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PICTURE FUZZY NORMED SPACES WITH FIBONACCI IDEAL
CONVERGENCE OF DOUBLE SEQUENCES

P. JENIFER, M. JEYARAMAN

ABSTRACT. Our study reveals intriguing convergence patterns within the Fi-
bonacci double sequences in picture fuzzy normed spaces. We demonstrate
that while each component sequence exhibits unique convergence characteris-
tics, collectively they converge towards a distinctive ideal represented by Fi-
bonacci numbers. This ideal convergence aligns with the inherent properties of
Fibonacci sequences, offering insights into the interplay between fuzzy normed
spaces and the Fibonacci sequence.Also, the idea of Fibonacci Za- convergence
on picture fuzzy normed spaces is explained in this article. With regard to
picture fuzzy normed spaces, we define the Fibonacci Zp-Cauchy sequences
and Zo-completeness.

1. INTRODUCTION

Fast[7] introduced statistical convergence of a sequence of points. Schoenberg[22]
investigated statistical convergence as a summability approach and established some
of its fundamental properties.

Kostyrko et al. [I9] conducted a first study on the idea of Z-convergence. They
discussed external Z-limit points and provided some fundamental properties of Z-
convergence. Later, it was investigated by numerous people, including Salat [21],
Tripathy and Hazarika [12] 13] 24], as well as many others.

In Indian mathematics, the Fibonacci series was traditionally referred to as vi-
rahanka numbers. Unlike in Liber Abaci, where the series begins with 1, today’s
sequences either start with fo = 0 or f; = 1. The Fibonacci sequence[18], is made
up of the numbers 0,1,1,2,3,5,8,13,21, 34,55, 89,144, ... . The linear recurrence
relation §, = §n_1 + Sn_2,n > 2 states that the Fibonacci sequence of numbers
(F1) has seed values §p =0 and §; = 1.

Since Zadeh [25] presented fuzzy set theory, researchers have been looking for
applications and fuzzy counterparts of conventional theories. Atanassov [I] intro-
duced the intuitionistic fuzzy set. Kirisci [I5] investigated the concept of Fibonacci
statistical convergence in intuitionistic fuzzy normed space. He defined Fibonacci
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statistically Cauchy sequences and Fibonacci statistical completeness with respect
to intuitionistic fuzzy normed space.

Picture fuzzy set (PFS) was developed by Cuong and Kreinovich [3] and is a
fuzzy set and intuitionistic fuzzy set extension that takes into account the positive,
negative, and neutral membership degrees of elements. Cuong [4] (2014) investi-
gated a few PFSs characteristics and proposed PFSs distance measurements. In
their 2015 study, Cuong and Hai [5] explored the implications of the fundamental
fuzzy logic operatorsnegations, conjunctions, and disjunctionson PFSs and also de-
veloped the key operations for fuzzy inference procedures in picture fuzzy systems.
In this paper, we discussed Fibonacci Z- convergent with respect to picture fuzzy
normed space and explored several properties in it. Also we extend this concept into
Fibonacci Zo- Cauchy sequence along with its properties in picture fuzzy normed
space.

2. PRELIMINARIES

Some of the fundamental definitions that are needed in the following part are
presented in this section.
Definition 2.1. [2] An Intuitionistic fuzzy set(IFS) A on a universe of discourse
X is of the form A = {(5¢, oo (32), o () : 3¢ € X}, where ¢y (32) € [0,1] is said to be
the “degree of membership of > in A7, pa(s) € [0,1] is referred to as the “degree
of non-membership of s in A” and where ¢o(5¢) and oy () fulfil the following re-
quirement: 0 < ¢po(5¢) + oa(3¢) < 1.
The amount by () = 1 — (Pu(s¢) + oa(3¢)) is called hesitancy of » which is re-
flection of lack of commitment or uncertainty associated with the membership or
non-membership or both in 2A.
Definition 2.2. [] A PFS 2 on a universe X is an object of the form
A = {(5¢, pu(50), 00 (32), Y (32) : 3¢ € X}, where ¢o(3¢) € [0,1] is referred as the
“degree of positive membership of s in A”, oy () € [0,1] is called the “degree of
neutral membership of s in A7, Yy (s) € [0,1] is said to be the “degree of negative
membership of » in A7 where dg(5c), oa(3) and g (32) must fulfil the following
requirement:

0 < dou(3) + oa(5) + Ya(s) < 1, for every s € X.

