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ISO-INVARIANT MEAN AND ASSOCIATED CORE THEOREMS

SAKAMBARI MISHRA , ITISMITA MOHANTY

Abstract. In this paper,a new type of invariant mean “µ-limit” is introduced
and a new set of some specific bounded sequences is determined by using a

bijective shift operator µ where µ−1 of each term of a sequence of this set
is present in the same sequence so that µ-limits of these sequences can be

evaluated. Using this µ , some new matrix summability methods are developed

that are applied here as matrix transformations on the aforesaid sequences to
generate new sublinear functionals which can form new Iµ-core of sequences.

Lastly some important Iµ-core theorems are established in our main results by

showing inequalities between sublinear functionals used in Knopps core and
Iµ-core itself .

1. Introduction

Developing a summability method is an important step towards the widespread
use of summable sequences in mathematical analysis. Different bounded sequences
and their summability have been investigated by many mathematicians.The almost
convergence or F-summability on bounded sequences was introduced by Lorentz[10]
and developed by Schaefer [19] .They also established some classical results on
summability methods using matrix transformations. Further J.P.King [6] defined
almost summability of sequences and also defined almost regular matrices.Then
Schaefer (in [20]) initiated to generalise the F-summability by introducing σ-mean
where σ is taken as an injective operator.Then other mathematicians like Das
([3],[4]), Devi[5], Maddox[11],S.Mishra ([12],[13])and Orhan[18] have established
many singnificant results on these summable sequences and also on different sub-
linear functionals related to Knopp’s core, Banach core and σ-core. Many conse-
quences for σ-convergent sequences are determined by Khan ([7],[8],[9]) and others.

In this paper, a special bijective operator µ is taken on the set of natural num-
bers to define µ-limit, µ-convergence and µ-summability of sequences which are
within the sets of almost convergent sequences as well as σ-convergent sequences.
Then some new µ-summability methods are characterised by some new sublinear
functionals that are used to define Iµ-core of bounded sequences. Lastly in Iµ-core
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Submitted September 12, 2024. Accepted January 27, 2025. Published February 19, 2025.
Communicated by M. Et.

40



ISO-INVARIANT MEAN AND ASSOCIATED CORE THEOREMS 41

theorems , some imequalities are established related to sublinear functionals used
in Knopp’s core and Iµ-core itself with certain necessary and sufficient conditions .

2. Definitions and Notations

As usual, let l∞ be the space of real bounded sequences x = {xk} normed by
‖x‖ = supk|xk| and c be the space of convergent sequences. For a sequence x ∈ l∞,
the definition of an invariant mean or a σ-mean or σ-limit of x is given by Schaefer
in [20] and its properties are further investigated by many others like Mishra([14],
[15]) and Mursaleen ([16],[17]) .

In this section, a new continuous linear functional µ-limit is defined on l∞ to
establish new summability method and it is not eqivalent to σ-limit although both
are constructed in the same manner. The new approaches are illustrated in the
following definitions, examples and in the main results. We can also observe that
µ-limit of some bounded sequences generates a new set of µ-convergent sequences
which includes convergent sequences but not all σ-convergent sequences. So, the
definition of the new sublinear functional ”µ−limit” is given as follows :

Definition 2.1. Let µ be a bijective mapping of the set N of natural numbers
(including zero) onto itself. A continuous linear functional ψ on l∞ is called an
iso-invariant mean or µ-mean or µ-limit if it has the following properties:

(1) ψ(x) ≥ 0 for x = {xk} : xk ≥ 0 ∀ k
(2) ψ(e) = 1 where e = {1, 1, 1...}
(3) ψ(µx) = ψ(x) for µx = {xkoµ(k)} = {xµ(k)} ∀ x ∈ l∞

This extends the limit functional on c if and only if µj(k) 6= k for all k ≥ 0, j > 0.
In the definition of σ-mean, σ was taken as injective mapping by Schaefer [20]. But
here µ is bijective . The µ-mean is a new type of invariant mean that characterises
some new bounded sequences and their matrix transformations depending on its
existance.
We write µ− limx = s if and only if

lim
p

xk + xµ(k) + ...+ xµp(k)

p+ 1
= s

uniformly in k .

Definition 2.2. An element x of l∞ is defined to be µ-convergent or µ -summable
if all of its µ-limits are equal.

