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Abstract. The results obtained in this work contribute to one of the important

lines of study in the geometric functions theory, which is the study of certain

geometric properties of different types of operators. In the present study, suffi-

cient univalence conditions for the confluent hypergeometric function’s fractional

integral are highlighted using methods that are specific to the differential subordi-

nations theory, the method of the subordination chains, as well as the properties

of the class of functions with positive real part of the first derivative. The subor-

dination results are contained in the theorem demonstrated in this study which is

further used in the statement of two univalence criteria for the confluent hyperge-

ometric function’s fractional integral established in the two corollaries associated

to this theorem. An example is given as basic application but the criteria are ex-

pected to generate interest for further investigations on this significant operator.

1. Introduction

In essence, complex analysis is the study of functions that involve complex vari-

ables. A basic objective in the theory of functions of a complex variable is to investigate

the necessary and sufficient conditions of univalence for different kinds of operators.

In the study of geometric function theory, the significance of integral operators and
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other related forms of operators is emphasized in [2]. This article gives a quick sum-

mary of the development of some of the most popular integral and related operators

in geometric function theory over the course of more than a century.

The advantages of adding fractional calculus to geometric function theory, as high-

lighted in Srivastava’s recent review paper [16], have inspired and driven more research

linking this widely used tool to univalent functions theory. Fractional integral opera-

tors are useful for modeling and analyzing both scientific and practical problems. The

recently published review papers [8, 17] provide a thorough summary of the concepts

and practical implications of the fractional-calculus operators.

In a recent study [5], fractional integral and confluent hypergeometric functions

were merged and examined with consideration for differential subordination and su-

perordination theories. The effectiveness of the study has motivated the use of the

function that emerged by combining the two crucial research instruments in a different

line of inquiry, namely the introduction and examination of a novel family of analytic

functions [6]. In the present investigation, another research topic is addressed, that

deals with obtaining univalence conditions for the confluent hypergeometric function’s

fractional integral defined in [5]. Such investigation has not been done for the confluent

hypergeometric function’s fractional integral before. Hence, the new conditions given

in this paper, might enhance the applications of this operator in geometric functions

theory as well as in other related domains.

This investigation is also motivated by the nice outcome regarding the univalence

conditions for a certain fractional integro-differential operator given in [3] and for the

fractional integral of the Bessel function of the first kind seen in [15].

Differential subordination theory, developed by Sanford S. Miller and Petru T.

Mocanu in two publications from 1978 [10] and 1981 [11], and strengthened during the

next years by numerous researchers, is a noteworthy tool for establishing univalence

conditions and geometric properties of different types of operators. This theory is

covered in detail in the monograph [13], which presents all the fundamental elements

of this theory. The means of this theory will be employed in the study presented in this

paper, associated to the powerful method of the subordination chains and applying

certain characteristics of special classes of analytic functions.

The differential subordination theory will be explored within the well-established

framework of geometric function theory, which involves certain classes of functions

specified in the unit disc U = {z ∈ C : |z| < 1}, along with its associated notations

U = {z ∈ C : |z| ≤ 1} and ∂U = {z ∈ C : |z| = 1}. The class of analytic functions

is denoted by the designation H(U), and the important subclasses indicated below
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appear when a ∈ C and n ∈ Z, n > 0:

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + an+1z

n+1 + . . . , z ∈ U},

with the notations H0 = H[0, 1] and H1 = H[1, 1],

An = {f ∈ H(U) : f(z) = z + an+1z
n+1 + . . . , z ∈ U},

with the notation A1 = A.

The fundamental subclass of A denoted by S, contains any function f ∈ A that is

univalent in U and subject to the conditions f(0) = 0, f ′(0) = 1.

Other important subclasses of A are:

S∗ =

{
f ∈ A : Re

zf ′(z)

f(z)
> 0, z ∈ U

}
,

identifying the starlike functions and

K =

{
f ∈ A : Re

(
zf ′′(z)

f ′(z)
+ 1

)
> 0, f(0) = 0, f ′(0) 6= 0, z ∈ U

}
,

identifying the convex functions.

