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AN EXTENSION OF THE k-TYPE HYPERGEOMETRIC
MATRIX FUNCTIONS

SHILPI JAIN, IQBAL M. BATIHA, DUMITRU BALEANU AND PRAVEEN AGARWAL

ABSTRACT. The main objective of the present paper is to investigate a gener-
alizationof (k)-H.M.F. using (k)-M.L.F. with two parameters. Many identities
of these extensions are studied, such as derivative formulas, generating rela-
tions, symmetric relations, functional relations, summation formulas, integral
representations, Mellin transform, and generalizing these identities that satisfy
(k)-G.H.M.F. and (k)-C.H.M.F..

1. INTRODUCTION AND PRELINIMARIES

In 1998, Jdar and Corts [I5], [16] considered some specific matrix functions. The
determination of the nature and properties of these functions (which exist in physi-
cal problems) has played a large part in statistics, Lie group theory, tensor algebra,
and differential equations. Matrix extensions of classical special functions are widely
used recently in research work [2] [1T] [14], 251 [5].

In this paper, we use I and O to indicate the identity matrix and zero matrix in
G1 € C™*", respectively, where Gy € C™*" denotes avector space of r x r complex
matrices. We denote the spectrum of a matrix G; € C"™" by ¢(G;) and is the
collection of all eigenvalues of the matrix Gy. If R(a) > 0,Va € o(G1), a matrix
G1 € O™ is a positive stable.

The (k)-G.M.F. is described in the following way [19]:
I'w(Gy) = / w T R gy, (1.1)
0

and
Fk(G1 + k‘[) = Glfk(Gl) (12)
where, k > 0 and R(G;) > 0.
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The (k)-P.M.S. is described in the following way [19]:

(G) Fk(Gl—FSkI) 1 SZO,
! Ty (Gy) G1(Gi+KI) - (G4 (s—1kI) seN;Gy € C™".
(1.3)
The (k)-B.M.F. is described in the following way [19]:
1 ! G Ga2 g
Bi(Gy,Ga) = %/ w11 = w) B dw, (1.4)
0

where %(Gl) and %(Gz) > 0.

Here we introduce the relationship between (k)-G.M.F. and (k)-B.M.F. as given
below [19]:

L'k (G)T(G2)
G1,G —_ 1.5
Bi(G1, Gz) = ['k(G1 + G2) (15)
where, ®(G1) and R(G2) > 0.
For k > 0, (k)-G.H.M.F. is described in the following way [23]:
Fuil(Gr, k), (G, k): (G f: G1 Jak 27 1.6
2 l,k( 1, )a( 27 37 7 8!7 ( . )

s=0
where, R(G1) > 0, R(G2) > 0, R(G3) > 0 and |w| < § and (Gl)s’k is (k)-P.M.S..
For k > 0, (k)-C.H.M.F. is described in the following way [23]:

o0

\Fy 1 [(Ga, ); (G, k) w] = 6[(Ga, ); (G, k) w Z 2)ak W (1.7)

)
sO Sks!

where, £(G2) > 0, R(G3) > 0.
Following are series representations of (k)-G.H.M.F. and (k)-C.H.M.F.:

. o Bi(Gy + skI,G3 — Ga) w*
o F1 1[(G1, k), (G2, k); (G, k); w] = ;(G1>s,k Bi(Ga. G — Go) S (1.8)
and
> Bi(Ga + skI,Gs — G
TPy gl(Ga, ) (G ] = 3 2elG2 t shL Gy — Ga) v (1.9)

—  Bi(G2,G3—Gy) sl

where, R(G1) > 0, R(G2) > 0, R(G3) > 0 and |w| < + and By(G1,Gs) is (k)-
B.M.F..

G. Rahman et. al [23] introduced the integral form of (k)-G.H.M.F. and (k)-
C.H.M.F. is presented as:

F1:[(G1,k), (Go, k); (G3, k); w] 1 /1 t@_I(l 9 Gi-Gay
s V) y K5 ,K);w| = - _ -
201 k(G 2 3 "Bi(Ca G Ca) .

(1 — kwt)™ *dt
(1.10)
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and

Fy4[(Ga, k): (G, ) ] 1 / I S gy
) 7 b ;w = ' - k ’
1F1k[(Ge 3 kBi(Ga,Gs — Ga) Jo
(1.11)

where, R(G1) > 0, R(G2) > 0, R(G3) > 0 and |w| < 1 and By(G1,G2) is (k)-
B.M.F..

Extensions of the M.L.F studied by many authors [3| 12 [13]. Recently, P. Laxmi
et al. studied (k)-G.M.F. and (k)-B.M.F. with recent improvements utilizing a two-
parameter (k)-M.L.F. as the kernel, which is described in the following way:

v1,v o tk kt_k
Dt (G) = / t By 0 (— - )dt (1.12)
’ 0 o k k
where, k£ > 0, R(G1) > 0, v >0, R(v1) > 0,R(v2) > 0 and Ek 4, 4, (2) is defined in
([T15). and

k

1 ! G1 Ga —v
B(U17U2) :7/ A N A i i w100 | ——— | dt 1.13
k,v (G17G2) k 0 k ( ) k k7 1,02 kt( —t) ( )
where, £k > 0, min{R(G1),R(G2)} > 0, v > 0, R(vy) > 0,R(v2) > 0 and
Ek v, v, (%) is defined in (1.15)).

For proving our main result, we have to involve the following definition of (k)-
M.L.F. [20]:

oo Z'S
= — > . .
Ey.v,(2) SE:O ETESIL k>0,R(v1)>0,z€C (1.14)
oo ZS
= — > > . .
Ervy0,(2) SE:O T (501 1 0) k>0,R(v1) >0,R(vz) >0,z€C (1.15)

NOTE: If we consider variable v;1 = v = 1 in above equation (|1.15)), then we
get k-exponential function Ey(z).

2. MAIN RESULTS

In this paper, we introduce a new extension of (k)-G.H.M.F. involving the 2-
parameter (k)-M.L.F. and also discussing its basic properties.