Let Mµ be the set of bounded sequences all of whose µ−limits exist and also
µ−limits of a sequence in Mµ are equal . So we can write that,

Mµ = {x ∈ l∞ : lim
p

Γ∗pk(x) = s uniformly in k, s = µ− limx}

where for p ≥ 0, k ≥ 0

Γ∗pk(x) =
xk + xµ(k) + ...+ xµp(k)

p+ 1
(2.1)

ThereforeMµ is called the set of all µ-convergent sequences . Also it can be extended
to bounded complex sequences. When we take µ as an injection then µ(k) can be
treated as σ(k) (see [16]) which will form σ mean or σ limit or invariant mean
and the set Mµ converts to the set Vσ (see [14],[15]) of bounded sequences with
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equal σ-limits .Consequently , if σ(k) = k + 1 then Vσ becomes the set of almost
convergent sequences ĉ (see[10],[19]) .

To establish some new type of inequalities we have assumed throughout the paper
that µ be a bijective mapping on the set N of natural numbers and µj(k) 6= k for
all k ≥ 0, j ≥ 1.
This type of mapping µ is mentioned here. Consider µ : N → N defined by

µ(k) =


k − 2 if k is even,k 6= 0

k + 2 if k is odd

1 if k =0

(2.2)

Then clearly µ be a bijective mapping such that µj(k) 6= k for k ≥ 0 and j ≥ 1.
Some sequences are illustrated here in the following examples by applying this
µ to the kth-term of given sequences so that they belong to Mµ. Also we can
observe that the elements of {xµ(k)} are the rearrangements of the elements of

{xk} using shift µ(k) and they are not equal.The range of µ is denoted as N I i.e.,
N I = {µ(k) : k ∈ N} . Here the set N I contains all the natural numbers arranged
in an order different from their usual order and equal to the set N . So µ−1 exists
and µ−1(N I) = N .
Now we shall give some examples of sequences whose µ-limits exist for the mapping
µ that is defined in (2.2).

Example 2.3. Let {xk} = {x0, x1, x2, · · ··} be a real bounded sequence and

xk =

{
1 if k = 1 + 4n, 2 + 4n, n ∈ N
0 otherwise

Simply, let us write {xk} = {0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1, · · ··} which is bounded but
not convergent.
Then applying the shift operator µ(k) from (2.2) to the elements of this sequence,
we get {xµ(k)} = {1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, · · ··}
So {xk} + {xµ(k)} = e = (1, 1, 1, · · ··) for p=1. Also if ψ(x) is µ − limx, then we
have

1 = ψ(e) = ψ(xk) + ψ(xµ(k)) = 2ψ(xk)

Hence ψ(x) = 1/2 or we say µ− limx = 1/2.
If we consider an injective mapping σ(k) = k + 1 instead of taking µ(k), we have

{xk}+ {xσ(k)}+ {xσ2(k)}+ {xσ3(k)}
= {xk}+ {xk+1}+ {xk+2}+ {xk+3}
= 2e = 2(1, 1, 1, · · ··)

for p = 3 . Also if we denote φ(x) = σ − limx, then we get

2 = 2φ(e) = φ(xk) + φ(xσ(k)) + φ(xσ2(k)) + φ(xσ3(k)) = 4φ(xk)

Hence φ(x) = 1/2 or we say σ − limx = 1/2 for σ(k) = k + 1 i.e., x is almost
convergent to 1/2 .
Similarly we can show that σ − limx = 1/2 for σ(k) = k + 2.

Example 2.4. Let {xk} = {x0, x1, x2, · · ··} be a real bounded sequence such that

xk =

{
1 if k = 1 + 3n, n ∈ N
0 otherwise
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Proceeding as above we obtain µ− limx = 1/3 .

Example 2.5. Let {xk} = {x0, x1, x2, · · ··} be a real bounded sequence such that

xk =

{
1 if k = 1, 6, 9 + 8n, 14 + 8n, n ∈ N
0 otherwise

Then µ− limx = 1/4 .

Similarly,so many real bounded sequences can be found which are µ-convergent
sequences and their µ-limit is obtained faster than a σ-limit with lesser period
whenever σ(k) = k+1(see Example 2.3). Here ψ can be extended to the usual limit
functional on c ,it means ψ(x) = limx for all x ∈ c. Here µ-convergent sequences
are within the set of σ-convergence sequences or almost convergent sequences, but
the converse is not true since σ mapping is not a bijection like µ. For example, if
the sequence {xk} = {0, 1, 0, 1, 0, 1, · · ·},then σ − limx = 1/2 for σ(k) = k + 1,but
µ− limx does not exist for above µ in (2.2).