A class that plays a fundamental role in this investigation is:

R = {f ∈ A : Ref ′(z) > 0, z ∈ U},

for which it is established that R ⊂ S [14, Th. 4.5.1, p. 78].

Another class that is important for this investigation is the class of close-to-convex

functions:

C =

{
f ∈ A : ∃ ϕ ∈ K, Re

f ′(z)

ϕ′(z)
> 0, z ∈ U

}
.

Remark. i) If ϕ(z) = z, z ∈ U , then the condition Ref ′(z) > 0 implies that f ∈ S.

ii) Ozaki and Kaplan have proved [14, Th. 4.6.1, p. 81] that given a simply connected

domain D and the functions f ∈ H(U), ϕ ∈ K with ϕ(D) a convex domain, relation

Re
f ′(z)

ϕ′(z)
> 0,

implies that f ∈ S.

iii) Considering Alexander’s duality theorem [14, Th. 4.2.2, p. 52], ϕ ∈ K if and

only if g(z) = zϕ′(z) ∈ S∗, hence a function f ∈ A is in the class C if and only if

g ∈ S∗ such that:

Re
zf ′(z)

g(z)
> 0, z ∈ U.
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Definition 1.1. [13] Let f, F ∈ H(U). The function f is said to be subordinate to F ,

written f ≺ F , f(z) ≺ F (z), if there exists a function w analytic in U , with w(0) = 0

and |w(z)| < 1, z ∈ U and such that f(z) = F (w(z)). If F is univalent, then f ≺ F

if and only if f(0) = F (0) and f(U) ⊂ F (U).

Definition 1.2. [13] Let Q denote the set of functions q that are analytic and uni-

valent on U \ E(q), where

E(q) =

{
ζ ∈ ∂U ; lim

z→ζ
q(z) =∞

}
and are such that Min|q′(ζ)| = ρ > 0, for q ∈ ∂U \E(q). The subclass of Q for which

q(0) = a, is denoted by Q(a).

Definition 1.3. [13] Let Ω ⊂ C, q ∈ Q, and n > 0. The class of admissible functions

Ψn[Ω, q] consists of functions ψ : C4 × U → C that satisfy the admissibility condition

ψ(r, s, u; z) 6∈ Ω, z ∈ U, r = q(w), s = mwq′(w) (1.1)

Re
(u
s

+ 1
)
≥ m

[
Re
wq′′(w)

q′(w)
+ 1

]
, z ∈ U, w ∈ ∂U \ E(q), m ≥ n.

Univalence criteria for the confluent hypergeometric function were obtained in one

of the earliest works [12] involving the usage of this function in geometric function

theory research. The following is the definition of the confluent hypergeometric func-

tion:

Definition 1.4. [12] Let a and c be complex numbers with c 6= 0,−1,−2, . . . and

consider

φ(a, c; z) = 1 +
a

c
· z

1!
+
a(a+ 1)

c(c+ 1)
· z

2

2!
+ . . . , z ∈ U. (1.2)

This function is called confluent (Kummer) hypergeometric function, is analytic in C
and satisfies Kummer’s differential equation:

zw′′(z) + [c− z]w′(z)− aw(z) = 0.

If we let

(d)k =
Γ(d+ k)

Γ(d)
= d(d+ 1)(d+ 2) . . . (d+ k − 1) and (d)0 = 1

then (1.2) can be written in the form

φ(a, c; z) =

∞∑
k=0

(a)k
(c)k

· z
k

k!
=

Γ(c)

Γ(a)

∞∑
k=0

Γ(a+ k)

Γ(c+ k)
· z

k

k!
. (1.3)

Euler’s Gamma function is defined for Rez > 0 as:

Γ(z) =

∫ ∞
0

e−t · tz−1dt.
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In [5], this widely used function was applied for defining the following operator:

Definition 1.5. [5] Let a and c be complex numbers with c 6= 0,−1,−2, . . . and λ > 0.

