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OSCILLATION CRITERIA FOR SECOND-ORDER

EMDEN-FOWLER NEUTRAL DIFFERENTIAL EQUATIONS

FATEN ALDOSARI

Abstract. In this work, we establish new criteria for the oscillation of solu-
tions for second-order Emden-Fowler differential equations. New prerequisites

are presented in order to analyze the oscillatory features of the analyzed equa-

tion. To support these findings, we employed a range of analysis tools, creat-
ing new linkages to address some of the problems that have hindered previous

research. We were therefore able to obtain results that both build upon and

improve those discovered in earlier studies by applying the Riccati transforma-
tion and the principles of comparison. Several examples are given to illustrate

the significance of our results.

1. Introduction

In this study, we investigate the oscillatory properties of second-order Emden–
Fowler neutral differential equation(

a (t) (y (t) +$ (t) y (ζ (t)))
′)′

+ ς (t) y (ξ (t)) = 0, t ≥ t0, (1.1)

where κ (t) := y (t) + $ (t) y (ζ (t)), a ∈ C ([t,∞), (0,∞)) , $ ∈ C ([t,∞), [0,∞)) ,
ς ∈ C ([t,∞), [0,∞)) , ς (t) does not vanish identically, $ (t) < 1, ζ, ξ ∈ C ([t,∞),R) ,
ζ (t) ≤ t, ξ (t) ≤ t and limt→∞ ζ (t) = limt→∞ ξ (t) =∞ and∫ ∞

t0

1

a (s)
ds =∞; (1.2)

By a solution of (1.1), we mean a function y ∈ C1 ([t,∞),R) , ty ≥ t0, which
has the property a (t) (κ′ (t)) ∈ C1 ([t0,∞),R) , and satisfies (1.1) on [ty,∞). We
consider only those solutions y of (1.1) which satisfy sup{|y (t)| : t ≥ ty} > 0, for all
t > ty. y is referred to as oscillatory if it is neither finally positive nor eventually
negative; if it is, it is referred to as non-oscillatory. If every solution to the equation
oscillates, the equation is said to be oscillatory.
Due to their ability to accurately depict intricate systems and natural events, dif-
ferential equations (DEs) are essential in many branches of science and engineering.
They are fundamental in disciplines like physics, chemistry, biology, economics, and
engineering because they are crucial in explaining how physical quantities change
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over time or space. DEs are used, for example, in physics to simulate particle
motion, heat transmission, and electrical circuit activity. They aid in the study
of disease transmission and population dynamics in biology. DEs are used in eco-
nomics to simulate economic growth and market dynamics. Their adaptability and
diverse range of uses highlight their significance in theoretical investigation and
real-world problem-solving, propelling technological progress and enhancing our
comprehension of the globe [1, 2].

The capacity of neutral differential equations (NDEs) to simulate systems in
which delays are critical makes them important in many scientific and engineering
fields. In contrast to conventional differential equations, neutral equations permit
the incorporation of delays that rely on the system’s previous states in addition to
its current state. This characteristic makes them especially well-suited to explain-
ing phenomena like chemical reactions with transport delays, mechanical systems
with feedback mechanisms, and biological processes with memory effects. Numer-
ous disciplines, such as control theory, population dynamics, neurology, and, more
recently, the study of complex networks and cyber-physical systems, have found
use for NDEs. They are an effective tool for both theoretical study and real-world
applications due to their capacity to capture complex temporal dynamics, see [3, 4].
Originally proposed by Robert Emden and later developed by Arthur Fowler,
Emden–Fowler delay differential equations (DDEs) are a family of DEs distin-
guished by their delay terms and particular functional form. Because of their
important contributions to astrophysics and celestial mechanics, where these equa-
tions are used to simulate physical phenomena like planetary atmospheres and star
structure, they are named after these mathematicians [5, 6]. Their significance
comes from their capacity to characterize time-delayed systems, which makes it
possible to simulate dynamical systems where past states impact current behavior
more realistically and accurately. The study of oscillatory and asymptotic behav-
iors in complex systems with delayed feedback is made easier by these equations,
which are essential in many scientific and technical domains (see [7, 8]).

Problems involving masses linked to a shaky, flexible rod are among the many
domains in which these equations find application [9, 10]. One essential tool for
comprehending and simulating a variety of natural and technical systems is the
ordinary differential equation (ODE). Even though ODEs are widely used, the
complexity and diversity of real-world occurrences frequently require the addition of
sophisticated argumentation in order to get more thorough and accurate solutions,
see [11, 12, 13].

