)
G2
k −Ie−wtEk,v1,v2

(
−vk(kt(1− t))−1

)
dt

(2.30)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)

∫ π
2

0

(sin θ)
2G2
k −I(cos θ)

2G3−2G2
k −I

ew cos2 θEk,v1,v2

(
−vk

k
sec2 θ csc2 θ

)
dθ

(2.31)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)

∫ π
2

0

(cos θ)
2G2
k −I(sin θ)

2G3−2G2
k −I

ew sin2 θEk,v1,v2

(
−vk

k
sec2 θ csc2 θ

)
dθ

(2.32)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

zI−
G3
k

kBk(G2, G3 −G2)

∫ z

0

u
G2
k −I(z − u)

G3−G2
k −Ie

wu
z

Ek,v1,v2

(
−vk

k

z2

u(z − u)

)
du

(2.33)
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φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

2

kBk(G2, G3 −G2)

∫ ∞
0

(sinh θ)
2G2
k −I(cosh θ)I−

2G3
k

ew tanh2 θEk,v1,v2

(
−vk

k
cosh2 θ coth2 θ

)
dθ

(2.34)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. To prove (2.29), consider definition of extended (k)-C.H.M.F. (2.2), we have

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2)

Bk(G2, G3 −G2)

ws

s!
, (2.35)

Then, according to the definition of extended (k)-B.M.F. (1.13), we obtain

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

Bk(G2, G3 −G2)

∞∑
s=0

[
1

k

∫ 1

0

t
G2+skI

k −I(1− t)
G3−G2

k −IEk,v1,v2

(
−vk

kt(1− t)

)
dt

]
ws

s!
,

(2.36)

On interchanging summation and integration with some arrangements of terms, we
have

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I

∞∑
s=0

(
(wt)

s

s!

)
Ek,v1,v2

(
−vk

kt(1− t)

)
dt,

(2.37)

Now using the power series result in above equation and we get our desired result.

∞∑
s=0

ts

s!
= et (2.38)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −IewtEk,v1,v2

(
−vk

kt(1− t)

)
dt,

(2.39)

In order to prove (2.30), (2.31),(2.32),(2.33)and (2.34) substitute, t = 1 − t, t =
cos2 θ, t = sin2 θ, t = u

z and t = tanh2 θ in the equation (2.29) respectively and
follow the similar process as above we get our all desired result. �
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Corollary 2.12. The following results holds true:

φ
(v1)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −IewtEk,v1

(
−vk(kt(1− t))−1

)
dt

=
ew

kBk(G2, G3 −G2)

∫ 1

0

t
G3−G2

k −I(1− t)
G2
k −Ie−wtEk,v1

(
−vk(kt(1− t))−1

)
dt

=
2

kBk(G2, G3 −G2)

∫ π
2

0

(sin θ)
2G2
k −I(cos θ)

2G3−2G2
k −Iew cos2 θEk,v1

(
−vk

k
sec2 θ csc2 θ

)
dθ

=
2

kBk(G2, G3 −G2)

∫ π
2

0

(cos θ)
2G2
k −I(sin θ)

2G3−2G2
k −Iew sin2 θEk,v1

(
−vk

k
sec2 θ csc2 θ

)
dθ

=
zI−

G3
k

kBk(G2, G3 −G2)

∫ z

0

u
G2
k −I(z − u)

G3−G2
k −Ie

wu
z Ek,v1

(
−vk

k

z2

u(z − u)

)
du

=
2

kBk(G2, G3 −G2)

∫ ∞
0

(sinh θ)
2G2
k −I(cosh θ)I−

2G3
k ew tanh2 θEk,v1

(
−vk

k
cosh2 θ coth2 θ

)
dθ

(2.40)

Proof. Consider v2 = 1 in Theorem (2.11), we get our expected results. �

Theorem 2.13. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-C.H.M.F. has following integral representations:

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

−G3
k e

uw
1+uEk,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.41)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

[
t
G2
k −Ie

wt
1+t + t

G3−G2
k −Ie

w
1+t

(1 + t)
G2
k

]
Ek,v1,v2

(
−vk

k

(
2 + t+

1

t

))
dt

(2.42)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. To prove equation (2.41), substitute t = u
1+u in (2.29) with some arrange-

ments, we get our desired result. Then, in order to prove equation (2.42), consider
(2.41), we have