We define the fractional integral of the confluent hypergeometric function:

D−λz F (a, c; z) =
1

Γ(λ)

∫ z

0

F (a, c; t)

(z − t)1−λ
dt

=
Γ(c)

Γ(a)

∞∑
k=0

Γ(a+ k)

Γ(c+ k)Γ(λ+ k + 1)
· zk+λ, z ∈ U. (1.4)

K. Löwner [9] established the subordination chain method, also known as Löwner

chains, by beginning with the idea of embedding the investigated domain into do-

mains that can be described by differential equations and that ”grow” continuously.

Numerous further investigators embraced the concept, which generated significant

new findings in the field of geometric functions theory.

Definition 1.6. [13] A function L(z, t), z ∈ U , t ≥ 0, is a subordination chain if

L(·, t) is analytic and univalent in U for all t ≥ 0, L(·, t) is continuously differentiable

on R+ for all z ∈ U and L(z, s) ≺ L(z, t) when 0 ≤ s < t <∞.

The lemmas listed in the following are applied in the proof of the theorem presented

in the next section.

Lemma 1.1. [13] Let q ∈ Q with q(0) = a and let p(z) = a+ anz
n + . . . be analytic

in U with p(z) 6= a and n ≥ 1. If p is not subordinate to q, then there exist points

z0 = r0e
iθ0 ∈ U and ζ0 ∈ ∂U \ E(q) and an m ≥ n ≥ 1 for which p(Ur0) ⊂ q(U) and

(i) p(z0) = q(ζ0),

(ii) z0p
′(z0) = mζ0q(ζ0),

(iii) Re

(
z0p
′′(z0)

p′(z0)
+ 1

)
≥ mRe

(
ζ0q
′′(ζ0)

q′(ζ0)
+ 1

)
.

Lemma 1.2. [13] The function L(z, t) = a1(t)z + a2(t)z2 + . . . with a1(t) 6= 0 for

t ≥ 0 and lim
t→∞

|a1(t)| =∞ is a subordination chain if

Re
z
∂L(z, t)

∂z
∂L(z, t)

∂t

> 0, z ∈ U, t ≥ 0.

2. Main results

The first endeavor of this investigation focuses on proving a theorem that will en-

able the development of two sufficient criteria for the univalence of the confluent hy-

pergeometric function’s fractional integral. The proof applies the two aforementioned
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lemmas and uses the properties of the close-to-convex functions stated in Remark 1

in the framework of the methods of the differential subordination theory.

Theorem 2.1. Let q ∈ K, φ ∈ H(D), such that q(U) ⊂ D and with φ(w) 6= 0, when

w ∈ q(U).

Define

Q(z) = zq′(z)φ(q(z))

and

h(z) = q(z) + zq′(z)φ(q(z)) = q(z) +Q(z), z ∈ U, γ > 0.

Assume that:

i) Q ∈ S∗, and

ii) Re φ(q(z)) > 0, z ∈ U , equivalently said that Re
1

φ(q(z))
> 0.

If p ∈ H(U), p(0) = q(0), p(U) ⊂ D and

p(z) + zp′(z)φ(p(z)) ≺ q(z) + zq′(z)φ(q(z)), (2.1)

then

p(z) ≺ q(z),

and function q is designated as the best dominant.

Proof. Assume that the conditions of Lemma 1.1 are satisfied by the functions p, q

and h on U . If that would not be the case, the functions would be substituted as

pr(z) = p(rz), qr(z) = q(rz), hr(z) = h(rz), 0 < r < 1,

and the conditions of Lemma 1.1 would be met.

It would be proved that pr(z) ≺ qr(z), 0 < r < 1 and then, by making r → 1 at

the limit, we would have that p(z) ≺ q(z).
To arrive at the intended outcome, we first prove that h ∈ S. For that purpose, we

evaluate:

Re
zh′(z)

Q(z)
= Re

zq′(z) + zQ′(z)

Q(z)
= Re

zq′(z)

Q(z)
+ Re

zQ′(z)

Q(z)

= Re
zq′(z)

q′(z)φ(q(z))
+ Re

zQ′(z)

Q(z)

= Re
1

φ(q(z))
+ Re

zQ′(z)

Q(z)
.