In recent years, there has been a substantial advancement in the study of oscil-
lation conditions for higher-order equations, particularly second-order differential
equations with delays. This explains why the qualitative aspects of these equations
are so fascinating. Oscillation phenomena are present in many real-world models;
for instance, mathematical biology models that use cross-diffusion terms to con-
struct oscillation and/or delay actions are discussed in the publications [14, 15].
This methodology includes a detailed development of the oscillation theory of this
type of equation.

The oscillation conditions for(
a (t) (y (t) +$ (t) y (t (ζ0)))

′)′
+ ς (t) f (y (ξ (t))) = 0,

was examined by Zhang et al. [16] and Han et al. [17, 18]. Zhang et al. [19]
simplified the study of these equations by examining a particular class of NDEs
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given by

(a(t)|y′(t)|β−1y′(t))′ + ς(t)|y[ξ(t)]|β−1y[ξ(t)] = 0. (1.3)

They created oscillation requirements that guarantee all solutions oscillate and of-
fered additional monotonic features for the solutions that are iterative in nature.
Studies by Xu and Weng [20] and Zhao and Meng [21], which concentrate on oscil-
lation criteria and asymptotic behavior, are examples of subsequent contributions.
Recent work by Baculikova and Dzurina [22] is noteworthy as it offers important
new information on oscillation conditions for second-order delay differential equa-
tions of type (

a (t)
(
(y (t) +$ (t) y (ζ (t)))

′)β)′
+ ς (t) yβ (ξ (t)) = 0. (1.4)

They derived these oscillation criterion using a new inequality. Lastly, further useful
standards for evaluating the asymptotic and oscillatory behavior of solutions are
presented in recent works by Al-Jaser et al. [12].There are recognized comparison
theorems that compare the first-order differential equations with the second-order
(1.4).

In this paper, we derive the various conditions for oscillation of (1.1) using Riccati
transformations and comparison principles. The main results are demonstrated
with examples.

The format of this work is as follows: In the first section (Introduction), we present
the studied equation and the general conditions needed to reach the main results
of the paper. We also provide an overview of pertinent topics and the goal of this
study. The oscillation results discussed in ”Oscillation Results” will be derived
using a few relationships and findings that we present in Section 2. In Section 3,
we provide several examples to illustrate the significance of the obtained results.
We summarize the main conclusions of the paper in Section 4 and draw attention
to an open question that may be of interest to researchers in this field.
For ease of use, we indicate that

%t0 (t) : =

∫ t

t0

1

a (t)
dt,

%̃t0(t) : = %t0 (t) +

∫ t

t0

%t1 (t) %t0 (ξ(t)) ς (t) (1−$ (ξ (t))) dt,

and

%̂ (t) := exp

(
−
∫ t

ξ(t)

dt

%̃t0(t)a1 (t)

)
.

2. Main Results

We now outline several auxiliary lemmas and conditions that we will use to
achieve the main results:

Lemma 2.1. [22]If y be an eventually positive solution of (1.1), then

κ (t) > 0, κ′ (t) > 0, a (t) (κ′ (t))′ ≤ 0, (2.1)

for t ≥ t1.
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Lemma 2.2. [23]Let f (y) = Gy −By(β+1)/β where G,B > 0 are constants, and

max
y∈a

f = f (y∗) = ββ (β + 1)
−(β+1) G

β+1

Bβ
, (2.2)

where y∗ = (βG/ ((β + 1)B))
β
.

Lemma 2.3. Let y be an eventually positive solution of (1.1). Then

(a (t)κ′ (t))′ ≤ −ς (t) (1−$ (ξ (t)))κ (ξ (t)) , (2.3)

and

κ (t) ≥ %̃t1 (t) a (t)κ′ (t) , (2.4)

also,

(a (t)κ′ (t))′ ≤ −ς (t) (1−$ (ξ (t))) %̂ (t)κ (t) . (2.5)

Proof. Let y be an eventually positive solution of (1.1). (2.1) holds according to
Lemma 2.1. Therefore, using the definition ofκ (t), we get

y (t) = κ (t)−$ (t) y (ζ (t))

≥ κ (t)−$ (t)κ (ζ (t))

≥ κ (t) (1−$ (t)) .

This suggests that (1.1)

(a (t)κ′ (t))′ ≤ −ς (t)κ (ξ (t)) (1−$ (ξ (t))) .

Since κ′ (t) > 0 and ∂
∂sξ (t) > 0, we obtain κ (ξ (t)) > κ (ξ (t)) and so

(a (t)κ′ (t))′ ≤ −ς (t) (1−$ (ξ (t)))κ (ξ (t)) .