Definition 2.1. Let G1,G2,G3 and G5 — Ga be matrices in C™" such that Go +
skl is invertible for all integer s > 0. Then, modified extended (k)-G.H.M.F. is
described in the following way:

> BG4+ sk, Gy — Gy) s

(v1,v2) kv 2 s U3 2 w

F . . — o
k,v [(Gla k)) (G27 k), (G37 k)v w] ; Bk(GQ, G3 — GZ) (Gl)éJC 3! )
(2.1)

where, k>0, R(v1) > 0, R(v2) > 0 and |w| < + and BIE;,};JJQ)(G17G2) is extended
(k)-B.M.F..
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Definition 2.2. Let G5, G5 and G5 — Gy be matrices in C™*" such that Go + skl is
invertible for all integer s > 0. Then, modified extended (k)-C.H.M.F. is described
in the following way:

oo p(vi,v2)
B (G2+S/€I Gg*Gg) w?s
(V1v2) e Y (Gal k) =3 kv ’ — 2.2
k,v [( 2, )7( 35 )aw] par? Bk(GQ,Gg*GQ) 8!7 ( )

where, k > 0, R(vy) > 0, R(v2) > 0 and B(vl’v2 (G1,Gs) is extended (k)-B.M.F..

NOTE: If we include variable vy = 1 in the preceding definitions (2.1]) and .,
we obtain furtherextension of (k)-G.H.M.F. and (k)-C.H.M.F. as given below

Definition 2.3. Let G1,Gs,Gs and G5 — Gy be matrices in C™" such that Gy +

skI is invertible for all integer s > 0. Then, modified extended (k)-G.H.M.F. is

described in the following way:

< B (G + skI,Gs — Ga) ws

By(Ga,Gs — Gy) sk
(2.3)

where, k>0, R(vy) >0 and |w| < + and B (Gl,Gg) is extended (k)-B.M.F..

F (G k), (Ga, k) (G, k)

s=0

Definition 2.4. Let G5, G5 and G5 — Gy be matrices in C™*" such that Go + skl is
invertible for all integer s > 0. Then, modified extended (k)-C.H.M.F. is described
in the following way:

[e’e) (v1)
'Ul Bkv (GQ+51€I,G3—G2) w?s
)[<G27 ) (G3ak)7w] = Z . Bk(GQ G3 — GZ) g7 (24)

s=0

where, k > 0,R(vy) > 0, and B](:;)(Gl,Gg) is extended (k)-B.M.F..

Remark. (i) If we set v1 = vy =1 and v = 0 in above equations (2.1) and (2.2)
then, we get (k)-G.H-M.F. and (k)-C.H.M.F. (L.8) and (1.9) respectively.
i [(Gr k), (Ga, k); (G, R)s w] = (G, k), (G, k)i (G k)sw] (25)

and

Oy (G2, k) (G, ks w] = 6x[(G, B); <G3,k>; 1 (2.6)
(i) If we set vy =ve =1, k=1 and v =0 in above equations (2.1) and ( . ) then,
we get classical G.H.M.F. and C.H.M.F. respectively.

F{§V[(G1, k), (Ga, k); (G3, k); w] = F[G, Ga; Gy; w] (2.7)
and

(G, k): (G, k)s w] = 9[Gla; Gz w) (2.8)

Theorem 2.5. Let G1,Go, G5 and Gz —Gy be positive stable matrices in C™" then,
the following integral representations have been developed for the new extended (k )-
G.H.M.F.:

F(vl,vz)[(G k) (G k)(G k;)-w]: 1 /1tGk2I(1t)G3;G21
P 1, k), (G2, k); (Gs, k); kBy(Ga,G3 — Go) Jo

(1 = kwt) ™ % By oy, 0, (—v’“(kt(l - t))_1>dt
(2.9)
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i

2 2 292
(e Ga, k); (Gs, k); w] = )% !
2GR, (G ks (Gl = s [ )
2G3—2Go 1 —vk
(cos§) T (1 — kwsin® ) F By, 0, (Z sec? B csc 9) d
(2.10)
2 z 2G2
Flv?) k); (G, k);w] = o) 1
G b). (G ks (Gl = s [ (o)
263263 9 _C1 -k, )
(sin ) (1 —kwcos®0)” % Ek y, v, (k sec” 0 csc 9)d¢9
(2.11)
ZI+% z Go I
S [(e! Ga, k); (Gs, k); w] = -
UGB, (G ks Gkl = s [
k 2
G3—Ga _G1 —v z
— k — E F - -
(z —u) (z — kwu) k7U17U2( k u(z—u))du
(2.12)
2
FL2)[(Gy k), (Ga, k); (G, k) w] =
k,v [( 1 ) ( 2 ) ( 3 )’UJ] kBk(G27G3—G2)
2(61-Ca) &

/°° {(sinh 0) % % ~I(cosh )1+
0

v
(o8 b9 = ] Ek vy 0 <k cosh? § coth? 9) do
COS — RW SIn

(2.13)

where, k > 0,R(v1) > 0, R(v2) > 0 and |w| < & and B{'»"*(G1,G2) is estended
(k)-B.M.F..

Proof. To prove (2.9)), consider definition of extended (k)-G.H.M.F. (2.1]), we obtain

* B (v1,v2) (GQ + skl,G3 — GQ) ws
(v1,v2) k,v
F, G1,k), (Ga,k); (Gs, k);w] = sk—
kv [( 1 ) ( 2 ) ( 3 ) ] ; Bk(G27G3_G2) 1) k S'
(2.14)

Now, applying the property of extended (k)-B.M.F. (L.13)), we get
1
By(Ga, Gz — G2)
k s

> G2+ skI g G3—Ga | —v w
> 1—-t)" % 1E — —
- |: / ( t) k,v1,v2 (kt(l — t)>dt} (Gl)&k s’

(2.15)

F ) [(Gy, k), (Ga, k); (G, k); w] =

On interchanging summation and integration with some arrangements of terms, we
have

v1,v2) 1 ! Go g G3—Ga g
N O e (cere=rey i AR

= wt)s —F
Z ( Gl s,k )Ek,vl,vz (kt(lt))dt’

s=0
(2.16)
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Now using the power series result in above equation and we get our expected result.