Then for every s € X,1 — (¢ (3¢) + ou () + o (32)) is called the degree of refusal
membership of s in 2A.

Definition 2.3. Picture Fuzzy Normed Space (PFNS) is the name given to the
seven tuple (X,,0,19,%,0,0) if a vector space X # 0 and * is a continuous t-
norm, ¢ and © are continuous t-conorms, and ¢, o, and 1 are FSs on X x (0,00)
that meet the following condition:
For each .,y € X and t,n > 0:
(i) 9(5¢,t) + 0(3¢,A) + (3, A) < 1,
(ii) ¢(5¢, A) >0,
(#ii) ¢(3¢,A) =1 if and only if =0,
(iv) dle3e, ) = & (1) if ¢ £0,
(v) (3¢,A) % (9, n) < P(>+ v, A +n),
(vi) P(s2,.) : (0,+00) — [0,1] is continuous,
(vit) lim ¢(s¢,A) =1 and lim ¢(3¢, \) =0,
A—+o0 A—=0
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(viti) (5, \) < 1,
(iz) o(3¢,\) =0 zf and only if » =
(z) o(cs, )—Q(%,lc)zfc;«éo

A) =

A
(i) o(5 A)0e(v, ) > o(>+9,A+n),
(xii) o(5¢,.) : (0,4+00) — [0,1] is continuous,
(xiii) )\EIEDO o(s )\) =0 and )1\11% o(se,\) =1,
(ziv) Y(s,A) < 1
(zv) W (5¢,A) = 0 if and only if » =
(w0i) (e, N) = v (6, 2) if ¢ £0,
(wvii) (56, )OY(h,n) > P +9, A+ n),
(zviii) (3, .) : (0,400) — [0,1] is continuous,
(wiz) AETOOM%, A) =0 and ;1{% (s, ) = 1.

Definition 2.4. Let (%, ¢, 0,v,%,0,0) be PFNS.We define B(s,1,\) on the open
ball with radius 1 € (0,1), and centre » € X. As defined by

Ber, ) ={peX:p(sx—9,N) >1—r,00r =9, \) <1t and (s —y,\) <r}.

Definition 2.5. Let PFNS be (X, ¢,0,v,%,0,0). If any sequence (35) € X con-
verging to some »x € X w.r.t. the PFN(¢, 0,v) implies that » € §, then the subset
T of X is called closed.

Definition 2.6. Take a PFNS (X,¢,0,1,%,0,0). A sequence (34) is called Fi-
bonacci Statistical convergence (FS€) w.r.t. PEN (¢, 0,v), if 3 a number ¢ in X
like that €, A > 0, the natural density of the set

k(@) = {k<nio(@a— ) <16 o~ CA) = e and (o — (A = ¢

has zero. i.e., d(k.(F)) = 0.

k<n:Fma—CA)<1—¢
i.e., nli}r_‘r_loo - g(%%k — () >, =0.
' V(Fra— (A > €

Here, we write d(§)PFNS — lim s = € or 5. — ¢ (S(§)PFNS).

Definition 2.7. Take a PFNS (X,¢,0,1,%,0,0). A sequence (1) is called Fi-
bonacci Statistical Cauchy (§6€a) w.r.t PEN (¢, 0,¢) §6Ca —MN, if V e, A > 0, 3
an AJV = A, such that natural density of )
ks(:S) = kAS N P(Fe — T, A) <1 —k, Q(AS%k —S%N, A) > € and
U(§sx — N, A) > € has zero. That is, d(k.(F)) =
i.e.,
k< N:o(§m —Frn,\) <1—¢,
L o($sa — Fn, A) 2 € =0.
Y(§ra — Frmn, A) > €

3. MAIN RESULTS

In this part, the notion of Fibonacci Z5- convergent with respect to PFN is
defined and some theorems are proved.
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Definition 3.1. Let (X, ¢, 0,1, %, 0, 0) be PFNS and I, C P(NxN) be a significant
ideal. A double sequence(®G) x = (sn4) € X is said to be Fibonacci Iy- convergent
w.r.t. PEN (¢, 0,v)(§Za €-PFN), if an integer ( € X exists such thatV X\ > 0 and
e € (0,1), the set

o (klj)ENXN:¢(§%kj—§,A)§1—eor}
ke(8) {g(s%kj—c,x)Zeandw@%kj—c,A)ze €L

C is described as the FIy-limit of the sequence 3 = (s«;) in respect to PEN (¢, 0, ¢).