Now let us recall some known cores of a bounded sequence.In general we can
say that, if a sublinear functional P(x) both generates and dominates Banach lim-
its then the Banach core or B − core of x can be written as the closed interval
[−P(x),P(x)]. In [3] and [5] ,B − core of x is considered as

B − core {x} = [−q(−x), q(x)]

where q(x) is given by the sublinear functional ([4])

q(x) = lim sup
p

sup
n

1

p+ 1

p∑
j=0

xn+j

We recollect that K − core of x (see [3],[11]) is given by

K − core {x} = [lim inf x, lim supx]

Let M : l∞ → R be a sublinear functional defined by

M(x) = lim sup
p

sup
k

Γ∗pk(x)

where Γ∗p(k)(x) is defined in (2.1). It can be easily verified that M generates and

dominates µ-means, So we define Iso-invariant core of x or Iµ − core{x} as

Iµ − core{x} = [−M(−x),M(x)]

The µ-convergent sequences behave differently as comparision to σ- convergent
sequences Using µ(k), some new classes of matrices can be generated to act as
matrix transformations on these sequences .
Let A = {Ai} = {ank(i)} be the sequence of infinite matrices ([3],[4]) .For a given
sequence x = {xk}, we write Ain(x) =

∑
k ank(i)xk such that it exists for each n

and i .Let us write Ax = (Ain(x)) .Then x is said to be summable to the value s
by the method A if

lim
n→∞

Ain(x) = s (2.3)

uniformly in i
If (2.3) holds then we write x→ s(A).
The method A = (ank(i)), is called conservative if x→ l and that x→ l′(A) holds
and A is regular if l = l′ . Also the definition of conservative method A = (ank(i))
is given by Stieglitz[22].
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Definition 2.6. Let A = (ank(i)) be a real infinite method . Then x ∈ l∞ is said
to be µA-convergent or µA-summable to l if and only if limn

∑
k ank(i)xµp(k) = l

uniformly in p and i.

If we define

ank(i) =

{
1

n+1 if k = i, µ(i), ..., µn(i)

0 elsewhere
(2.4)

then Ax reduces to Mµ . In the case

ank(i) =
1

n+ 1

n∑
j=0

aµj(i),k

A reduces to the µA-summable method .When µ is injective i.e., µ = σ the it reduces
to σA-summability method and for σ(k) = k + 1 it reduces to almost summability
method (see [6] and [19] ). In case A = A = (ank) then we get usual summability
method on which P.Schaefer has discussed in [19]. The matrix class (Mµ,Mµ) can
be characterised as follows.
An infinite µ-summable matrix A is said to be µ-conservative if x ∈ c⇒ Ax ∈Mµ

i.e., limx = l⇒ µ− limAx = s and A is µ-regular if l = s i.e., limx = µ− limAx.
The matrix A is called strongly µ-regular if x ∈ Mµ ⇒ Ax ∈ c and µ − limx =
limAx.
The Following characterization of µ-regular matrix A = (ank) is due to results of
King [6], Lorentz [10] and it is similar to the definition of σ- regular matrix given
by Schaefer [20] .

Definition 2.7. A matrix A = (ank) is µ-regular if the following conditions hold:

(1)

∞∑
k=0

|ank| < H for all n

(2) ∃ a(k) = {ank}∞n=0 ∈Mµ and µ− limn a
(k) = 0 for every k

(3) ∃ a = {
∞∑
k=0

ank}∞n=0 ∈ Mµ and µ− limn a = 1

For any real ank, let us define a+nk = max{ank, 0} and a−nk = max{−ank, 0}
.Then |ank| = a+nk + a−nk and ank = a+nk − a

−
nk

Using the above definitions and notations we can easily verify the following
consequences. A is µ- positive if

µ− lim
n

∞∑
k=0

|ank| = 1

.
We say that A = (ank) is strongly µ-regular if it is µ-regular and

lim
n

∞∑
k=0

|an,k − an,µ(k)| = 0,

holds. Also A = (ank) is said to be Mµ-regular if it is µ-regular and

µ− lim
n

∞∑
k=0

|an,k − an,µ(k)| = 0,

holds. Next, we will proceed to prove some core theorems .
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3. Main Results

In the following inclusion theorems, some inequalities are established between
the subliear functionals of Iµ − core and Knopp’s core so as to relate µ-convergent
sequences with convergent sequences, with A-summable sequences and also with
µA-convergent sequences using µ-regular matrices.
In this section, first we have assigned some notations for the following sublinear
functionals .

l(x) = lim inf
k

xk, L(x) = lim sup
k

xk,

m(x) = −M(−x) = lim inf
p

inf
k

Γ∗pk(x)

T (x) = inf
z∈l∞0

M(x+ z)

where l∞0 = {z ∈ l∞ : supn|
∑n
k=1 zk| <∞}.