Z(Gl)s,kt—, — (1—kt) ™% (2.17)
) S!
F(Uhvz)[(G k), (G2, k); (Gs, k);w] = 1 /1 Ga (1*t) G3—Ga_p
kv 1, /) 2, ) 3, k), W| = kBk(GQ,Gg—GQ)

ok
(1 — kwt) Ek V1,02 (kt(l—t‘))dt’

(2.18)

In order to prove (2.10), (2.11)),(2.12) and (2.13)) substitute ¢ = cos? 0, t = sin? 4,
t=%andt = tanh” @ in the equation ([2.9) respectively and follow the similar
process as above we get our all expected result. ([

Corollary 2.6. The following results holds true:
FIE?;)[(GM k), (G2, k); (Gs, k); w]

1 1 _ _
) / FE =) P T (1 hut)” By, (41— 1)) de
0

" kBi(Ga, Gs — Gy

2 Bl . 2G
= kBk(Gg,Gg—Gg)/o (sinf)® ~{(cos )

2G3— 2c2

(1 — kwsin?0) = F

k
—v
Ei v, ( sec? 0 csc? 0

k

[ME)

2 2G Gy
= cos ~I(sin6 1 — kwcos? 0)~ &
(ens eremrentl KU R C ¥ )

k
—v
Ex v, ( sec? 0 csc? 0

k

G1-G3
[

ZIJr

Jas
Jas

o i Ga g G3-Gy k 7ﬂE —ok 22 d
_kBk(Gg,Gg—Gg)/O wE Tz ) (2= hwu) ™% Bro \ o=y )

2(G1 G3)

2 | /00 [(Smh 0)“%* 1 (cosh 6)T+

kBi(Gz, G — G2 (cosh2 0 — kw sinh? 9) o

(2.19)
where, k> 0,R(v1) >0 and |w| < + and Bkv;)(Gl,Gg) is extended (k)-B.M.F..
Proof. Consider vy = 1 in Theorem (2.5)), we get our results. O

Theorem 2.7. Let G1,G2,G3 and Gz — Go be positive stable matrices in C™*"
then, new extended (k)-G.H.M.F. has following integral representations:

Fkvfuhvz [(Gla k)v (G27 k)7 (G37 k)a w]
I ) i
 kBi(G2,G3 — Gs

) /C(“ — )P o= w) TR (o = d = kw(u — )~ F

Fhns <_;: k u S (Ccl)i u) ) "

ok
n } Ej v, <: cosh? § coth? 9) do
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F (G, k), (G, k): (G, k) )

v

21+G1;G3 /1(1+ )@_1(1 )G3—G2_I(2 i (1+ ))_ﬂ
= u k — U k —_ w u k
kBr(G2,G3 — G2) J_4
—vF 4
Bk (k uuz))du
(2.21)

Flg,vful’vz) [(Gla k)v (G27 k)7 (G37 k)a w]

— Go—G G1

2[ k3 6'(2 2— 3) G1—-G3 kw . -2t
— k c -

kBk(GQ’ G3 GQ) / (C()Sl 9) k <COSh0 e )

L
Erov, 0, <k” cosh? 9) do
(2.22)

where, k > 0, R(v1) > 0, R(vz) > 0 and |w| < ¢ and B,(:;’W)(Gl,Gg) is extended
(k)-B.M.F..

Proof. To prove equations (2.20)) and ([2.21)), substitute ¢ = ":j and t = 4% in

u—d
the integral form of (k)-G.H.M.F. (2.9) then we get our results. In order to prove
(2.22)), substitute u = tanh § in equation (2.21)), we get our expected results. O

Corollary 2.8. The following results are valid:

Flg}vl)[(Gla k)v (G27 k), (Gg, k), w]
(c— d)”%
 kBy(G2,G3 — Go)

| =% e T e d = b - @) ®

B (_: : (u (ud;él)z v ) "

21""% 1 Ga_ g G3—Ga g G1
= 1 =11 = 1o _ 1 -
I e / () F -0 ST @ (14 w)

—ok 4
Epo [ — d
( K <1—u2>) !

G1

> 2G2—Gg 1=G3 TR
/ 69( e )(coshH)G o (cosh@— kaeg>

G
ol-=2

- kBi(G2,G3 — G2)

— 0o

— 4k
Ei (kv cosh? 9) do
(2.23)

Proof. Consider vy =1 in Theorem ([2.7)), we get our results. O
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Theorem 2.9. Let G1,Go,G3 and G5 — Gy be positive stable matrices in C™*"
then, new extended (k)-G.H.M.F. has following integral representations:

Fk(:j)vhUZ) [(le k): (Gg, k), (6;137 k), w]
1 * o oo, L
= 1 1 1—k :
kBy(G2,Gs — Ga) /o wr ) (1+u( w)) " (2.24)

_pk 1
Eg v1,0, (: (2 +u + u))du

FL 2 [(Gr, k), (Ga, k); (G, k)]

B 1 /1 [ £ (14 (1 kw))~ i+tcgkcz‘l(1+t—kw))‘1§}
kBi(G2,G3 — G2) (1+ t)%

Ek:,'ul,vz ( (2 +t+ >>dt
25)

where, k>0, R(v1) > 0, R(vz) > 0 and |w| < ¢ and B,(:;’Uz)(Gl,Gg) is extended
(k)-B.M.F..

Q

Proof. To prove equation (2.24), substitute ¢ = f in (2.9) with some arrange-
ments, we get our expected results.. Then, in order to prove equation(2.25)), con-

sider (2.24]), we have

1—-G3
% I

vl,vg 1 o0 Go G
FL (G, (G ks (G Wil = s [ a4

G1 'Uk 1

(1 (1 = 10) % B (- (201 ) Jau
U

(2.26)

After using the properties of integral we have

v1,v2) 1 ! G2 g Gi1-G3_
FE (G, (G ks (G Rysu] = s [ w1402

(1+u(l - kw))~ 7 E o rut ) au !
u — V1,02 u — U
v howvz | T u kB (G2, Gs — Ga)

[e%e] _ _ .k 1
/ u%_l(l + u)leG (14 u(l - kw))_%Ek,vl)vz (Z (2 +u+ u))du
1
(2.27)

Then substitute v = t in the first part of the integral and u = % in the second part
of the integral and simplifying, we get our expected result. [
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Corollary 2.10. The following results holds true:

FISU;)[(th)ﬂ(G%k);(GB,k) w]
1 J AR e R CERTE
= u -k U k u(l — kw k
kBi(G2,G3 — G2) Jo

ok
Ekvl<v(2+u+1)>du
' k u

_ 1 /1 {t?f(l—kt(l—kw))il +tG3_G21(1+t—kw)%}
kBk(GQ, G3 — Gz) (1 + t)%
—vk 1
Ero | —(24+t+=) |dt
o (5 (e4))
(2.28)
Proof. Consider vy =1 in Theorem (2.9)), we get our results. (Il

Theorem 2.11. Let G2, G3 and G5 — G4 be positive stable matrices in C"™*" then,
new extended (k)-C.H.M.F. has following integral representations:

(12 [(Ga, k); (G, ks )