Example 3.2. If 7, = {6 ¢ Nx N : §(8) = 0},then, it is obvious that I
corresponds with F&E€ in PFNS and that I is an admissible ideal in N x N,

Lemma 3.3. Let (X,¢,0,%,%,0,0) be PFNS and »x = (s14) be a D6 in X. The
following assertions are then equivalent for each e, A > 0.

(i) T30 —limsag = ¢,

(i) {(k.J) € Nx N: ¢(Foag — (A S 1 - e} €I,
{(k,j) e NX N: o(Fsex; — ¢, A) > €} € Iy and
{(,)) e NxN: (Fomg — () > e} € T,

(iii) (k,j) e NX N: o(Fsag — ¢, A) > 1 —¢,

Q(@ﬂkj — (N <e and ¢(§%kj — (N <eé) } € §(Z2),

(){(k,j) € Nx N: ¢(Fsa5 — ¢, A) > 1 - ¢} € 3(Ta),
{(k7.]) € N X N : Q(S%kj - C7>‘) < 6} € 8(12)7 and
{(k,j) e NX N:9(Fsa; — (,A) < €} € F(Ia).

(v) T390 —lim ¢(Frag — ¢, N) = 1, L0 —lim o(§rag — C,A\) =0 and
0% lime(Frag — ¢, A) = 0.
Proof. It is simple to demonstrate that (i), (ii), (iii), and (iv). Therefore, we simply

establish that (ii) and (v). Assume that (ii) is true. Since we have a solution Ve > 0
and A > 0,

{(k,j) e NxN:]p(sag — ¢ A) — 1 > €}

= {(k,j) e Nx N: (¢(§%kj—g,A)) >1+elUf{keN: (qs(@%kj—g,x)) <1-¢)
and Ve > 0 the set {(k,j) € N x N : (¢(§%kj - (,A)) >1+¢}=0€ Ty, in light of
(ii), it is evident that {(k,j) € N x N: |p(Fsaj — (,A) — 1| > €} € T.

Hence, we have Ié‘b’g’w) — lim ¢(§%kj - (AN =1.
Similarly, V e > 0, A > 0,

{(k,j) e NxN: oG —C,A) — 0] > e}
= {kj) e Nx R (oFag - ¢ N) > ¢
0

U {k e N (g(@{kj g,x)) < 76}
and {(k,j) € Nx N: [¢(Fsa5 — (,A) — 0] > ¢}
= {,) e N N (v(Ea - () = efu{ke R (v(Foag — V) < —¢}
and the set {(k,j) eNxN: (g(@%kj - (,x\)) < —6} =0el,
and {(k,j) eN xR (qp(@%kj _ C,A)) < —e} —0e,

implies that Z{*%%) — lim (a4 — ¢, A) = 0 and Z\*%%) — lim (244 — ¢, A) = 0.
Clarify what (v) implies as well (ii). O
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Theorem 3.4. Let (X,¢,0,%,%,0,0) be PFNS and » = (34) be a D6 in X. If
(sn) is (§Zz €-PFN), then exists unique 12(45,9,7#) — lim ».

Proof. Consider the case where there are two separate elements (7, (s € X like that
0 “limsgg = ¢ and I — limsgg = Co.

Choose v > 0 so that (1—v)x (1 —v) > 1—¢,v0r < € and vOV < € are all possible
values for € € (0,1). Then, for each A > 0. The following sets are define as:

o) = {9 €8x 56 (g - 013 ) <10
o(B-a3) =0}
-c)=)

(k,j) e Nx N - ¢< ;) - }
(-

(k,j) e NxN: 4,

gll/A

IN

k¢2V>\

koo2(v,A) = < (k,j) eNxN:p

kd,lVA {kJ ENXN’(/J

S
@)z

K00 (1, A) = (kg1 (v, A) Ukg 2(v, A)) N (kg1 (v, A) Ukga(v, A))
N (ky,1 (7, A) Uky 2(v, N))

kyo(v,A) = {(k,j) eNxN:y

And

Since Ié@@ﬂb) —limsg = ¢ and I( %) _im s = (2, therefore all the sets

k¢71 (V, )\)7 kQJ (V, )\)7 kw,l (V, )\), k¢)2(l/, )\), kQ’Q(V, )\)7 kw’g(V, /\) and
k¢7g7¢ (l/, /\) S