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

−G3
k (e)

uw
1+uEk,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.43)
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After using the properties of integral we have

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

u
G2
k −I(1 + u)

−G3
k e

uw
1+uEk,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

+
1

kBk(G2, G3 −G2)

∫ ∞
1

u
G2
k −I(1 + u)

−G3
k e

uw
1+uEk,v1,v2

(
−vk

k

(
2 + u+

1

u

))
du

(2.44)

Then substitute u = t in the first part of the integral and u = 1
t in the second part

of the integral and simplifying, we get our desired result. �

Corollary 2.14. The following results holds true:

φ
(v1)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ ∞
0

u
G2
k −I(1 + u)

−G3
k (e)

uw
1+uEk,v1

(
−vk

k

(
2 + u+

1

u

))
du

=
1

kBk(G2, G3 −G2)

∫ 1

0

[
t
G2
k −I(e)

wt
1+t + t

G3−G2
k −I(e)

w
1+t

(1 + t)
G2
k

]
Ek,v1

(
−vk

k

(
2 + t+

1

t

))
dt

(2.45)

Proof. Consider v2 = 1 in Theorem (2.13), we get our expected results. �

Theorem 2.15. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-C.H.M.F. has following integral representations:

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

(c− d)I−
G3
k

kBk(G2, G3 −G2)

∫ c

d

(u− d)
G2
k −I(c− u)

G3−G2
k −I

e
u−d
c−dEk,v1,v2

(
−vk

k

(c− d)2

(u− d)(c− u)

)
du

(2.46)

φ
(v1,v2)
k,v [G2, k); (G3, k);w] =

2I−
G3
k

kBk(G2, G3 −G2)

∫ 1

−1

(1 + u)
G2
k −I(1− u)

G3−G2
k −I

e
w(1+u)

2 Ek,v1,v2

(
−vk

k

4

(1− u2)

)
du

(2.47)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

2I−
G3
k

kBk(G2, G3 −G2)

∫ ∞
−∞

e

[
θ
(

2G2−G3
k

)
+ zeθ

2 cosh θ

]

(coshθ)
−G3
k Ek,v1,v2

(
−4vk

k
cosh2 θ

)
dθ

(2.48)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. To prove equations (2.46) and (2.47), substitute t = u−d
c−d and t = 1+u

2 in

the integral form of (k)-C.H.M.F. (2.29) then we get our results. In order to prove
(2.48), substitute u = tanh θ in equation (2.47), we get our desired result. �
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Corollary 2.16. The following results holds true:

φ
(v1)
k,v [(G2, k); (G3, k);w]

=
(c− d)I−

G3
k

kBk(G2, G3 −G2)

∫ c

d

(u− d)
G2
k −I(c− u)

G3−G2
k −Ie

u−d
c−dEk,v1

(
−vk

k

(c− d)2

(u− d)(c− u)

)
du

=
2I−

G3
k

kBk(G2, G3 −G2)

∫ 1

−1

(1 + u)
G2
k −I(1− u)

G3−G2
k −Ie

w(1+u)
2 Ek,v1

(
−vk

k

4

(1− u2)

)
du

=
2I−

G3
k

kBk(G2, G3 −G2)

∫ ∞
−∞

e

[
θ
(

2G2−G3
k

)
+ zeθ

2 cosh θ

]
(coshθ)

−G3
k Ek,v1

(
−4vk

k
cosh2 θ

)
dθ

(2.49)

Proof. Consider v2 = 1 in Theorem (2.15), we get our expected results. �

Theorem 2.17. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following functional
relations:

G3F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] = G2F

(v1,v2)
k,v [(G1, k), (G2 + kI, k); (G3 + kI, k);w]

+(G3 −G2)F
(v1,v2)
k,v [(G1, k), (G2, k); (G3 + kI, k);w]

(2.50)

G3φ
(v1,v2)
k,v [(G2, k); (G3, k);w] = G2φ

(v1,v2)
k,v [(G2 + kI, k); (G3 + kI, k);w]

+(G3 −G2)φ
(v1,v2)
k,v [(G2, k); (G3 + kI, k);w]

(2.51)

where, k > 0, <(v1),<(v2) > 0, and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. In order to prove equation (2.50), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we obtain

B
(v1,v2)
k,v (G2, G3) = B

(v1,v2)
k,v (G2 + kI,G3) +B

(v1,v2)
k,v (G2, G3 + kI) (2.52)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI + kI,G3 −G2) +B

(v1,v2)
k,v (G2 + skI,G3 −G2 + kI)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!