1 P C3-C2 1 wt k —1
= tE (1=t F W B o (VR (k1 — )7 )t
gy [ T e b (< - ) )
(2.29)
o™ [(Ga, k); (G k) w)
w 1
€ GazGa g S2_ 1 —wt k -1
= £ 1—t)F Eoyoy (—0"(kt(1 — )74 )t
kBk(Gz,Ggfc:z)/o (1= O F e B (o k(1 = 1))
(2.30)
vl,vz)[(G k); (G, k); w] 2 /g( 0)@_1( 9)2G3—2G2_I
) ) ) y W = sSin k [0} k
S kBi(G2, Gs — Ga) Jo
) Lk
€S OB (I: sec? 6 csc? 0) do
(2.31)
Ul’W) G Gs, k);w] = ’ /g cos 0) 72 (sin ) 72—
[( 2 )( 35 )’ ] kBk(GQ,Gg—GQ) ) ( ) ( )
) .k
e sin QE’;MI,U2 (: sec? 6 csc? 9) do
(2.32)
o) [ k) (o k A2 7 6y Gs-Gy | wu
e . . _ % _ % B
ko [(G2,k); (Gs, k); w] kBk(Gz,Gg,—Gg)/o u (z —u) e

ok 52
E ) ——|d
k, 1’2< k u(z—u)) v

(2.33)
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W1 [(Gy k): (G, k) w] = 2 / Oo(sinh 6) %1 (cosh §) 1“7
' kBr(G2,Gs5 — G2) J,

h? ¢ —v* 2 2
eV OB s <k cosh” 8 coth 9)d9
(2.34)
where, k>0, R(v1) > 0, R(v2) > 0 and B,(:;’UZ)(G’l,Gg) is extended (k)-B.M.F..

Proof. To prove ([2.29)), consider definition of extended (k)-C.H.M.F. (2.2), we have

00 (v1,v2)
111 V2 Bk}’u (G2+5k17G3_G2) w?
(G, k); (G, k)] = = Bi(Ga,Gs — Ga) sl

s=0

. (2.35)

Then, according to the definition of extended (k)-B.M.F. (1.13]), we obtain

1(:11;7712) [(Ga,k); (G3, k); w]

1 = [1 1tG2+sk171(1 5 Gy—Go _Ig Y i@t wS
= —_ k — k e — —_
Bi(Gs, G — G2) = |k /0 v \ (1 — 1) s’

) (2.36)

On interchanging summation and integration with some arrangements of terms, we
have

) (G, k); (G, )i w]

e | 00 S (g o
" kBy(Ga, Gs — Ga) — sl ) k(1 -1 )

(2.37)

Now using the power series result in above equation and we get our desired result.

o0 ts ;
> G=c (2.38)
s=0

¢I(:11;7v2) [(Ga,k); (G3, k); w]
1 S2_g
= t - 1 _t
kBi(G2, Gs — G) / a-n"

-1 'wt _vk
Er o v, | —— |dt,
koo, 2(kt(1t))
(2.39)

In order to prove (2.30)), (2.31)),(2.32)),(2.33)and (2.34) substitute, t = 1 —t, t =
cos?f, t = sin’0, t = Zand t = tanh” @ in the equation (2.29) respectively and
follow the similar process as above we get our all desired result. O
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Corollary 2.12. The following results holds true:

(G, k); (G, k) )

= ! / tFI(1— )™ o
 kBi(G2,G3 — Ga) J,
ev 1 G3—Gao I Go I _
t T Fdewtp (R (kt(1— 1)) dt
o | T m(v(( N

" kBp(Ga, G5 —

: /a'@%4<m
= 1n k
kBy(G2,Gs — G2) Jo i o8

— 2 5 202 1 2957 2G| wsin? g v 2 2
= k‘Bk(GQ,Gg—GQ)/ (cos @)% " (sinb) e Ek,v1< L Sec fcsc” 0 )do

2G3—2Gy
3

2
—Iewcos GE

ZI_% z @_I G3—Go I qu —Uk 22 d
= k — k -
k:Bk(GQ,Gg—GQ)/O vz ) o\ TE u(z—uy )
2 . 2Gy _2Gg o —vF
‘wmmﬂﬁ4m/<mwﬂz%M@ffet“@w(km#“mmye
(2.40)
Proof. Consider vo = 1 in Theorem (2.11)), we get our expected results. (]

Theorem 2.13. Let G, G5 and G35 — G be positive stable matrices in C™*" then,
new extended (k)-C.H.M.F. has following integral representations:

(v1,v2) [(GQ, k-), (Gg, k)a w]

k,v

1 oo Ga_ g —G3  ww —’Uk 1
B T+ u) T e By 0n | —— (2 LARY
kBk(GQ,G_?) _ GQ) /0\ u k ( + 'LL) k el+ ko1, 2( k + U + - u

V1) (G, k); (G, k) w)

1 LR Tets 415 2 leth —ok 1
- A e e S G K
kB (G2, Gs — Ga2) J (1+ t)T2 k t

(2.42)

where, k>0, R(v1) >0, R(vz) > 0 and B,(:;’vz)(GhGQ) is extended (k)-B.M.F..

Proof. To prove equation (2.41), substitute ¢t = f in (2.29) with some arrange-
ments, we get our desired result. Then, in order to prove equation ([2.42)), consider

(2.41)), we have

) [(Ga, k); (G, k) w]

= ! /Oou%_l(l%-u)%%(e)
kBy(G2,G3 — G2) Jy

s —ok 1
4 Bl oy v (: (2 T u>>du

(2.43)
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After using the properties of integral we have

(1) (G, k); (G, k) w]

1 1 Ga_p ~G3  ww ok 1
- =1 e TR B o v | —— (2 1V,
kBk‘(GQaGB_GQ)/O u (I+u) e k,v1, 2< i ( +u+u>> u
kBk(G27 G3 — GQ) 1 k,v1,02 2 "

(2.44)

Then substitute v = t in the first part of the integral and u = % in the second part
of the integral and simplifying, we get our desired result. (|

Corollary 2.14. The following results holds true:
(2 [(Ga, K); (G, s w]

! /OO P14 u) 7 () E “ oius L))
= uk u) & (e)1+e By, | —— u+ = u
kBy(G2,Gs — G2) Jo g k U

wt

1 : t?—%e)w+tG3kG2—I<e>ﬁ’l ("“( 1)>
- Epo | —(2+t+ ) )dt
kBk(GQ,Gg,—GQ)/O [ (1+0)% B T t

(2.45)
Proof. Consider vy =1 in Theorem ([2.13]), we get our expected results. O

Theorem 2.15. Let G, G5 and G35 — Gy be positive stable matrices in C™*" then,
new extended (k)-C.H.M.F. has following integral representations:

1-Ss3 c
@10 [ B (G ) 0] — (c—d)!== / w e DT (B
k,v [( 2 )7( 39 )7 ] k’Bk(GQ,Gg — GQ) p ( ) ( )

u—d —oF (¢ —d)?
¢ E’“( k <ud><cu>>d“

(2.46)

oy G, k): (G, )i w] = 2 (L) BT - ) 2
kv [ 2 3 3 ,U}} - kBk(GQ,Gg—GQ) /_1 +U) —Uu

k
w(ltu) —v 4
& 2 Ek,m,vz (kw)du

( : 217% > |:6(2G2k_cg)+202:jl9:|
v1,V2 k): k): =
o (G k) (G k)il = o G2)/ ‘

e — 4ok
(cosh8) ™ Ejy oy 00 <” cosh? 9) df
(2.48)

where, k>0, R(vy) > 0, R(vz) > 0 and B]E:T,};71}2)(G1,G2) is extended (k)-B.M.F..
Proof. To prove equations (2.46) and (2.47)), substitute ¢ = “%g and ¢t = HT“ in

(&)

the integral form of (k)-C.H.M.F. (2.29) then we get our results. In order to prove
(2.48]), substitute u = tanh € in equation (2.47), we get our desired result. |



THE k-TYPE HYPERGEOMETRIC MATRIX FUNCTIONS 13

Corollary 2.16. The following results holds true:
i (G k); (G, b w]

(C_d)I_T )/dc(u—d)?_l(c—u)%’“ i Ek,ul(_vk le—dy ))du

- kBi(G2,Gs — Ga k' (u—d)(c—u
21_7 ! Ga G3—Gao w(ltu) —’Uk 4
= 1+u)® 11— — leT 2 —
kBr(Ga,Gs — Ga) /_1 (14w ™ T ¢ B, ( E(1- u2))du

tia h {e(wﬁ“ﬁ”’} =Gs 4ot
- k'Bk(G% G3 - GQ) / € (COShe) k Ek,m (k cosh 9) do
(2.49)

Proof. Consider vo = 1 in Theorem (2.15), we get our expected results. [

Theorem 2.17. Let G2, G3 and G5 — G4 be positive stable matrices in C"™" then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following functional
relations:

G3 L ((Gh, k), (Ga, k); (G, k);w] = GoF" " [(Gh, k), (G + k1L k); (G + kI, k); w]
(G3 _GQ) Ul u2) [(G17k)7(G27k)7(G3+kI7 ]C),’U}]
(2.50)
G382 (Ga, k); (G, k)sw] = Gadl (G + KILK); (Gs + kI k); w]
H(Gs — G2\ ") [(Ga, k); (G + kI k)3 w]
(2.51)

where, k> 0, R(v1), R(ve) >0, and B,(:;’UQ)(Gl,Gﬁ is extended (k)-B.M.F..

Proof. In order to prove equation (2.50)), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we obtain

B " (Ga, Gs) = B (Ga + kI, G3) + BY'L "™ (Ga, G + KI)  (2.52)

F[(Gy, k), (Ga, k); (Gs, k); w]
e B 1;1,1)2 (G2 + skl + kI, Gs — GQ) Bl(;):] 1)2)(G2 + skl Gz — Gy + kI) w?s

pr Bk(GQ, G3 — GQ) ( Vs )k s!
(2.53)
After re-arranging the terms, we get
00 Ul;'UQ) )
B (G + skl + kI, G3 — GQ) w?s
Fev@ G G G1)e—
kv [( 1, ) ( 25 ) 37 7 SZO Bk(GQ,Gg 7G2) ( 1) k S!
oo plvi,v2) )
B iy (G2+8/€JI,G3—G2+]€I) w?
+ Z = (Gl)s,kja
By (G2,G3 — Ga) s!

(2.54)
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Multiplying and divide By (G2 + kI, G3 — G3) in the first part and multiplying and
divide By (G2, G3 — Ga + kI) in the second part of the above equations, we have:

F" " [(Gh, k), (Ga, k); (G, k) w]

—_ Bk(G2 +kI,G3 — GQ) i B](;):)VW)(GQ + skl +kI,Gs — G2) (G ) ,wis
"~ Bi(G2,G3 - Gs) Bi(Gy + kI,G3 — Gs) Uk

s=0

Bi(G2,Gs — Ga + ki) i B (G + skl,Gs — G + kI) I
Bk(G27G3 - Gg) Bk(GQ,Gg _ Gg 4 kj]) 1)s,k Sl
(2.55)

s=0

Then, according to the properties of (k)-B.F.and (k)-G.F. By(a,b) = % and

T'k(a + k) = aT'x(a) with mathematical calculations, we get our desired result.

Gy " [(G1, k), (G, k); (Ga, k)] = G F‘”“””[(Gl,k), (G + kI, k); (Gs + kI, k): ]
(G — Go) " ((Gh, k), (G, k); (G + kI, k) w]
(2.56)

Similarly with same parallel of proof as equation (2.50)), we get equation (2.51)). [

Corollary 2.18. The following results holds true:

G3F\"V (G, k), (Ga, k); (Gs, k);w] = GaoF, ”1>[(G1,k) (G + kI, k); (Gs + kI, k); w]
+(Gs — G2) [(Gh k), (Ga,k); (G3 + kI, k);w]
(2.57)

Gady.y [(Ga, k) (G k)s w]
= Goo\") (G2 + k1, k) (Gs + kI k);w] + (Gs — G2)g} 2 [(Ga, k): (G + kI, k); w]
(2.58)
Proof. Consider vo = 1 in Theorem (2.17)), we get our expected results. ([

Theorem 2.19. Let G2, G3 and G5 — G4 be positive stable matrices in C"™" then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following infinite sum-
mation relations:

FL (G, k), (G, k); (G, k)i wl

= (G5 — Gs) Z Go)pie F ) [(Gy, k), (Ga + pkl, k); (Gs + pkI + kI, k); w]
- “ (G3)p+1.k kv

(2.59)
12 ](Gy, k); (G, k) ]
> G 'Ul V2
=(Gs—G2) Y (ég)z)il’“k C1)[(Gy + pkIL k); (G + pkI + kI, k); w]
p=0 pTi,
(2.60)

where, k>0, R(vy) > 0, R(v2) > 0 and B'IE:):)7U2)(G1,G2) is extended (k)-B.M.F..
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Proof. In order to prove equation (2.59)), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we have

B! vl,vz) (G, G3) ZB@W Go + pkI, Gs + kI) (2.61)

Fkvfuhvz [(Gla k)y (G27 k)7 (G37 k)a ’UJ]

_i E;ioBl(:;’vz)(G2 +pkl + skl,G3 — G2 + kI) G w®
- s=0 By (Go,G3 — G2) ( 1)5,1@?
(2.62)

Multiplying and divide B (G2 + pkl,Gs — G2 + kI), and changing order of sum-
mation, we have:

(v1,v2) = By (G2 +pkl,Gs — G2 + kI)
F ; ;W = E :
g [(Glak)7(G25k)7(G37k)vw] Bk(GQ,GB _ G2)

p=0
s B (G + pkl + skI,G3 — Ga + kI) w

;(Gl)s’k By (Ga +pkl, G — G2 + k) sl

(2.63)

Then according to the properties of (k)-B.F. and (k)-G.F. By(x,y) = %

and I'y(a + k) = al'x(a), (a)sx = F’“F(Z(stk) and (a)s+1,k = a(a + k)s . with using

definition of extended (k)-G.H.M.F., we get our desired expected result.