= §(Z2) has a nonempty complement kg , (v, A).
Let (m,n) € k§ , (1, ).
Then we have (m,n) € kg ,(v,A) Nkj ,(v,A) or (m,n) € ki, (v,A) Nk o(v, A)
and  (m,n) € k, | (1, \) Nk (v, A).
Case (i) Let (m,n) € kg ; (v, A) Nk§ 5(v, ).
Then, we get ¢ (@%mn — (1, %) >1—v and ¢ (@%mn — (o, %) > 1—v and
therefore R R
6(G =N 2 6 (Ftmn =1 3) 56 (Fotmn — G 3) > (1= s (1=w) > 1—e
Since € > 0 is arbitrary, we get ¢(¢; — (2, \) = 1.
Case (ii) Let (m,n) € k§ 1 (v, ) N kS 5(v, A).
Then we have o (@%mn — (s, %) <vandp (@%mn — (o, %) < v and therefore
Q(Cl - CQa)\) <o (%Kmn 1, 2) Qo (S%mn G2, %) <vQr <e.

Since € > 0 is arbitrary, we get o((1 — (2,A) =0
Case (iii) Let (m,n) € ki, ; (v, A) Nky, 5(v, A).

Subsequently, we have 1) (@men — (1, %) <v and (@%mn — (o, %) < v and



6 P. JENIFER, M. JEYARAMAN

therefore X R
d)(cl - §2a/\) < 1/) (S%mn - Cl, %) 61,[) (S%mn — §2, %) <vOv < e.
Since € > 0 is arbitrary, we get ¥(¢1 — (2, A) =0 VA > 0.

Ta=0 (¢,0)
e

Thus, in every instance, we determine that Z, — lim s¢ is unique. O

Theorem 3.5. Let (X,¢,0,1,%,0,0) be PFNS, »x = (s14) and y = (yxj) be two
DGs in X. If (¢, 0,0) — lim sa = ¢, then I — lim §sa = C.

(a) IfI§¢’Q’¢) — lim§%kj =( and IQ(¢’Q’w) — lim yi; = o, then

252 —lim(§saq + Syy) = (G + G).

(b) IfI§¢’Q’1/)) — lim @%kj = ( and a be any real integer, then

Ig((b’g’w) — lim a@%kj =a(.

Proof. As (¢,0,%) —limsag = ¢,V e >0and A > 03 7y € N like that
¢(%kj —GA) > 11—k Q(%kj —(,A) <eand ¢(%kj —(,A\) <eVKk,j>rg. Since

_ [ (kj)eNxN: ¢ —CA) <1l—¢cor . i . B
A—{ o(a — C/\)>€and1/)(%1q CA)> e , is contained in {1,2,...,79—1}.

(k,J)ENXN (b(&%kj ¢, A) <1—g¢ . .
Then, { (S%kj ¢2) > and T/J(g%k] CA) > e } € I because the ideal 7 is
admissible.
This demonstrates that IQM”Q"Z’) — lim @'%kj =C.
(a) Choose v > 0 so that (1 —v)* (1 —v) > 1 —¢€v0r < € and vOV < € are all
possible values for € > 0. Define

kgt (v, ) = {(kJ)eNwa(%zkj—cl,;) §1—u},
kJ ENXN 0 @xkj_C17A>ZV}7

A A
ky1(v,A) =< (k,j) e NxN:y S%kj_<17>>V}a

koo(v,A) =4 (k,)) ENXNQ

kyo(v, ) = NxN:z/J @yéj—Cz,

v
{ (

kg o(v,\) = {kJENxN ¢<Aye;‘C2a)\
{ (8w
(e <o

and

Kp 001, A) = (kg1 (1, A) Ukg2(1,A)) U (Kg1 (v, A) Ukp2(v, A))
U (kg1 (7, A) Uky 2(v, N))