(2.53)

After re-arranging the terms, we get

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI + kI,G3 −G2)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!

+

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2 + kI)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!
,

(2.54)
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Multiplying and divide Bk(G2 + kI,G3 −G2) in the first part and multiplying and
divide Bk(G2, G3 −G2 + kI) in the second part of the above equations, we have:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
Bk(G2 + kI,G3 −G2)

Bk(G2, G3 −G2)

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI + kI,G3 −G2)

Bk(G2 + kI,G3 −G2)
(G1)s,k

ws

s!

+
Bk(G2, G3 −G2 + kI)

Bk(G2, G3 −G2)

∞∑
s=0

B
(v1,v2)
k,v (G2 + skI,G3 −G2 + kI)

Bk(G2, G3 −G2 + kI)
(G1)s,k

ws

s!

(2.55)

Then, according to the properties of (k)-B.F.and (k)-G.F. Bk(a, b) = Γk(a)Γk(b)
Γk(a+b) and

Γk(a+ k) = aΓk(a) with mathematical calculations, we get our desired result.

G3F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] = G2F

(v1,v2)
k,v [(G1, k), (G2 + kI, k); (G3 + kI, k);w]

+(G3 −G2)F
(v1,v2)
k,v [(G1, k), (G2, k); (G3 + kI, k);w]

(2.56)

Similarly with same parallel of proof as equation (2.50), we get equation (2.51). �

Corollary 2.18. The following results holds true:

G3F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w] = G2F

(v1)
k,v [(G1, k), (G2 + kI, k); (G3 + kI, k);w]

+(G3 −G2)F
(v1)
k,v [(G1, k), (G2, k); (G3 + kI, k);w]

(2.57)

G3φ
(v1)
k,v [(G2, k); (G3, k);w]

= G2φ
(v1)
k,v [(G2 + kI, k); (G3 + kI, k);w] + (G3 −G2)φ

(v1)
k,v [(G2, k); (G3 + kI, k);w]

(2.58)

Proof. Consider v2 = 1 in Theorem (2.17), we get our expected results. �

Theorem 2.19. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following infinite sum-
mation relations:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

= (G3 −G2)

∞∑
p=0

(G2)p,k
(G3)p+1,k

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.59)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

= (G3 −G2)

∞∑
p=0

(G2)p,k
(G3)p+1,k

φ
(v1,v2)
k,v [(G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.60)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..
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Proof. In order to prove equation (2.59), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we have

B
(v1,v2)
k,v (G2, G3) =

∞∑
p=0

B
(v1,v2)
k,v (G2 + pkI,G3 + kI) (2.61)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=

∞∑
s=0

∑∞
p=0B

(v1,v2)
k,v (G2 + pkI + skI,G3 −G2 + kI)

Bk(G2, G3 −G2)
(G1)s,k

ws

s!

(2.62)

Multiplying and divide Bk(G2 + pkI,G3 −G2 + kI), and changing order of sum-
mation, we have:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
p=0

Bk(G2 + pkI,G3 −G2 + kI)

Bk(G2, G3 −G2)

∞∑
s=0

(G1)s,k
B

(v1,v2)
k,v (G2 + pkI + skI,G3 −G2 + kI)

Bk(G2 + pkI,G3 −G2 + kI)

ws

s!

(2.63)

Then according to the properties of (k)-B.F. and (k)-G.F. Bk(x, y) = Γk(x)Γk(y)
Γk(x+y)

and Γk(a + k) = aΓk(a), (a)s,k = Γk(a+sk)
Γk(a) and (a)s+1,k = a(a + k)s,k with using

definition of extended (k)-G.H.M.F., we get our desired expected result.