By applying relations ii) and iii) given by Remark 1, we obtain:

Re
zh′(z)

Q(z)
> 0, z ∈ U. (2.2)
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Since Q ∈ S∗, Remark 1 iii), used alongside relation (2.2), gives that h ∈ C, hence

h ∈ S.

Knowing that h ∈ S, the differential subordination (2.1) is equivalent to:

{p(z) + zp′(z)φ(p(z)); z ∈ U} ⊂ h(U). (2.3)

Setting z = z0 ∈ U , relation (2.3) becomes:

p(z0) + z0p
′(z0)φ(p(z0)) ∈ h(U). (2.4)

Lemma 1.1 will now be applied.

Define the function L : U × [0,∞)→ C as:

L(z, t) = a1(t)z + a2(t)z2 + . . .

= h(z) + tQ(z) = q(z) +Q(z) + tQ(z)

= q(z) + (t+ 1)Q(z). (2.5)

By considering Definition 1.6, L(z, t) ∈ H(U) for all t ∈ [0,∞) and continuous differ-

entiable on [0,∞) for all z ∈ U .

By differentiating (2.5) with respect to z, we write:

∂L(z, t)

∂z
= a1(t) + 2a2(t)z + . . . = q′z(z) + (t+ 1)Q′z(z)

= q′z(z) + (t+ 1)[q′z(z)φ(q(z)) + z(q′z(z))
2φ(q(z)) + z(q′z(z))

2φ′(q(z))]. (2.6)

For z = 0, relation (2.5) becomes:

∂L(0, t)

∂z
= a1(t) = q′(0) + (t+ 1)q′(0)φ(q(0))

= q′(0)φ(q(0))

(
1

φ(q(0))
+ t+ 1

)
Since q ∈ K, we know that q′(0) 6= 0 and by applying ii) from Remark 1, we have:

a1(t) = q′(0)φ(q(0))

(
1

φ(q(0))
+ t+ 1

)
6= 0, t ≥ 0.

It follows that:

lim
t→∞

|a1(t)| = lim
t→∞

∣∣∣∣q′(0)φ(q(0))

(
1

φ(q(0))
+ t+ 1

)∣∣∣∣ =∞. (2.7)

Now, by differentiating (2.5) with respect to t, we write:

∂L(z, t)

∂t
= Q(z) = zq′(z)φ(q(z)). (2.8)
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Using (2.6) and (2.8), we obtain:

z∂L(z, t)

∂z
∂L(z, t)

∂t

=
zq′(z) + zQ′(z)(t+ 1)

zq′(z)φ(q(z))
=

1

φ(q(z))
+ (t+ 1)

zQ′(z)

Q(z)
,

and applying i) and ii) from Remark 1, we have:

Re

z∂L(z, t)

∂z
∂L(z, t)

∂t

= Re

[
1

φ(q(z))
+ (t+ 1)

zQ′(z)

Q(z)

]
> 0, z ∈ U, t ≥ 0. (2.9)

Using (2.7) and (2.9) and applying Lemma 1.2, we deduce that L(z, t) is a subordi-

nation chain. Using now Definition 1.6, we have:

L(z, s) ≺ L(z, t) for any 0 ≤ s < t <∞. (2.10)

Taking t = 0 in (2.5), we write:

L(z, 0) = h(z), z ∈ U. (2.11)

Taking s = 0 in (2.10), we obtain:

L(z, 0) ≺ L(z, t) for 0 ≤ t. (2.12)

By using (2.11) and (2.12), we have:

h(z) ≺ L(z, t), z ∈ U, t ≥ 0. (2.13)

Since L(z, t) is a subordination chain, Definition 1.6 gives that L(z, t) ∈ S for all

t ≥ 0, hence subordination (2.13) is equivalent to:

h(U) ⊂ {L(z, t) : z ∈ U, t ≥ 0}

and

L(ζ, t) 6∈ h(U) for |ζ| = 1, t ≥ 0. (2.14)

For a certain ζ = ζ0, |ζ0| = 1, relation (2.14) becomes:

L(ζ0, t) 6∈ h(U). (2.15)

For completing the proof, we define the function ψ : C× C→ C as:

ψ(r, s) = r + sφ(r). (2.16)

Taking r = p(z), s = zp′(z), relation (2.16) becomes:

ψ(p(z), zp′(z)) = p(z) + zp′(z)φ(p(z)). (2.17)

Considering r = q(z), s = zq′(z), we get:

ψ(q(z), zq′(z)) = q′(z) + zq′(z)φ(q(z)) = h(z). (2.18)
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Using (2.17) and (2.18), the differential subordination (2.1) becomes:

ψ(p(z), zp′(z)) ≺ ψ(q(z), zq′(z)), z ∈ U. (2.19)

In order to show that relation (2.19) implies that p(z) ≺ q(z), Lemma 1.1 will be

applied.

Assume that p(z) ⊀ q(z). Then, according to Lemma 1.1, there exist points z0 ∈ U
and ζ0 ∈ ∂U \ E(q) such that:

p(z0) = q(ζ0), z0p
′(z0) = mζq(ζ0), u = z20p

′′(z0). (2.20)

Taking r = p(z0), s = z0p
′(z0), relation (2.17) becomes:

ψ(p(z0), z0p
′(z0)) = p(z0) + z0p

′(z0)φ(p(z0)). (2.21)

Using in (2.21) the equalities seen in (2.20), we obtain:

ψ(p(z0), z0p
′(z0)) = q(ζ0) +mζ0q

′(ζ0)φ(q(ζ0)). (2.22)

By replacing z = ζ0 and t = m− 1 in relation (2.5), we obtain:

L(ζ0,m− 1) = q(ζ0) +mQ(ζ0) = q(ζ0) +mζ0q
′(ζ0)φ(q(ζ0)). (2.23)

Using (2.23) in (2.22), we write:

p(z0) + z0p
′(z0)φ(p(z0)) = L(ζ0,m− 1), z0 ∈ U, ζ0 ∈ ∂U \ E(q). (2.24)

By using (2.15) in (2.24), we have:

p(z0) + z0p
′(z0)φ(p(z0)) = L(ζ0,m− 1) 6∈ h(U). (2.25)

Since (2.25) contradicts (2.4), the conclusion is that the assumption made is false,

hence:

p(z) ≺ q(z), z ∈ U.

Since q ∈ K, hence q ∈ S, and it also satisfies the differential equation

h(z) = q(z) + zq′(z)φ(q(z)),

we conclude that q is the best dominant for the differential subordination (2.1).

Remark. The outcome of this theorem shows that in order to have the best dominant

for a certain differential subordination, it is enough to find a univalent solution for

the attached differential equation.

The outcome of Theorem 2.1 is now used for the statement of two univalence

criteria related to confluent hypergeometric function’s fractional integral. In order to

write the corollaries of Theorem 2.1, consider

q(z) =
1 + z

1− z
, z ∈ U, q ∈ K,
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p(z) = [D−1z F (a, c; z)]′, a, c ∈ C, c 6= 0,−1,−2, . . .

as given by (1.4),

φ : D → C, φ(w) =
1

w + γ
, γ > 0,

satisfying

Re
1

φ

(
1 + z

1− z

) .
The following univalence criterion can be stated for the confluent hypergeometric

function’s fractional integral D−1z F (a, c; z) ∈ A given by (1.4).

Corollary 2.2. (A sufficient criterion for univalence) Let

q(z) =
1 + z

1− z
, q ∈ K, φ ∈ H(D),

such that q(U) ⊂ D and with φ(w) 6= 0, when w ∈ q(U).

Define

Q(z) =
2z

(1− z)[1 + γ + z(1− γ)]

and

h(z) =
1 + z

1− z
+

2z

(1− z)[1 + γ + z(1− γ)]
, z ∈ U, γ > 0.

Assume that

i) Q ∈ S∗, and

ii) Re
1

φ

(
1 + z

1− z

) > 0, z ∈ U .