From Knopp’s core theorem (see [2], [11],[21]) and from its extension (see [3]) we
know that, for x ∈ l∞

L(Ax) ≤ L(x)

where the method A = (ank(i)) is regular and almost positive . In [18], Orhan
proved some inequalities for regular and almost regular matrices. Here we shall
characterize a class of µ-regular matrices by means of inequalities involving the
sublinear functionals mentioned above to establish some Iµ− core theorems on real
bounded sequences .
Now, we require the following lemma to prove our first theorem.

Lemma 3.1. For x ∈ l∞,

Iµ − core{x} ⊆ K − core{x}

Proof: As per Knopp,s core theorem (see [18]) we know that for a regular and
almost positive method A = (ank(i)), the following inequality hold :

lim sup
n

sup
i

∞∑
k=0

ank(i)xk ≤ lim supx

In this inequality, putting the value of ank(i) from (2.4) we will obtain the desired
result since this A is regular and almost positive and consequently it is µ-regular
and µ-positive. Hence it reduces to the new sequence space Mµ .

Now let us prove our main theorems and see the challenges in proving these
theorems and the need of µ-convergent sequences and µ-regular matrices.

Using the notations mentioned above we first write the following inequality that
is to be proved so that we will obtain a relation betwwen Knopp’s core of Ax and
Iµ-core of a bounded sequence x.

Theorem 3.2. For x ∈ l∞

K − core{Ax} ⊆ Iµ − core{x}
if and only if A is strongly µ-regular and

∞∑
k=0

|ank| → 1 (n→∞) (3.1)

.
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Proof: From the definition for a strongly µ-regular matrix A , all µ-convergent
sequences are transformed into convergent sequences and limAx = µ− limx
Necessity: Assuming L(Ax) ≤M(x), it is easy to verify that m ≤ lA ≤ LA ≤M
If x is µ− convergent then

µ− limx = m(x) = M(x)

Again from the assumption, we have

l(Ax) = L(Ax) = µ− limx

Ṡo, A is strongly µ − regular . By Lemma 3.1 we have M ≤ L and in this part
LA ≤ M . This implies LA ≤ L. So by Knopp’s core theorem the necessary
condition in (3.1) follows.(see [11] ).
Sufficiency: Now analogue to the result of Lorentz [10], it can be shown that A is
µ-regular and that

∞∑
k=0

|ank − anµ(k)| → 0(n→∞) (3.2)

By the formation of M(x) ,it can be said that for ε > 0, there exists a p > 0 in N
and for all k ≥ 0,

1

p+ 1

p∑
j=0

xµj(k) ≤M(x) + ε (3.3)

where p is fixed throughout the work. It is easy to check that

∞∑
k=0

ankxk =

∞∑
k=0

ank

(
xk + xµ(k) + ...+ xµp(k)

p+ 1

)

−
∞∑
k=0

[
anµ−1(k) + ...+ anµ−p(k) − (p)ank

p+ 1

]
xk (3.4)

The second sigma in (3.4) is not greater than

1

p+ 1

∞∑
k=0

|anµ−1(k) + ...+ anµ−p(k) − (p)ank||xk|

≤ ‖x‖
p+ 1

p∑
r=0

∞∑
k=0

|anµ−r(k) − ank|

≤ ‖x‖
p+ 1

p∑
r=0

∞∑
k=0

|ank − anµ(k)|

≤ p

2
‖x‖

∞∑
k=0

|ank − anµ(k)| (3.5)

and this converges to 0 as n → ∞ uniformly in i, by hypothesis (3.2). Hence, it
follows from (3.4), that, for x ∈ l∞

L(Ax) = lim sup
n

∞∑
k=0

ank

(
xk + xµ(k) + ...+ xµp(k)

p+ 1

)
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Using (3.3), we have

L(Ax) = lim sup
n

∞∑
k=0

(a+nk − a
−
nk)

(
xk + ...+ xσp(k)

p+ 1

)

< (M(x) + ε) lim sup
n

∞∑
k=0

|ank|

+ ||x|| lim sup
n

∞∑
k=0

(|ank| − ank)

Since ε is arbitrary and A is µ-regular, the sufficiency part is now follows from(3.1).