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

= (G3 −G2)

∞∑
p=0

(G2)p,k
(G3)p+1,k

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.64)

Similarly with same parallel of proof as equation (2.59), we get equation (2.60). �

Corollary 2.20. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

= (G3 −G2)

∞∑
p=0

(G2)p,k
(G3)p+1,k

F
(v1)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.65)

φ
(v1)
k,v [(G2, k); (G3, k);w]

= (G3 −G2)

∞∑
p=0

(G2)p,k
(G3)p+1,k

φ
(v1)
k,v [(G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.66)

Proof. Consider v2 = 1 in Theorem (2.19), we get our expected results. �
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Theorem 2.21. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following another in-
finite summation relations:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.67)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

φ
(v1,v2)
k,v [(G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.68)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is extended (k)-B.M.F..

Proof. In order to prove equation (2.67), use the properties of extended (k)-B.M.F.,
in the definition of (k)-G.H.M.F., we obtain

B
(v1,v2)
k,v (G2, kI −G3) =

∞∑
n=0

(G3)n,k
knn!

B
(v1,v2)
k,v (G2 + nkI, kI) (2.69)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=

∞∑
n=0

∑∞
p=0

(kI+G2−G3)p,k
kpp! B

(v1,v2)
k,v (G2 + nkI + pkI, kI)

Bk(G2, G3 −G2)
(G1)n,k

wn

n!

(2.70)

Multiplying and divide Bk(G2 + pkI, kI), and changing order of summation, we
have:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

∞∑
n=0

(G1)n,k
B

(v1,v2)
k,v (G2 + pkI + nkI, kI)

Bk(G2 + pkI, kI)

wn

n!

(2.71)

Then, according to the definition of extended (k)-G.H.M.F., we get our desired
expected result.

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.72)

Similarly with same parallel of proof as equation (2.67), we get equation (2.68). �
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Corollary 2.22. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

F
(v1)
k,v [(G1, k), (G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.73)

φ
(v1)
k,v [(G2, k); (G3, k);w] =

∞∑
p=0

(kI +G2 −G3)p,k
kpp!

Bk(G2 + pkI, kI)

Bk(G2, G3 −G2)

φ
(v1)
k,v [(G2 + pkI, k); (G3 + pkI + kI, k);w]

(2.74)

Proof. Consider v2 = 1 in Theorem (2.21), we get our results. �

Theorem 2.23. Let G2, G3 and G3 −G2 be positive stable matrices in Cr×r then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following relations:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 − pkI + rkI)

Bk(G2, G3 −G2)

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + rkI, k);w]

(2.75)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 − pkI + rkI)

Bk(G2, G3 −G2)

φ
(v1,v2)
k,v [(G2 + pkI, k); (G3 + rkI, k);w]

(2.76)

where, k > 0, <(v1) > 0, <(v2) > 0 and B
(v1,v2)
k,v (G1, G2) is an extended (k)-B.M.F..

Proof. In order to prove equation (2.75), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we obtain

B
(v1,v2)
k,v (G2, G3) =

r∑
n=0

(
r

n

)
B

(v1,v2)
k,v (G2 + nkI,G3 + rkI − nkI) (2.77)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=

∞∑
n=0

(G1)n,k
Bk(G2, G3 −G2)

r∑
p=0

(
r

p

)
B

(v1,v2)
k,v (G2 + pkI,G3 −G2 − pkI + rkI)

wn

n!

(2.78)

Multiplying and divide Bk(G2 + nkI + pkI,G3 −G2 + rkI − pkI), and changing
order of summation, we have:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 + rkI − pkI)

Bk(G2, G3 −G2)

∞∑
n=0

(G1)n,k
B

(v1,v2)
k,v (G2 + nkI + pkI,G3 −G2 − pkI + rkI)

Bk(G2 + pkI,G3 −G2 + rkI − pkI)

wn

n!

(2.79)
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Then using definition of (k)-G.H.M.F., we get our desired result.