If

p(z) = (D−1z F (a, c; z))′ = 1 +
a

c
z +

a(a+ 1)

c(c+ 1)
· z

2

2
+ . . . , p ∈ H(U),

with p(0) = q(0) = 1, then

[D−1z F (a, c; z)]′ + z[D−1z F (a, c; z)]′′
1

[D−1z F (a, c; z)]′ + γ

≺ 1 + z

1− z
+

2z

(1− z)[1 + γ + z(1− γ)]
, z ∈ U, γ > 0,

(2.26)

implies

Re[D−1z F (a, c; z)]′ > 0, z ∈ U,

which gives that D−1z F (a, c; z) ∈ S.
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Proof. We show that the conditions required by Theorem 2.1 are satisfied. We start

by proving that Q ∈ S∗.
Consider z = ρ cosα+ iρ sinα, ρ ∈ (0, 1) and taking the limit when ρ→ 1, after a

simple calculation, we have:

Re
zQ′(z)

Q(z)
= Re

[
z

1− z
+

1 + γ

1 + γ + z(1− γ)

]
=

γ

1 + γ2 + (1− γ2) cosα
> 0,

i.e. Q ∈ S∗, and

Re
1

φ

(
1 + z

1− z

) = Re
1 + γ + z(1− γ)

1− z

= Re
+1γ + (1− γ) cosα+ i(1− γ) sinα

1− cosα− i sinα

= γ > 0.

Hence, conditions i) and ii) in Theorem 2.1 are satisfied.

Let

p(z) = [D−1z F (a, c; z)]′. (2.27)

We can write:

φ(p(z)) =
1

γ + p(z)
=

1

γ + [D−1z F (a, c; z)]′
,

and the left side of the differential subordination (2.26) become:

[D−1z F (a, c; z)]′ + z[D−1z F (a, c; z)]′′ · 1

[D−1z F (a, c; z)]′ + γ

= p(z) + zp(z)φ(p(z)).

(2.28)

For

q(z) =
1 + z

1− z
, (2.29)

φ

(
1 + z

1− z

)
=

1

γ +
1 + z

1− z

=
1− z

1 + γ + z(1− γ)
,

and the right side of the differential subordination (2.26) also becomes:

p(z) + zp′(z)φ(p(z)) ≺ q(z) + zq′(z)φ(q(z)). (2.30)

Since the conditions required by Theorem 2.1 are satisfied, the differential subordi-

nation (2.30) implies

p(z) ≺ q(z), z ∈ U. (2.31)
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Using the notations established by (2.27) and (2.29) in (2.31), we obtain:

[D−1z F (a, c; z)]′ ≺ 1 + z

1− z
, z ∈ U. (2.32)

Since q ∈ K, we know that

Re

(
zq′′(z)

q′(z)
+ 1

)
= Re

1 + z

1− z
> 0.

Knowing that [D−1z F (a, c; 0)]′ = 1 = q(0) and q ∈ K, we have that q(U) is a convex

domain and the differential subordination (2.22) is equivalent to:

Re[D−1z F (a, c; z)] > Re
1 + z

1− z
> 0, z ∈ U,

which means that D−1z F (a, c; z) ∈ R, hence D−1z F (a, c; z) ∈ S.

In order to state the second corollary of the Theorem 2.1, consider

q(z) =
1

1− z
, z ∈ U, q ∈ K,

p(z) = [D−1z F (a, c; z)]′, a, c ∈ C, c 6= 0,−1,−2, . . .

as given by (1.4),

φ : D → C, φ(w) =
1

w + γ
, γ > 0,

satisfying Re
1

φ(w)
> 0.

The following univalence criterion can be stated for the confluent hypergeometric

function’s fractional integral D−1z F (a, c; z) ∈ A given by (1.4).

Corollary 2.3. (A sufficient criterion for univalence) Let

q(z) =
1

1− z
, q ∈ K, φ ∈ H(D),

such that q(U) ⊂ D and with φ(w) 6= 0, when w ∈ q(U).