F”l 2 [(Gy, k), (Ga, k); (Gs, k)3 w]

= (G)
= (G5 — Ga) Z C2lok_poa2) (G, k), (G + phT,K); (G + pkT + kI, k) ]
= (Ga)prrp ™
(2.64)
Similarly with same parallel of proof as equation (2.59)), we get equation (2.60). O
Corollary 2.20. The following results holds true:

FV[(Gh, k), (Ga, k); (G, k); )

= (G3 —G2) Z (écj)z)jlkF,gv; [(G1,k),(Ga + pkl, k); (Gs + pkI + kI, k);w)
- (2.65)
v (G, k); (G, k) w]
— (G5 — Go) p; (gj;ji’“k VU [(Go + pkILk); (Gs + pkI + kI, k); w]
(2.66)

Proof. Consider vy =1 in Theorem ([2.19)), we get our expected results. ([
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Theorem 2.21. Let Go,G3 and Gs — G4 be positive stable matrices in C"™*" then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following another in-
finite summation relations:

o~ (kI + G2 — G3)pi Br(Ga + pkl, k)

F (G, k), (G, k); (G, k)sw] =

—~ kpp! By(G2,G3 — Ga)
F (v1, vz)[(Gh )7 (G2 + pkl, ]{;)7 (G3 + pkl + kI, k)JU]
(2.67)

(v1,v2) >\ (kI + Gy — G3)px Be(Gy + pklI, EI)
G 7k 5 G ak Wl =
o (G2, k); (G, k); w] pEO o) BuGnGs -G (agy)

}qul;wz [(Go + pkI, k); (Gs + pkI + kI, k); w]

where, k> 0, R(vy) > 0, R(v2) > 0 and B}E:T,};7U2)(G1,G2) is extended (k)-B.M.F..

Proof. In order to prove equation (2.67)), use the properties of extended (k)-B.M.F.,
in the definition of (k)-G.H.M.F., we obtain

s (G?))TL,IC (’Ul,’uz

B UI)UZ)(G kl G3) z;) knnl Bk,v )(G2 + ’I’Lk‘[, kl) (269)
Fkvvl ) [(Gh ) (Gka); (G37 )5 ]
B 2200%3(1)1vz)(GQ_'_nkI_’_ka’kI) o w"
B z_: By (G2, Gs — Ga) ( 1)n’kﬁ
(2.70)

Multiplying and divide By(Ga + pkI,kI), and changing order of summation, we
have:

= (kI 4+ Gy — G By(Go + pkI, kI
R >[(Gl,k>,<G2,k>;(G&k);w]=Z( 2~ Cs)pi Bi(Ga + DI, KI)

=0 kpp[ Bk(GQ, G3 — Gz)

i(G ) By (Ga + pkI + nkI, kI) wr

LTk Byp(Gs + pkI, kI) n!
(2.71)

Then, according to the definition of extended (k)-G.H.M.F., we get our desired
expected result.

(kI 4+ Gy — G By(Go + pkI, kI
R >[(Gl,k>,<G2,k>;(Gg,k);w]=Z( 2= Ga)ps BilG2 & phl, kT)

=0 kpp[ Bk(GQ, G3 — Gz)
F0 (G, k), (Ga + pkIL k); (Gs + pkl + kI, k); w]
(2.72)

Similarly with same parallel of proof as equation (2.67)), we get equation (2.68). O
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Corollary 2.22. The following results holds true:

Ul (kI + Gy — G Bi(Go + pkI, kI
)[(Gl,k),(Gg,k);(Gg,k);w]:Z( 2 3)p.k Br(G2 +p )

=0 kpp! Bk(GQ, G3 — GQ)
F{"V[(Gr, k), (G + PRI, k); (G + phI + kI, k); ]
(2.73)
(G, ) (G >N (kI 4 G2 — G3)px Br(Ga + pkI, kI)
o (G2, k); (G, k ; Krp! Bi(Ga, Gs — )
CV[(Ga + pkILk); (Gs + pkI + kI, k); w)]
(2.74)
Proof. Consider vy =1 in Theorem ([2.21]), we get our results. O

Theorem 2.23. Let Go, Gz and Gs — Gy be positive stable matrices in C™*" then,
new extended (k)-G.H.M.F. and (k)-C.H.M.F. satisfying the following relations:

(v1,02) "~ (1\ Br(Ga + pkI,G3 — Go — pkI + rkI)
F k Go. k) k): —
kv [(Gla )7( 25 )»(G?n )vw] E (p) Bk(GQ,Gg —Gz)

p=0
FIE?J’UZ)[(GM k), (G2 + pkl, k); (Gs + rkl, k);w]
(2.75)

@) [ kY): (G ) 0] — - <T)Bk(G2+ka,G3—G2—ka+rkI)
k,v [( 2 )7( 39 ),U)] Z p Bk(GQ,G?,_GQ)

p=0
(G + I, k); (G + kI, K); ]
(2.76)
where, k> 0, R(v1) > 0, R(vz) > 0 and BY*"? (G4, Gz) is an extended (k)-B.M.F..

Proof. In order to prove equation ([2.75)), use the properties of extended (k)-B.M.F.,
in the definition of extended (k)-G.H.M.F., we obtain
B (G, Gy) = Y (Z)B ") (Gy + nkl, G + kI — nkI) (2.77)

n=0

F D ((Gr, k), (Ga, k); (G, k)]

= CTVl n,k - (7’) V1,V
= B 102 (G, 4 kI,Gs — Go — pkl + 1kl
E:: GQ,GS_GZ)Z » (G2 +pkl,G3 — G2 —p )=

’fl
n!l

(2.78)

Multiplying and divide Bg(Gs + nkl + pkl,Gs — Go + rkI — pkI), and changing
order of summation, we have:

F{" (G, k), (Go k) (G, k)] = 3

(7“) Bk(GQ +pk], G3 — G2 +rkl — pk])
P Br(G2,G3 — Gs)

p=0
i &) B (G + nkI + pkI, G — G — pkI +rkI) w"
( Lmk Bk(GQ +ka,G3*G2+’I"kffka) F

n=0
(2.79)
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Then using definition of (k)-G.H.M.F., we get our desired result.