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 − pkI + rkI)

Bk(G2, G3 −G2)

F
(v1,v2)
k,v [(G1, k), (G2 + pkI, k); (G3 + rkI, k);w]

(2.80)

Similarly with same parallel of proof as equation (2.75), we get equation (2.76). �

Corollary 2.24. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 − pkI + rkI)

Bk(G2, G3 −G2)

F
(v1)
k,v [(G1, k), (G2 + pkI, k); (G3 + rkI, k);w]

(2.81)

φ
(v1)
k,v [(G2, k); (G3, k);w] =

r∑
p=0

(
r

p

)
Bk(G2 + pkI,G3 −G2 − pkI + rkI)

Bk(G2, G3 −G2)

φ
(v1)
k,v [(G2 + pkI, k); (G3 + rkI, k);w]

(2.82)

Proof. Consider v2 = 1 in Theorem (2.23), we get our expected results. �

Theorem 2.25. Let G1, G2, G3 and G3−G2 be matrices in Cr×r such that G2+nkI
is invertible for all integer n ≥ 0. Then, new derivative formula for extended (k)-
G.H.M.F. and (k)-C.H.M.F. holds true:

dp

dwp
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

(G1)p,k(G2)p,k
(G3)p,k

F
(v1,v2)
k,v [(G1 + pkI, k), (G2 + pkI, k); (G3 + pkI, k);w]

(2.83)

dp

dwp
{
φ

(v1,v2)
k,v [(G2, k); (G3, k);w]

}
=

(G2)p,k
(G3)p,k

φ
(v1,v2)
k,v [(G2 + pkI, k); (G3 + pkI, k);w]

(2.84)

where, k > 0, <(v1) > 0, and <(v2) > 0.

Proof. Differentiating extended (k)-G.H.M.F. with respect to variable w, p times,
we have
dp

dwp
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

dp

dwp

{ ∞∑
n=0

B
(v1,v2)
k,v (G2 + nkI,G3 −G2)

Bk(G2, G3 −G2)
(G1)n,k

wn

n!

}
(2.85)

dp

dwp
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

∞∑
n=p

B
(v1,v2)
k,v (G2 + nkI,G3 −G2)

Bk(G2, G3 −G2)

(G1)n,k
wn−p

n!

n!

(n− p)!
(2.86)
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Replacing n− p with p, we have

dp

dwp
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

∞∑
p=0

B
(v1,v2)
k,v (G2 + 2pkI,G3 −G2)

Bk(G2, G3 −G2)
(G1)2p,k

wp

p!

(2.87)

Then using the properties (a)p+p,k = (a)p,k(a+pk)p,k and Bk(b, c−b) =
(c)p,k
(b)p,k

Bk(b+

pk, c − b) and using the definition of extended (k)-G.H.M.F. with some arrange-
ments, we get our desired result.

dp

dwp
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

(G1)p,k(G2)p,k
(G3)p,k

F
(v1,v2)
k,v [(G1 + pkI, k), (G2 + pkI, k); (G3 + pkI, k);w]

(2.88)

Similarly with same parallel of proof as equation (2.83), we get equation (2.84). �

Corollary 2.26. The following results holds true:

dp

dwp
{
F

(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

(G1)p,k(G2)p,k
(G3)p,k

F
(v1)
k,v [(G1 + pkI, k), (G2 + pkI, k); (G3 + pkI, k);w]

(2.89)

dp

dwp
{
φ

(v1)
k,v [(G2, k); (G3, k);w]

}
=

(G2)p,k
(G3)p,k

φ
(v1)
k,v [(G2 + pkI, k); (G3 + pkI, k);w]

(2.90)

Proof. Consider v2 = 1 in Theorem (2.25), we get our results. �

Theorem 2.27. Let G1, G2, G3 and G3 − G2 be positive stable matrices in Cr×r

then, new extended (k)-G.H.M.F. and (k)-C.H.M.F. have following Mellin trans-
form holds true:

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

Γ
(v1,v2)
k (p)Bk(D2 + p,G3 −G2 + p)

Bk(D2, G3 −G2)
Fk[(G1, k), (G2 + p, k); (G3 + 2p, k);w]

(2.91)

M
{
φ

(v1,v2)
k,v [(G2, k); (G3, k);w]

}
=

Γ
(v1,v2)
k (p)Bk(D2 + p,G3 −G2 + p)

Bk(D2, G3 −G2)
φk[(G2 + p, k); (G3 + 2p, k);w]