Using basic computation and the chain rule, it is evident that

%t1 (t) (a (t) (κ′ (t)))′ = %t1 (t) (a (t)κ′ (t))′

= − d

dt
(κ (t)− %t1 (t) a (t)κ′ (t)) . (2.6)

Combining (2.3) and (2.6), we obtain

d

dt
(κ (t)− %t1 (t) a (t)κ′ (t)) ≥ %t1 (t) ς (t) (1−$ (ξ (t)))κ (ξ (t)) .

Integrating this inequality from t1 to t, we have

κ (t) ≥ %t1 (t) a (t)κ′ (t) +

∫ t

t1

%t1 (t) ς (t) (1−$ (ξ (t)))κ (ξ(t)) dt. (2.7)

From the monotonicity of a (t)κ′ (t), we have

κ (t) = κ (t1) +

∫ t

t1

1

a (t)
(a (t)κ′ (t)) dt ≥ %t1 (t) a (t)κ′ (t) .
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So, by (a (t)κ′ (t))′ ≤ 0, (2.7) becomes

κ (t) ≥ %t1 (t) a (t)κ′ (t)

+

∫ t

t1

%t1 (t) ς (t) (1−$ (ξ (t))) %t1 (ξ(t)) [a (ξ(t)) (κ′ (ξ(t)))] dt.

≥ %t1 (t) a (t)κ′ (t) +

∫ t

t1

%t1 (t) %t1 (ξ(t)) ς (t) (1−$ (ξ (t))) [a (t)κ′ (t)] dt

≥ a (t)κ′ (t)
[
%t1 (t) +

∫ t

t1

%t1 (t) %t1 (ξ(t)) ς (t) (1−$ (ξ (t))) dt

]
.

≥ %̃t1(t)a (t)κ′ (t) ,

or
κ′ (t)
κ(t)

≤ 1

%̃t1(t)a (t)
.

When integrated from ξ (t) to t, we find that

κ (ξ (t))

κ (t)
≥ exp

(
−
∫ t

ξ(t)

dt

%̃t1(t)a (t)

)
.

which with (2.3), gives

(a (t) (κ′ (t)))′

κ (t)
≤ −ς (t) (1−$ (ξ (t)))

κ (ξ (t))

κ (t)

≤ −ς (t) (1−$ (ξ (t))) %̂ (t) .

The proof is complete. �

Lemma 2.4. Let (1.1) have a positive solution. If

D (t) =
x (t) a (t)κ′ (t)

κ (t)
, > 0, (2.8)

then

D′ (t) ≤
x′+ (t)

x (t)
D(t)− x(t)ς (t) (1−$ (ξ (t))) %̂ (t)− D2 (t)

(x (t) a (t))
. (2.9)

Proof. Let y be a positive solution of equation (1.1). From Lemma 2.3, we have
(2.5) holds. Thus, when we differentiate D (t) we get

D′ (t) =
x′ (t)

x (t)
D (t) + x (t)

(a (t)κ′ (t))′

κ (t)
− βx (t) a (t)

(
κ′ (t)
κ(t)

)2

.

From (2.5) and (2.8), we deduce that

D′ (t) ≤
x′+ (t)

x (t)
D(t)− 1x(t)ς (t) (1−$ (ξ (t))) %̂ (t)− D2 (t)

(x (t) a (t))
.

The proof is complete. �

Theorem 2.1. If the equation

ω′ (t) + %̃t1(ξ (t))ς (t) (1−$ (ξ (t)))ω (ξ (t)) = 0, (2.10)

is oscillatory, then (1.1) is oscillatory.
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Proof. Let y (t) > 0, that is y (ζ (t)) > 0 and y (ξ (t)) > 0. From Lemma 2.3, we
have (2.3) and (2.4) hold. Using (2.3) and (2.4), we find ω (t) = a (t) (κ′ (t)) is a
positive solution of

ω′ (t) + %̃t1(ξ (t))ς (t) (1−$ (ξ (t)))ω (ξ (t)) ≤ 0.

By [11, Theorem 1], then also, the solution of the associated equation (2.10) is a
positive, and this a contradiction. The proof is complete. �

Corollary 2.1. Let

lim sup
t→∞

∫ t

ξ(t)

%̃t1(ξ (t))ς (t) (1−$ (ξ (t))) dt > 1,
∂

∂t
ξ (t) ≥ 0 (2.11)

or

lim inf
t→∞

∫ t

ξ(t)

%̃t1(ξ (t))ς (t) (1−$ (ξ (t))) dt >
1

e
, (2.12)

then all solutions of (1.1) is oscillatory.