Define

Q(z) =
z

(1− z)(1 + γ − γz)
and

h(z) =
1

1− z
+

z

(1− z)(1 + γ − γz)
, z ∈ U, γ > 0.

Assume that:

i) Q ∈ S∗, and

ii) Re
1

φ

(
1

1− z

) > 0, z ∈ U .
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If p(z) = [D−1z F (a, c; z)]′ with p(0) = q(0) = 1, p ∈ H(U), then

[D−1z F (a, c; z)]′ + z[D−1z F (a, c; z)]′′ · 1

[D−1z F (a, c; z)] + γ

≺ 1

1− z
+

z

(1− z)(1 + γ − γz)
, z ∈ U, γ > 0,

(2.33)

implies

Re[D−1z F (a, c; z)]′ >
1

2
, z ∈ U,

which gives that D−1z F (a, c; z) ∈ S.

Proof. We show that the conditions required by Theorem 2.1 are satisfied. We start

by proving that Q ∈ S∗.
Consider z = ρ cosα+ iρ sinα, ρ ∈ (0, 1) and taking the limit when ρ→ 1, after a

simple calculation, we have:

Re
zQ′(z)

Q(z)
= Re

(
z

1− z
+

1 + γ

1 + γ − γz

)
=

1

2
+

(1 + γ)2 − γ(1 + γ) cosα

(1 + γ)2 − 2(1 + γ)γ cosα+ γ2

=
1 + 2γ

(1 + γ)2 − 2(1 + γ)γ · cosα+ γ2
> 0, i.e. Q ∈ S∗,

and

Re
1

φ

(
1

1− z

) = Re
1− z

1 + γ − γz
=

(1 + 2γ)(1− cosα)

(1 + γ)2 − 2γ(1 + γ) cosα+ γ2
> 0.

Hence, conditions i) and ii) in Theorem 2.1 are satisfied.

Let

p(z) = [D−1z F (a, c; z)]′,

as also seen in (2.27), and we obtain relation (2.28) for the left side of the differential

subordination (2.33).

Let now

q(z) =
1

1− z
. (2.34)

Using (2.34), the right side of the differential subordination (2.33) becomes:

1

1− z
+

z

(1− z)(1 + λ− γz)
= q(z) + zq′(z)φ(q(z)). (2.35)

Using (2.28) and (2.35), the differential subordination (2.33) is equivalent to:

p(z) + zp′(z)φ(p(z)) ≺ q(z) + zq′(z)φ(q(z)), z ∈ U,
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and since the conditions required by Theorem 2.1 are satisfied, this implies

p(z) ≺ q(z), z ∈ U.

Using the notation earlier recalled as being settled in (2.27) and the notation seen in

(2.34), we write:

[D−1z F (a, c; z)]′ ≺ 1

1− z
, z ∈ U. (2.36)

Since q ∈ K, we know that

Re

(
zq′′(z)

q′(z)
+ 1

)
= Re

1 + z

1− z
> 0

and

Re
1

1− z
=

1

2
.

Knowing that

[D−1z F (a, c; 0)]′ = 1 = q(0)

and q ∈ K, we have that q(U) is a convex domain and the differential subordination

(2.36) is equivalent to:

Re[D−1z F (a, c; z)]′ > Re
1

1− z
=

1

2
> 0, z ∈ U,

which means that D−1z F (a, c; z) ∈ R, hence D−1z F (a, c; z) ∈ S.

Example 2.1. Let γ = 1, q =
1

1− z
. We obtain

Q(z) =
z

(1− z)(2− z)
, h(z) =

2

(1− z)(2− z)
.

For a = −2, c = 1− i, we have:

D−1z F (−2, 1− i; z) = z − (1 + i)
z2

2
+

1 + 3i

30
z3

and

φ

(
1

1− z

)
=

1− z
2− z

.

By applying Corollary 2.3, we state:

Let

q(z) =
1

1− z
, q ∈ K, Req(z) =

1

2
,

such that q(U) ⊂ D, φ ∈ H(D) with φ(w) 6= 0 when w ∈ q(U).