(2.92)

where, k > 0, <(v1) > 0, and <(v2) > 0.
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Proof. From the definition of Mellin transform, we have

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

∫ ∞
0

vp−1F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]dv

(2.93)

By the integral form for an extended (k)-G.H.M.F., we get

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

∫ ∞
0

vp−1

{
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I

(1− t)
G3−G2

k −I(1− kwt)−
G1
k Ek,v1,v2

(
−vk(kt(1− t))−1

)
dt

}
dv

(2.94)

Interchanging order of integration and summation, we have

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I

(1− t)
G3−G2

k −I(1− kwt)−
G1
k

{∫ ∞
0

vp−1Ek,v1,v2

(
−vk(kt(1− t))−1

)
dv

}
dt

(2.95)

On substituting u = v

t
1
k (1−t)

1
k

and with some arrangements we have:

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

1

kBk(G2, G3 −G2)

∫ 1

0

t
G2+p
k −I

(1− t)
G3−G2+p

k −I(1− kwt)−
G1
k

{∫ ∞
0

up−1Ek,v1,v2

(
−uk

k

)
du

}
dt

(2.96)

On applying integral form of extended (k)-G.H.M.F. and extended (k)-G.M.F.(when
v = 0), we get our expected result.

M
{
F

(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

Γ
(v1,v2)
k (p)Bk(D2 + p,G3 −G2 + p)

Bk(D2, G3 −G2)
Fk[(G1, k), (G2 + p, k); (G3 + 2p, k);w]

(2.97)

Similarly with same parallel of proof as equation (2.91), we get equation (2.92). �

Corollary 2.28. The following results holds true:

M
{
F

(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

}
=

Γ
(v1)
k (p)Bk(D2 + p,G3 −G2 + p)

Bk(D2, G3 −G2)
Fk[(G1, k), (G2 + p, k); (G3 + 2p, k);w]

(2.98)
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M
{
φ

(v1)
k,v [(G2, k); (G3, k);w]

}
=

Γ
(v1)
k (p)Bk(D2 + p,G3 −G2 + p)

Bk(D2, G3 −G2)
φk[(G2 + p, k); (G3 + 2p, k);w]

(2.99)

Proof. Consider v2 = 1 in Theorem (2.27), we get our expected results. �

Theorem 2.29. Let G1, G2, G3 and G3 − G2 be positive stable matrices in Cr×r

then, new extended (k)-G.H.M.F. and (k)-C.H.M.F. have satisfies the following
transformation formulas:

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

= (1− kw)
−D1
k F

(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

kw

kw − 1

]
(2.100)

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k); 1− 1

w
]

=

(
w

w + k(1− w)

)D1
k

F
(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

k(1− w)

w + k(1− w)

]
(2.101)

F
(v1,v2)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1 + w

]

=

(
1 + w

1 + w − kw)

)S1
k

F
(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

−kw
1 + w − kw

]
(2.102)

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] = ewφ

(v1,v2)
k,v [(G3 −G2, k); (G3, k);−w]

(2.103)

where, k > 0, <(v1) > 0, and <(v2) > 0.

Proof. From integral form of extended (k)-G.H.M.F., we have

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −I(1− kwt)−

G1
k Ek,v1,v2

(
−vk(kt(1− t))−1

)
dt

(2.104)

Replacing t by 1− t in above equation with some mathematical arrangements and
using integral form of extended (k)-G.H.M.F., we get our expected result (2.100).

F
(v1,v2)
k,v [(G1, k), (G2, k); (G3, k);w]

= (1− kw)
−D1
k F

(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

kw

kw − 1

]
(2.105)
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Now, replacing w by 1− 1
w in the equation (2.100), we get our desired result (2.106).

F
(v1,v2)
k,v

[
(G1, k), (G2, k); (G3, k); 1− 1

w

]

=

(
w

w + k(1− w)

)D1
k

F
(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

k(1− w)

w + k(1− w)

]
(2.106)

Then, replacing w by w
1+w in the equation (2.100), we get our desired result

(2.102).