Proof. As may be shown from [7, Theorem 2.1.1], (2.11) or (2.12) guarantee oscil-
lation of (2.10). �

Lemma 2.5. Suppose ξ is strictly growing in relation to t and

lim inf
t→∞

∫ t

ξ(t)

%̃t1(ξ (t))ς (t) (1−$ (ξ (t))) dt ≥ δ, (2.13)

for some δ > 0, and (1.1) has an eventually positive solution y. Then,

H (ξ (t))

H (t)
≥ zn (δ) , n ≥ 0, (2.14)

where H (t) := a (t) (κ′ (t)), and

z0 (t) := 1 and zn (t) := exp (ρzn−1 (t)) . (2.15)

Proof. Let y (t) > 0, y (ζ (t)) > 0 and y (ξ (t)) > 0 for t ≥ t1. We conclude that ω
is a positive solution of (2.10) by following the same procedure as in the proof of
Theorem 2.1. We can demonstrate that (2.14) holds in a manner akin to that used
in the proof of Lemma 1 in [23]. �

Theorem 2.2. Suppose ξ is strictly growing in relation to t and (2.13) holds. If
ϕ ∈ C1(I, (0,∞)) such that

lim
t→∞

sup

∫ t

t1

(
ϕ (t) ς (t) (1−$ (ξ (t)))−

(
ϕ′+ (t)

)2
a (ξ (t))

4zn (δ)ϕ (t) (ξ′(t))

)
=∞, (2.16)

for some δ < 0 and n ≥ 0, where ϕ′+(t) = max {0, ϕ′(t)} and zn(δ) is defined as
(2.15), then all solutions of (1.1) is oscillatory.

Proof. Suppose y (t) > 0, y (ζ (t)) > 0 and y (ξ (t)) > 0.
From Lemma 2.3, we obtain (2.3) holds. By Lemma 2.5, we find

κ′ (ξ (t))

κ′ (t)
≥
(
zn (δ) a (t)

a (ξ (t))

)
. (2.17)

Let

σ(t) :=
ϕ(t)a(t)κ′(t)

κ (ξ (t))
> 0, (2.18)
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Differentiating (2.18), we get

σ′(t) =
ϕ′(t)

ϕ(t)
σ(t) + ϕ(t)

(a(t)(κ′(t))′

κ (ξ (t))
− ϕ(t)a(t)κ′(t)

κ (ξ (t))

κ′ (ξ (t)) ξ′ (t)

κ (ξ (t))
.

From (2.3), (2.18) and (2.17), we obtain

σ′ (t) ≤ −ϕ (t) ς (t) (1−$ (ξ (t))) +
ϕ′+ (t)

ϕ(t)
σ (t)− zn (δ) ξ′ (t)

ϕ (t) a (ξ (t))
σ2 (t) . (2.19)

Using Lemma 2.2 with B = zn (δ) / (ϕ (t) a (ξ (t)))
−1

and G = ϕ′+ (t) /ϕ (t), (2.19)
yield

σ′ (t) ≤ −ϕ (t) ς (t) (1−$ (ξ (t))) +
ϕ′+ (t)

2
a (ξ (t))

4zn (δ)ϕ (t) ξ′ (t)
.

Integrating this inequality from t1 to t, we find∫ t

t1

(
ϕ (t) ς (t) (1−$ (ξ (t)))−

ϕ′+ (t)
2
a (ξ (t))

4zn (δ)ϕ (t) ξ′ (t)

)
dt ≤ σ (t) ,

A contradiction with condition (2.16) is then discovered. The proof is finished. �

Theorem 2.3. If

lim
t→∞

sup

∫ t

t1

(
x (t) ς (t) (1−$ (ξ (t))) %̂ (t)−

a (t)
(
x′+ (t)

)2
4x (t)

)
dt =∞. (2.20)

where x ∈ C1 (I, (0,∞)) and x′+ (t) = max {0, ψ′ (t)} , then (1.1) is oscillatory.

Proof. Let y (t) > 0, that is y (ζ (t)) and y (ξ (t)) are positive on [t0,∞). From
Lemma 2.3, we have (2.3)-(2.5) hold. Next, we arrive at (2.9) using Lemma 2.2

with G = x′+ (t) /x (t) and B = (x (t) a (t))
−1

(Lemma 2.4), (2.9) becomes

D′ (t) ≤ −x(t)ς (t) (1−$ (ξ (t))) %̂ (t) +
a (t)

(
x′+ (t)

)2
4x (t)

.