Take

Q(z) =
z

(1− z)(2− z)
and h(z) =

2

(1− z)(2− z)
, z ∈ U.

Assume that:

i) Q ∈ S∗, and

26



ii) Re
1

φ

(
1

1− z

) > 0, z ∈ U .

If

p(z) = [D−1z F (−2, 1− i; z)]′ = 1− (1 + i)z +
1 + 3i

10
z2,

with p(0) = q(0) = 1, p ∈ H(U), then

1− (1 + i)z +
1 + 3i

10
z2 + z

(
−1− i+

1 + 3i

5
z

)
· 1

2− (1 + i)z +
1 + 3i

10
z2

≺ 2

(1− z)(2− z)
implies

Re

[
1− (1 + i)z +

1 + 3i

10
z2
]
>

1

2
, z ∈ U,

which gives that

z − (1 + i)
z2

2
+

1 + 3i

30
z3 ∈ S.

Indeed, for z = ρ cosα + i sinα, ρ ∈ (0, 1) and taking the limit when ρ → 1, we can

write:

Re
zQ′(z)

Q(z)
=

3

5− 4 cosα
> 0,

and

Re
1

φ

(
1

1− z

) = Re
1 + z

1− z
=

3(1− cosα)

5− 4 cosα
> 0.

3. Discussion and conclusions

The results obtained through this study contribute to the topic of geometric func-

tion theory concerned with the definition of new operators and establishing univalence

conditions regarding them by applying the methods provided by the theory of differ-

ential subordination associated to other tools specific to geometric function theory.

The general purpose of those kind of investigations is to provide characteristics of the

operators that would make them useful for future studies within the same field or in

related fields.

This investigation focuses on in depth investigation of a previously defined operator,

namely confluent hypergeometric function’s fractional integral. Previously, researchers

have employed this operator for obtaining sandwich type results regarding differen-

tial subordinations and superordinations [5] and for defining new classes of analytic

functions [6]. Since the geometric properties of this operator have not been previously

investigated, the motivation of the present study is to add univalence conditions to
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the knowledge related to confluent hypergeometric function’s fractional integral. The

methods employed are provided by the theory of differential subordination, includ-

ing two widely used lemmas, associated to the method of the subordination chains

and applying properties of the special class of functions with positive real part of

the first derivative. The main tool for establishing the desired sufficient univalence

conditions is Theorem 2.1 proved at the beginning of the investigation. By applying

the outcome of this theorem and choosing appropriate functions to be inserted in

the investigation, Corollary 2.2 and Corollary 2.3 contain certain conditions for the

univalence of the confluent hypergeometric function’s fractional integral. An example

is given to illustrate the applicability of the results proved during this study, but the

numerical examples are not the main concern of this study. It is hoped that due to

the univalence conditions proved here, the confluent hypergeometric function’s frac-

tional integral will be further investigated regarding the definition of new classes of

univalent functions as seen in [7]. Also, considering the univalence conditions given in

this paper, this operator can be further investigated regarding the particular forms of

differential subordination and superordination theories, strong and fuzzy differential

subordinations and superordinations as initiated in studies like [4, 1] for fuzzy differ-

ential subordinations. Strong differential subordinations have not been obtained so far

for confluent hypergeometric function’s fractional integral, hence it could constitute

a new line of study, starting for the univalence conditions provided in this study.
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[2] O.P. Ahuja, A. Çetinkaya, A Survey on the theory of integral and related operators in Geo-

metric Function Theory. In Mathematical Analysis and Computing; Mohapatra, R.N., Yugesh,

S., Kalpana, G., Kalaivani, C., Eds.; ICMAC 2019; Springer Proceedings in Mathematics &

Statistics; Springer: Singapore, 2021; Volume 344.

[3] H.F. Al-Janaby, F. Ghanim, The fractional integrodifferential operator and its univalence and

boundedness features according to Pre-Schwarzian derivative structure. Results Nonlinear Anal.

6 (1) (2023), 98-106.
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[14] P.T. Mocanu, T. Bulboacă, S.G. Sălăgean, Geometric Theory of Analytic Functions. Casa Cărţii
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