Corollary 3.3. If A = (ank) is µ-regular and if x is µA-convergent to l , then x is
µ-convergent to l.

This is a perticular case of sufficiency part of Theorem 3.2 by taking x to be
µA-convergent sequence in it and by following Schaefer [19].

Next we generalize the above theorem.

Theorem 3.4. Consider a normal matrix B = (bjk) such that its inverse B−1 =

(b−1jk ) exists. Let A = (anj) be any matrix. Then we have the following.
For bounded Bx ,there exists a bounded sequence Ax and satisfy

K − core{Ax} ⊆ Iµ − core{Bx}
if and only if

(i) S = AB−1 exists for all k
(ii) S is strongly µ-regular.

(iii) lim sup
n

∑
k

|snk| = 1

(iv) For fixed n,

J∑
k=0

∣∣∣∣∣∣
∞∑

j=J+1

anjb
−1
jk

∣∣∣∣∣∣→ 0 as J →∞

Proof : Here we have extended Theorem 3.2 by replacing matrix A with matrix
S = AB−1 .Then considering the given conditions on matrix S and applying lem-
mas of Choudhury [1] ,we get our desired result.

In next inequality we shall obtain the inclusion relation between Iµ-core of Ax
and Iµ-core of x .

Theorem 3.5.
Iµ − core{Ax} ⊆ Iµ − core{x}

iff A is Mµ-regular and that

lim sup
n

sup
i

∞∑
k=0

| 1

n+ 1

n∑
j=0

aµj(i),k| = 1 (3.6)

Proof : From the definition, it is clear that A is Mµ-regular if it transforms the
class of all µ-convergent sequence into itself and µ − limAx = µ − limx. Now let
us prove the necessity. It can be easily shown that

m(x) ≤ m(Ax) ≤M(Ax) ≤M(x)
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If x ∈Mµ, then m(x) = M(x) = µ− limx.
Hence m(Ax) = M(Ax) = µ− limx.
So, A is Mµ − regular .
To get the necessity of (3.6) ,we take a method B = (bnk(i)) defined by

bnk(i) =
1

n+ 1

n∑
r=0

aµr(i),k

We can observe that the condition of Lemma 2 in Das [3] are satisfied by B. So
there exists a y ∈ l∞ such that ||y|| ≤ 1 and

lim sup
n

sup
i

∞∑
k=0

bnk(i)yk = lim sup
n

sup
i

∞∑
k=0

|bnk(i)| (3.7)

Since A is Mµ-regular , by (3.7) we get

1 ≤ lim inf
n

sup
i

∞∑
k=0

| 1

n+ 1

n∑
r=0

aµr(i),k|

≤ lim sup
n

sup
i

∞∑
k=0

| 1

n+ 1

n∑
r=0

aµr(i),k|

= lim sup
n

sup
i

∞∑
k=0

(
1

n+ 1

n∑
r=0

aµr(i),k)yk ≤M(y) ≤ ||y|| ≤ 1

which proves (3.6).
Sufficiency : We write that

M(Ax) = lim sup
n

sup
i

1

n+ 1

n∑
r=0

Air(x)

= lim sup
n

sup
i

∞∑
k=0

(
1

n+ 1

n∑
r=0

aµr(i),k)xk

Again taking

bnk(i) =
1

n+ 1

n∑
r=0

aµr(i),k

we can modify (3.4) by putting bnk(i) in place of ank. Also, since x ∈ l∞ , replacing
ank by bnk(i) in (3.5), the modified expression in the LHS is less than or equal to

p

2
‖x‖

∞∑
k=0

|bnk(i)− bnµ(k)(i)| =
p

2
‖x‖

∞∑
k=0

1

n+ 1

n∑
r=0

|aµr(i),k − aµr(i),µ(k)|
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Since A is Mµ − regular, the inner summation approaches to zero as n → ∞
uniformly in i. With these and by (3.3) we can write

M(Ax) = lim sup
n

sup
i

∞∑
k=0

(
1

n+ 1

n∑
r=0

aµr(i),k

)(
xk + xµ(k) + ...+ xµp(k)

p+ 1

)

≤ (M(x) + ε) lim sup
n

sup
i

∞∑
k=0

| 1

n+ 1

n∑
r=0

(aµr(i),k)|

+ ‖x‖ lim sup
n

sup
i

∞∑
k=0

(
| 1

n+ 1

n∑
r=0

(aµr(i),k)| − 1

n+ 1

n∑
r=0

aµr(i),k

)
As A is Mµ − regular. then using(3.6) ,we have M(Ax) ≤ M(x) + ε. Since ε is
arbitrary,taking ε→ 0,we get our required sufficiency and this provides the following
corollary.