Integrating this inequality from t1 to t, we have∫ t

t1

x (t) ς (t) (1−$ (ξ (t))) %̂ (t)−
a (t)

(
x′+ (t)

2
)

4x (t)

dt ≤ D (t) ,

This contradicts the condition (2.20). The proof is finished. �

Theorem 2.4. Let ∫ ∞
t0

ς (t) (1−$ (ξ (t))) %̂ (t) dt =∞, (2.21)

then, equation (1.1) is oscillatory.

Proof. Suppose y (t) > 0, y (ζ (t)) > 0 and y (ξ (t)) > 0, we can infer from Lemma
2.4 that (2.9) holds. if we set x (t) := 1, then (2.9) becomes

D′ (t) + ς (t) (1−$ (ξ (t))) %̂ (t) + β/ (a (t))
1/β

D
β+1
β (t) ≤ 0 (2.22)

or

D′ (t) + ς (t) (1−$ (ξ (t))) %̂ (t) ≤ 0. (2.23)
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Integrating (2.23) from t3 to t and using (2.21), we arrive at

D (t) ≤ D (t3)−
∫ t

t3

ς (t) (1−$ (ξ (t))) %̂ (t) ds→∞ as t→∞.

This contradicts the conclusion that the evidence is complete because D (t) > 0. �

3. Examples

Example 3.1. Let the equation((
(y (t) +$0y (ζ0t))

′)β)′
+

ς0
tβ+1

yβ (εt) = 0, (3.1)

where ε, ζ0 ∈ (0, 1). Let a (t) = 1, $ (t) = $0, ζ (t) = ζ0t, ς (t) = ς0
tβ+1 and ξ (t) = εt.

It is easy to verify that

ς (t) (1−$ (ξ (t)))
β

=
ς0
tβ+1

(1− ε) [1−$0]
β
, %t0 (t) = t and %̃t0(t) = Mt,

where
M := 1 + εβ

ς0
β

(1− ε) [1−$0]
β
.

By Corollary 2.1, we find (3.1) is oscillatory if(
Mβεβς0 (1− ε) [1−$0]

β
)

ln
1

ε
>

1

e
or

β (M − 1)Mβ ln
1

ε
>

1

e
. (3.2)

Example 3.2. Consider the differential equation(
y (t) +

1

2
y (ζ0t)

)′′
+
ς0
t2
y (εt) = 0, (3.3)

where ε, ζ0 ∈ (0, 1). Let a (t) = 1, $ (t) = 1
2 , ζ (t) = ζ0t, ς (t) = ς0

t2 and ξ (t) = εt.
Based on the findings in Example 3.1, equation (3.3) is oscillatory if

ε
ς0
2

(
1 +

1

2
ες0

)
ln

1

ε
>

1

e
, (3.4)

where ε = 1/3, conditions (3.4) reduce to ς0 > 1.588.

Example 3.3. Consider the differential equation(
y (t) +

1

2
y

(
t

3

))′′
+
ς0
t2
y

(
t

2

)
= 0, (3.5)

where ς0 > 0. Let a (t) = 1, $ (t) = 1
2 , ζ (t) = t

3 , ς (t) = ς0
t2 and ξ (t) = t

2 .
It is easy to verify that

%t0 (t) = t,

and

%̃t0 = t+
ς0
4

∫ t

t0

dy = t
(

1 +
ς0
4

)
.

Using Corollary 2.1, if
ς0
4

(
1 +

ς0
4

)
ln 2 >

1

e
,

then (3.5) is oscillatory.
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4. Conclusion

The oscillatory properties of a set of second-order differential equations with a
neutral term were investigated in this work. To satisfy the oscillation requirements
of equation (1.1), we first present a number of characteristics related to oscillatory
solutions. The oscillation criteria covered in this study has no prerequisites. For
neutral terms in particular, we find that most previous work has concentrated on
results that do not apply to our general equation. Given the foregoing, the results
of this study constitute a continuation, improvement, and extension of the previous
results.In future scientific fields, it is expected that understanding the following
equation might significantly enhance oscillation criteria:(

a (t)
(
(y (t) +$ (t) y (ζ (t)))

′)β)′
+ ς (t) yβ (ξ (t)) = 0.

The implications of equation (1.1) when ξi (t) ≥ t or if equation (1.1) has a damping
term will also be of interest to researchers.
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