" [\ Bp(Ga + pkI, G3 — Go — pkI + rkI)
F (G, k), (G, k); (G, k) w] =
(G, k), (Ga, k); (G, k); w] Z;J(p) Be(Ga. G — Go)

F ) ((Gh, k), (Ga + pkIL k); (G + kL k); )]
(2.80)

Similarly with same parallel of proof as equation (2.75]), we get equation (2.76). O
Corollary 2.24. The following results holds true:

(v1) "\ (r\ Br(Go + pkI,G3 — Go — pkI + 7kI)
F k k); k);w]) =
(16118 Gk (@bl = 3 () e
F{V (G k), (Ga + pRIK); (G + L k) w]
(2.81)
"\ (7\ Bi(Go + pkI,G3 — Gy — pkI + kI
on 1(G,k): (G k)] = () O B G- G )
=0 b kG2, &3 2 (2.82)
o0 1(Ga + PRI, k); (G + kI, k); w]
Proof. Consider v, = 1 in Theorem , we get our expected results. (I

Theorem 2.25. Let G, Ga, Gs and G3—Go be matrices in C™*" such that Go+nkl
is tnvertible for all integer n > 0. Then, new derivative formula for extended (k)-
G.H.M.F. and (k)-C.H.M.F. holds true:

(v1, 1;2) P7 GQ)P’
F k), (G (G = 2 DA T AR
dwp{ kv le )a( 2; 37 } G3)p,
F,ﬁj’;’”) [(Gy + pkI, k), (G2 + pkI, k); (Gs + pkI, k); w]

(2.83)

{¢”1’”2 (G2, k); (G, k);w]} = Gl ¢ o "2 (G + phI k); (G + pkI, k)i ]

de (Gg)pwk kv
(2.84)

where, k> 0, R(v1) > 0, and R(ve) >0

Proof. Differentiating extended (k)-G.H.M.F. with respect to variable w, p times,
we have

dar V1,v2
dw? Fli,v )[(le k), (G2, k); (Gs, k); w]} =
> B vl,vz)(G +nkl,Gs — Gy) wn
{nzo By (Ga, Gs — G) 1)””“71!}
(2.85)
oo p(viv2)
dP (v1,v2) Bk e (GQ +nkl,Gs — Gg)
F 1,02 :ZC
dwP k,v [(Gla )7 (G27 G37 W } nzp B G27G3 — Gg)
wn—P n!
(Gl)n,k nl (n_p)

(2.86)
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Replacing n — p with p, we have

dr (v1,v2)
T Fk,v’ [(lek)a(G27k)§(G37k)§w]}

dwP
0o Blgz;;,vz)(GQ +2pk] G3 GQ) wP
= Z (G1)2pk—r
By (G2,G3 — Ga) p!
(2.87)

Then using the properties (a)p+p x = (a)p k(a+pk)p r and By (b,c—b) = (Cg” ~ B (b+
pk,c — b) and using the definition of extended (k)-G.H.M.F. with some arrange-
ments, we get our desired result.

dp V1,V2
S ABL (G R, (G, k) (G, ks wl)
_ (CUpr(Ga)pk pivsea)

(Gs)r [(G1 +pkI, k), (G + pkl, k); (Gs + pkl, k);w
P,

]
(2.88)
Similarly with same parallel of proof as equation (2.83]), we get equation (2.84). O
Corollary 2.26. The following results holds true:

dP

dwP

(v1 [(G1,k), (G2, k); (Gs, k); w]}

_ (G1)pr(Ga)p.k

( )p k
(2.89)

dwp

{¢”1) [(G2,k); (Gs, k); w] }
(GQ)pJC v1)

= Gk D[(Gy + pkI, k); (Gs + pkl, k); w]
P, (2.90)

Proof. Consider v = 1 in Theorem (2.25)), we get our results. O

Theorem 2.27. Let G1,Ga,G3 and Gs — Gy be positive stable matrices in C™*"
then, new extended (k)-G.H.M.F. and (k)-C.H.M.F. have following Mellin trans-
form holds true:

M{F"" (G, k), (Ga, k); (G, k) w])

T (p)By(Ds + p, G — G +p)
By(Da, Gz — Ga)

F[(G1,k), (G2 +p,k); (Gs + 2p, k);
(2.91)

M{d)(ul,w) GQ’ k;); (G37 k)§w]}

(v1,v2)
L. (p)Br(Da + p,Gs — G + p)
B G+, k); (G + 2p, k);
Bi(Dy, G5 — Gs) or[(G2 +p, k); (G + 2p, ),w]( |
2.92

where, k > 0, R(v1) > 0, and R(ve) > 0.

2k DGy + pkIL k), (Go + pkI, k); (G + pkI, k); w]

w]
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Proof. From the definition of Mellin transform, we have
M{FC (G, k), (Ga, k); (G, k) w])
= [ LG, (6o k) (G )il
0
(2.93)

By the integral form for an extended (k)-G.H.M.F., we get

M{F(vl’v2)[(G1 k) (G2 k)'(G k‘)w]} :/Oovp—l 1 /1,5(3;2—1
kv s vy s V) 3> )5 0 kBk(GQ,GB_GZ) 0

G3—-Gay

(1= ) F 21 (1 = kwt)™ F Epo, o, (—v"‘(kt(l - t))l)dt}dv
(2.94)

Interchanging order of integration and summation, we have

(v1,v2) 1 g
ML (G, K) (G ) (G Rl = g |45

Gy—Co _1(1 o kwt)_% { / ’l)p_lEk,vhvz (—Uk(k;t(l — t))1>d1)}dt
0
(2.95)

(1-1)

v

ﬁ and with some arrangements we have:
th (1—t)*

On substituting u =

v1,V2 1 ! M,
M{E( ™ ((Gaok). (G, 3 (G, ks ol = o Gg—(;2>/0 et

Gatn o0 e
(1— 1) I(1kwt)‘?{/0 uplEk,vm(;‘)du}dt
(2.96)

On applying integral form of extended (k)-G.H.M.F. and extended (k)-G.M.F.(when
v =0), we get our expected result.
M{F ™ [(Gr k). (Go. b): (G, B): ]}

DY) (p) Be(Da + p,Gs — G2 + p)