Since I§¢’Q’w) —lims; = ¢ and Ig(‘j)’g’w) —lim yg; = (o, so for A > 0, all the sets
kg 1(, ), ko 1(, A), ky 1 (1, A), kg 2(v, A), ko 2(v, A) and ky, 2(v, X) belongs to Zs.
Therefore, kg , ,(v,A) a set that is non-empty in (FZz ). Next, we'll demonstrate



PICTURE FUZZY NORMED SPACES

(k,3) € Nx R 6 (§oag + 1) = (G +G)A) > 16
that kg , ,(v,\) C 0 (3(%@- + 1) — (G + C2), A) < € and

0 (3(%@' + o) = (G + Cz)»/\) <e
Let (m,n) € k§ , (v, A). Then we have

¢<§%mn_cl’;\>>1_Vﬁ¢(§ymn_g27;\>>1_V7
. A . A
Y (S%mn _<172> <v,0 (%ymn _C272> <v,

N A A A
w(gﬂmn_<172> <V7d}(%ymn_c272) <.
Now, we have,

¢ (@(%mn + ymn) - (Cl + CZ)a )‘) Z ¢ (@’%mn - Cla ;) * ¢ (@ymn - C27 ;)
>S(I—-v)x(1l—v)>1—c¢,

0 (@(%mn + ymn) - (Cl + C2)a )\) S 0 <§%mn - Clv /2\> <>Q (@’ymn - C27 /2\>

<vQrv <e and

w (@(%nm + ymn) - (Cl + CQ), /\> <9 <§%m7z - <17 2) Oy <§y77m - CQ; /2\)

< vOv < e.

This show that ki , (v, A) € §(Z2).

Hence I§¢’Q’w) — lim (S%kj + Sykj) = (G +¢2)-

(b) Case (i) Consider o = 0, then €, A > 0,

d(§0s505 — 0, A) = #(0,N) =1 > 1 —€,0(F0505 — 0, A) = 0(0,)) =0 < e and

B(§05ag — 00, \) = ¥(0, 1) = 0 < .

= (¢, 0,%) — lim 054 = 6, and so by part (i), we have

30" — lim §0sa4 = 6.

Case (ii) If o # 0, As Z"®") —limsq; = ¢ V € > 0 and A > 0,

(k,j) ENxN: ¢ (S%kj - C,)\) >1—¢€ 0(Fj— (A < eand € 3(T).
(S5 — ¢ A) <e€

Next, it is sufﬁc.ient to dempnstrate that Ve > 0, A >0, the result is valid,

Ac (k,j) e Nx N: ¢(afsag — q(,)\) >1—¢, o(afsg —a,\) < eand }

1/1(043%@' - OéC, )‘) <e€
Let (m,n) € A.

Then, we have ¢(Fraj — ¢, A) > 1 — €, 0(Fag — ¢, A) < € and ¢ (Fsag — (,\) < e.

A:
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Now,
(0 4mn — aC,\) = & (Mm ) 6(F 5o — CA) + (0, ﬁ _ A)
= ¢(§%mn — ¢, A x 1= ¢(Fotmn — A > 1—e
0(aFsmn — al, \) = o (§%mn ) 0(Fotmn — ¢, \)00 (0, ;\4 - )\)
= 0(§5mn — ¢, >\ = 0(§%mn — N < e
(AT mn — G, N) = (ﬁzmn ) O(Fomn — C, \)OY (0, kil . )\>
= §(Fmn — C, A = P(Fstmn — CA) <€

Following that, we obtain

{ (k,i)eNxN:¢(a§%kj—a<,A)>1—e, }
AC . . .
0 (a&%kj —a(, )\) < eand ¢ (a%%kj —a(, )\) <€

‘We show that Ié(b’g’w) — lim aé%kj =ac. O

Theorem 3.6. Let (X, ¢, 0,v,%*,0,0) be PFNS. Then T39

2,(¢,0, w)(x) s a closed lin-

ear subspace of I&f’g)w)(X).

Proof. Consider (%, ¢, 0,1, x,,0) is PFNS.

Clearly, Z3¢, , (%) is a subspace of Z7% (X).

Next, we prove the closedness of I3, (X). As I3, , ,(X) C I;O((bgw)(X)
always, so we prove that Z3<, (X) CZ5%, , 4 (%)

For this, let » € 7, (&,0,0)(X) -

Then B(s,1,A) NI5%, , 4 (X) # 0, for every open ball B(,1,)) center at .
Choose y € B(s,1,A) N L35, , ,y(X) and let A >0, € € (0,1).