F
(v1,v2)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1 + w

]

=

(
1 + w

1 + w − kw)

)D1
k

F
(v1,v2)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

−kw
1 + w − kw

]
(2.107)

From integral form of extended (k)-C.H.M.F., we have

φ
(v1,v2)
k,v [(G2, k); (G3, k);w]

=
1

kBk(G2, G3 −G2)

∫ 1

0

t
G2
k −I(1− t)

G3−G2
k −IewtEk,v1,v2

(
−vk(kt(1− t))−1

)
dt

(2.108)

Replacing t by 1−t in above equation and multiplying and divide byBk(G3−G2, G1)
with some mathematical arrangements and using integral form of extended (k)-
C.H.M.F., we get our desired result (2.103).

φ
(v1,v2)
k,v [(G2, k); (G3, k);w] = ewφ

(v1,v2)
k,v [(G3 −G2, k); (G3, k);−w]

(2.109)

�

Corollary 2.30. The following results holds true:

F
(v1)
k,v [(G1, k), (G2, k); (G3, k);w]

= (1− kw)
−D1
k F

(v1)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

kw

kw − 1

]
(2.110)

F
(v1)
k,v

[
(G1, k), (G2, k); (G3, k); 1− 1

w

]

=

(
w

w + k(1− w)

)D1
k

F
(v1)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

k(1− w)

w + k(1− w)

]
(2.111)

F
(v1)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1 + w

]
= (

1 + w

1 + w − kw)
)
D1
k F

(v1)
k,v

[
(G1, k), (G3 −G2, k); (G3, k);

−kw
1 + w − kw

]
(2.112)
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φ
(v1)
k,v [(G2, k); (G3, k);w] = ewφ

(v1)
k,v [(G3 −G2, k); (G3, k);−w]

(2.113)

Proof. Consider v2 = 1 in Theorem (2.29), we get our expected results. �

Theorem 2.31. Let G1, G2, G3 and G3 − G2 be positive stable matrices in Cr×r

then, the following generating function for extended (k)-G.H.M.F. holds true:

∞∑
p=0

(G1)p,kF
(v1,v2)
k,v [(G1 + pkI, k), (G2, k); (G3, k);w]

zp

p!

= (1− kz)
−D1
k F

(v1,v2)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1− kz

]
(2.114)

where, k > 0, <(v1) > 0, and <(v2) > 0.

Proof. Consider the L.H.S. of the above equation and using the definition of ex-
tended (k)-G.H.M.F. we have:

∞∑
p=0

(G1)p,kF
(v1,v2)
k,v [(G1 + pkI, k), (G2, k); (G3, k);w]

zp

p!

=

∞∑
p=0

(G1)p,k

{ ∞∑
n=0

B
(v1,v2)
k,v (G2 + nkI,G3 −G2)

Bk(G2, G3 −G2)
(G1 + pkI)n,k

wn

n!
,

}
zp

p!

(2.115)

Then using the identity (a)p,k(a + pk)n,k = (a)n,k(a + nk)p,k and the power se-

ries
∑∞
n=0(a)n,k

xn

n! = (1 − kx)
−a
k with some arrangements and using definition of

extended (k)-G.H.M.F., we get our desired result.

∞∑
p=0

(G1)p,kF
(v1,v2)
k,v [(G1 + pkI, k), (G2, k); (G3, k);w]

zp

p!

= (1− kz)
−D1
k F

(v1,v2)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1− kz

]
(2.116)

�

Corollary 2.32. The following results holds true:

∞∑
p=0

(G1)p,kF
(v1)
k,v [(G1 + pkI, k), (G2, k); (G3, k);w]

zp

p!

= (1− kz)
−D1
k F

(v1)
k,v

[
(G1, k), (G2, k); (G3, k);

w

1− kz

]
(2.117)

Proof. Consider v2 = 1 in Theorem (2.29), we get our results. �
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3. Conclusion

We conclude that in this paper we introduce a new extension of (k)-G.H.M.F.
by using 2-parameter (k)-M.L.F. as the kernel in the integral definition of (k)-
G.H.M.F. Then we learned some of the basic properties of these extensions along
with their special cases. The presented new extension of (k)-G.H.M.F. in this paper
is believed to be new and would extend and unify those available in the scientific
literature. In future, we can use this formula to solve some differential and partial
differential equations from an application point of view.
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