= Br(D2,G3 — Ga) Fp[(G1,k), (G2 + p,k); (Gs + 2p, k); w]
(2.97)

Similarly with same parallel of proof as equation ([2.91]), we get equation (2.92)). O

Corollary 2.28. The following results holds true:
M{F (G k), (G, k): (G, R)swl}

TV (p)Bi(Ds +p, Gs — Ga +p)
By(Do,G3 — Ga)

Fr[(G1, k), (G2 +p, k); (G3 4 2p, k); w]
(2.98)
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M{pYY [(Ga, k): (G, k) ]}

_ " (p)Bi(D2 + p, Gs — Ga +p)
By(Da, Gz — Ga)

(2.99)

Proof. Consider vy =1 in Theorem ([2.27)), we get our expected results. O

Theorem 2.29. Let G1,Ga,G3 and G3 — Go be positive stable matrices in C™*"
then, new extended (k)-G.H.M.F. and (k)-C.H.M.F. have satisfies the following
transformation formulas:

Fkvvl’vz [(G1,k), (G2, k); (Gs,k); w]

V1,V2 k
= (1 ) P E (G0, (G — G s (G R
(2.100)
V1,02 ].
B (G k), (Gayk); (Ga, k)i 1= ]
() e b Gy =0
- <w+k(1_w)> Fkv |:(G17 ) (G3 GQ’k)’(GS’k%w—Fk(l—w)]
(2.101)
Flgj)'uhvz) |:(G17 k)a (G27 k)a (G?n k) w:|
1 53 k
— (—2 ) gl k) (Ga k) TR
—<1+w_kw>) F [(th),(GS Gz,k>,<Gs,k)71+w_kw}
(2.102)
O (G, k); (G, k) w] = €@ [(G — G, k); (G, k); ]
(2.103)

where, k> 0, R(v1) > 0, and R(ve) > 0.
Proof. From integral form of extended (k)-G.H.M.F., we have

F) (G, k), (G, k); (G, k) )

= ! / £F (1 - 1)
= kBu(Ga, Gs — Ga) o

1= kwt) ™ T By, 0 (0 (kt(1 — 1) ) at
(2.104)

Replacing ¢ by 1 — ¢ in above equation with some mathematical arrangements and

using integral form of extended (k)-G.H.M.F., we get our expected result (2.100).

Fkvvlm [(G1,k), (G2, k); (G5, k); 0]

kw

kw—1
(2.105)

= (1— kw) T F"" (G, k), (G — Ga, k); (G, k);
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Now, replacing w by 1— i in the equation (2.100]), we get our desired result (2.106)).

v1,V2 1
FIE"U’ ) |:(G17 k)? (G27 k)? (G?n k;)a 1—- :|

B w 2 (v1,02) B ) k(1 —w)
- <w+k(1—w)> Fkﬂ; |:(G17k)7(G3 G27k)’(G3’k)”w+k(1—’w)
(2.106)

Then, replacing w by HLUJ in the equation (2.100]), we get our desired result
(2.102).

V1,02 w
Flg,v )|:(G1,k),(G2,I€),(G3,k),1_|_u}:|

D _
= (s ) R (6000, 6 - Gk Gk

14+w—kw) 14+w—kw
(2:107)
From integral form of extended (k)-C.H.M.F., we have
](:11]71)2)[((;27 k) (GS, ); }
1 S2_g G3-C2_ 1 wt -1
= tE 1-1¢ € E vy v kt(l—t dt
(e ereent) () s (o (1= 1))
(2.108)

Replacing ¢ by 1—t in above equation and multiplying and divide by By (G3—Gs, G1)
with some mathematical arrangements and using integral form of extended (k)-
C.H.M.F., we get our desired result (2.103|).

kv;,vz)[(G% k); (Gs, k);w] = ew(bl(:ll),vz)[(Gg — Ga2,k); (Gs, k); —w]

(2.109)
O
Corollary 2.30. The following results holds true:
FV[(Gh, k), (Ga, k); (G, ks )
—Dy k
= (1= k) B F (G118, (G = Gk (Gan s
(2.110)
v1 1
R (€400, (G G 1 -
_ w N pe N ()
(o) B G006 - G Gy A
(2.111)

v1>[(G1, K, (GQ,k);(GB’k);lfw}

1+w
1+ w—kw)

Dy v1 —k
— )5 F) [(th),(c:g ~ G, k): (G, ) ‘”]

14+ w—kw
(2.112)
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UG, k); (G, k) w] = ey [(Gs — Ga, k); (G, k); —w)
(2.113)

Proof. Consider vy =1 in Theorem ([2.29)), we get our expected results. O

Theorem 2.31. Let G1,Ga,G3 and G3 — Go be positive stable matrices in C™*"
then, the following generating function for extended (k)-G.H.M.F. holds true:

o0

P
> (G)piFL (G + phIL k), (G, k); (G, ks w] o
p=0 P
= (L= h2) T EL) | (Gr ), (G, k) (G, k)
(2.114)

where, k > 0, R(vy1) > 0, and R(ve) > 0.

Proof. Consider the L.H.S. of the above equation and using the definition of ex-
tended (k)-G.H.M.F. we have:

oo
2P

S (G1)p FL (G + phILK), (G, k); (G, k) wle

=BGy + nkl, Gy — Go) w2
sV I
pz:% (Gl { 2. Bi(G2, Gz — G2) (Gt pRDniy }p'

n=0

(2.115)

Then using the identity (a)p.x(a + pk)nx = (a)n.x(a + nk), r and the power se-
ries Ziozo(a)n’k% = (1 — kxz)* with some arrangements and using definition of
extended (k)-G.H.M.F., we get our desired result.

o0

v, 1)2 zP
D (G Ey UG + Pk E), (G, )5 (G )] —
p=0 ’
—Ds Vs w
= (1= k2) B (G k), (G k) (G ks
(2.116)
O
Corollary 2.32. The following results holds true:
> (G F (G + phL k), (Gsz);(Gs’k);w]g
p=0 ’
- 711 w
= (1= kz) T F (G, k), (G, k): (G, k) 7=
(2.117)

Proof. Consider v2 = 1 in Theorem ([2.29)), we get our results. (]
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3. CONCLUSION

We conclude that in this paper we introduce a new extension of (k)-G.H.M.F.
by using 2-parameter (k)-M.L.F. as the kernel in the integral definition of (k)-
G.H.M.F. Then we learned some of the basic properties of these extensions along
with their special cases. The presented new extension of (k)-G.H.M.F. in this paper
is believed to be new and would extend and unify those available in the scientific
literature. In future, we can use this formula to solve some differential and partial
differential equations from an application point of view.
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