Choose v € (0, 1) such that (1 —v)x(l-v)>1—€ev0r<e and vOV <e.

Asy € B(s,1,\) NZ3%6.0, w)(%) therefore, 3 a subset k € N x N such that k € §(Z)
and for every (k,j) € k there are

¢(§%1g SykJ72)>1—V@<§%kJ Sykj,2)<vandw(8%kj %ykj,2)<v
</5(Sykj,2)>1 VQ(gyk172)<V and ¢ (§ §)<1/

But then for every (k,j) € k we have
A
( &Uky ) * ¢ (gykja >
>S(QI—-v)x(1—v)>1—c¢,
- 5 - 4 A
0(Fr1j, A) = 0(§oa — Sy + Sy, A) < o < Syky ) Qo (33/197 )

<vQr <,
A
Sykp ) @¢ (%ykja )

D(Fag, N) = O(Frag — FUij + Syijs A) > ¢

P(Frag, N) = V(Fsag — Sy + Sy, A) < ¢

<OV <e.
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This suggests that

K { (k,i) e Nx N: ¢({§%ij>\) >1—¢ o(§,\) < eand
¢(§%kj7)\) <€

Since k € §(Zz). Thus, it follows

{ (k,j) € NxN: ¢(§%ij, A)>1—g¢, g(@%kj, A) < € and
¢(g%kj,)\) <€

Hence, we have 3 € 777, , ;) (%) O

} € §(Z2).

} € §(Z2).

Definition 3.7. Let (X,¢,0,1,%, 0,0) be PFNS and I, ¢ P(N x N) be a non-
trivial ideal. A D6 » = (sag) in X is called Fibonacci - Cauchy (FZo€a) w.r.t.
PFN (¢,0,%), if Ve >0and X > 0, 3 N = A and M = M, like that, ¥
kp=>A,jq= 4,

o (k,j) € Nx N: ¢(§oaj — Sspg,A) <1 —€ }
ke = A - : : Z
(S) { Q(s%kj - Szpqy/\) Z € and w(%ﬂkj - S%pm)‘) Z € €L

Theorem 3.8. Let (X,¢,0,1,%,0,0) be PENS. Then a D6 » = () in X is
called FLo€ w.r.t. PEN (¢, 0,v) iff it is FLo€a w.r.t. PFN (¢, 0,).

Proof. Let sc = (sa) in X, FZ2€ to ¢ w.r.to PFN(9, 0,v).

ie., Ié(b’g’w) —lim g = (.
Choose v > 0 so that (1 —v)*(1—v) > 1—¢,v0r < € and vOV < € are all possible
values for € > 0.

For ¢ > 0,

= KDENXNi(Fag— N <1-v }
k() { o(Frj — ¢, A) > vand Y(Frag — ¢, A) > v €l (3.1)

(k,j) € N x N:(b(@%kj —GA)>1—v
0(§ra — ¢ A) <vand P(Fsag — (A <v
Take (m,n) € ka,A)(%'). Then, ¥ X > 0, we have
QS({%%mn - Ca )‘) >1—-v or Q(;g:%mn - Ca )‘) <v and w(ﬁﬂmn - Ca /\) <v.
If we take

o (k,j) € Nx N: (a5 — §otmn, A) <1 —¢ }
B = . - N . A>0
®) { 0(8 i — §#mn, A) > € and Y(Frag — Fotmn, A) > T

therefore it is sufficient to show that k() contains B(F) in order to demonstrate
the conclusion.

Let (k,j) € B(S), then we have

6 (5580~ ramn ) <1—¢ 0 (oag— T 3) 2 ¢ and

P (@%kj — @%mn, %) >¢€, for A > 0. We have three possible cases.
Case (i) We first consider that qﬁ({%zm — @%mn, A)<l-—e

Then, we have ¢ (@%kj -, %) <1-vandalso, (k,j) € k(@)

0 #k(F) = { } € §(Z2).
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ie., if ¢ (S%kj -, %) > 1 — v, then we have

1— > ¢(§ra5 — §mns \)

> (Mj -, ;) ¢ (%zmn — ¢, ;)