Corollary 3.6. If A is µ-regular and µ − lim{
∑∞
k=0 |(ank − anµ(k))|} = 0 then A

invariantly sums all µ-convergent sequences.More precisely, µ− limAx = µ− limx
for every x ∈Mµ

Now we generalize Theorem 3.5 to get our next theorem.

Theorem 3.7. Consider a normal matrix B = (bjk) such that its inverse B−1 =

(b−1jk ) exists. Let A = (anj) be any method. Then we have the following.
For bounded Bx ,there exists a bounded sequence Ax and satisfy

Iµ − core{Ax} ⊆ Iµ − core{Bx}
if and only if

(i) S = AB−1 exists for all k
(ii) S is Mµ-regular.

(iii) lim sup
n

sup
i

∞∑
k=0

| 1

n+ 1

n∑
j=0

sµj(i),k| = 1

(iv) For fixed n, µ− lim

J∑
k=0

∣∣∣∣∣∣
∞∑

j=J+1

anjb
−1
jk

∣∣∣∣∣∣ = 0 as J →∞

Proof : By following lemma 1 and Lemma 2 of [1] and applying Theorem 3.5 to
the given matrix S , we obtain the desired result.

Lemma 3.8. Let the method B = (bnk(i)) satisfies the similar to conditions
(1) and (3) of Definition 2.7 .Then for every z ∈ l∞0 , we have Bz = Dy where
D = (dnk(i)) = (bnk(i)− bnµ(k)(i))
and

y = (yn) = (

n∑
k=0

xk) ∈ l∞

If further

lim
n

∞∑
k=0

|dnk(i)| = 0

uniformly in i , then y → 0(D) and z → 0(B)
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Proof:By taking µ − regular matrices (bnk(i)) and corresponding (dnk(i)) in
Lemma 5 of [18] we obtain the above result immediately.

Theorem 3.9. M(Ax) ≤ T (x) iff A is Mµ − regular and that (3.6) holds.

Proof : Here T is well defined.(See [5]).Suppose that MA ≤ T .
Since T ≤M , it follows from Theorem 3.5 that A is Mµ− regular and (3.6) holds.
Conversely ,let us assume A is Mµ-regular and (3.6) holds. By Theorem 3.2 we get

u(x) = infz∈l∞0 M(A(x+ z)) ≤ T (x) (3.8)

and we know ,

M(A(x+ z)) = lim sup
n

sup
i

∞∑
k=0

(
1

n+ 1

n∑
r=0

aµr(i),k

)
(xk + zk) (3.9)

If we write B = (bnk(i)) where

bnk(i) =
1

n+ 1

n∑
r=0

aµr(i),k

in the statement of Lemma 3.8 and since A is Mµ − regular ,the requirement of
Lemma 3.8 is satisfied .Hence we have that z → 0(B). This gives

u(x) ≥ inf
z∈l∞0
{M(Ax) +M(Az)} = M(Ax)

Hence the required conclusion follows from (3.8) and (3.9).

Theorem 3.10. Consider a normal matrix B = (bjk) whose inverse B−1 = (b−1jk )

exists. Let A = (anj) be any matrix. Then for every bounded Bx ,there exists a
bounded sequence Ax such that

M(Ax) ≤ T (Bx)

if and only if conditions(i)-(iv) of Theorem 3.7 are satisfied.

Poof:This theorem is the generalisation of Theorem 3.9 which can be proved by
applying conditions of Theorem 3.7 .

Remark. Using this type of bijective mapping µ, we can generate many equivalent
sequences like {xk} , {xµ(k)},{xµ2(k)} etc., which have same elements with different
orders. Also µ-limit can be used to test the convergence of sequences and series .Also
the new type of µ- regular matrices can be used to establish many core theorems on
bounded sequences and can be applied in the development of uniform densities of
sets and convergence of transformed sequences.
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