>1-v)x(1—-v)>1—c¢
which cannot be done. Thus, B(§) C k(§).
Case (ii) If o(§sa; — §%mn, A) > €, then we have
0 ({?%kj -, %) > v and also we get (k,j) € k(5).
ie., if (@%kj -, %) < v, then we have
€ < 0(Frag — Sotmn, A) < 0 (@%kj - ¢, %) Oo (@%mn - ¢, %) <vlv <e,
which cannot occur. Hence, B(F) C k(§).
Case (iii) If w(ﬁxkj — @%mn, A) > €, then we have ¢ (@%kj -, %) > v and also
(k,j) € k(F). ie., if ¥ (@%kj - ¢, %) < v, then we get
€ S — §oamn V) < ¥ (F2 — €, 3) 00 (Fo0mn — €. 3) <vOV <,
which contradicts. Hence, B(F) C k(g).
Therefore, we get in all cases that B(§) C k(). By (3.1), B(F) € L.
This indicates that (s4) in X is a §Z,Ca.

Sufficiency, let »r = (24) in X be §Zo€a w.r.t the PFN(¢, ,v) but not §Zo¢ w.r.t.
PFN(¢, 0,v). Then (p, q) exists such a way that

2 (k,j) € Nx N: ¢(Foag — Foepg, \) < 1—e }
A(GJ\) (g) B { (S%kj %%pqv /\) > ¢ and w(S%kJ %qua )‘) > € €

and

. (k,j)GNXN:(;S Frai—C,2) >1—¢
Ben@® =1 \ (8 - .3) . ez
o (85 —C.3) <ecandy (§ra9-C.3) <e

equivalently, B(E,,\)(%’) € §(Zy). Since

(b(fs:%kj - @quv Z 2¢ ( ) >1— €,
0(§ra — §pgs A) < 20 ) < e and
w(@’%kj - @”pq, § < 2) €.

If ¢ (@%kj -, %) > (lge),g (@%kj -, %) < § and 9 (@%kj -, %) < § respec-
tively, then we have Afe, N (@) € Iy, and so A(c,») (@) € §7,, which is a contradiction,
as » = (54).

Therefore, §Zo€a w.r.t. PFN(o, o,v).

Hence s = (35) must be FZo€ w.r.t. PFN(¢, o,7). O
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Definition 3.9. Let (X,¢,0,1,%,0,0) be PFNS. A D6 3 = (54) in X is called

FZ5¢ to ¢ € X w.r.t. PFN(¢,0,v¢) if 3 a subset

M = {(kp,lm) : k1 <ks < -+-351 < jo<-} of NxN such that M € (FLz)

and (¢,0,9) — lim sn,;,. = (. The FI3- limit ¢ of the sequence (sa;) w.r.t.
m—0o0

PFN(¢, 0,%) and we write I;’W’g’w — lim 545 = (.

Theorem 3.10. Let (X, ¢, 0,9, %,0,0) be PFNS and I, C P(N X N) be a non-
trivial ideal. If T ") —lim sa4 = ¢ then TL%") — lim sq4 = (.

Proof. Assume that I;’w’g’w — lim g5 = C.
Then M = {(kpn, jm) : k1 <ks < -+ ;41 < jo <---} € (FZ2) such that
(d)a 0, 1/)) - 'rr}gnoo hmim — C
However, 3 a positive integer I for each €, A > 0 such that
O(kpjm —CA) > 1 —€,0050,,5,, —CA) <e and P(a,,;, —(A) <eVm>N
Since
{I’L eN: ¢(%k
Hence,

kel oy = GA)> 1= (Ko jim) Kt < Kz < -+ < ko1

Q(S%Akj—<7>\)<€and QU{ i<y < < Nt }EIQ.

Y(Frag —CA) <e

For all ¢ > 0 and A > 0. Therefore, we determine that I§¢’9’w) —lims;=¢ O

—(,A) > 1—e, 0(5%,, 5, —C, A) < eand Y(sn,, ., —C,A) < €} € Ts.

mJIm

4. CONCLUSION

The notion of Fibonacci Zs-convergence on PFNS is examined in this article
along with its characteristics. We also defined the Fibonacci Zo- Cauchy sequences
and the Fibonacci Z- completeness with respect to PFNS. The study of Picture
Fuzzy Normed Spaces with Fibonacci Ideal and the convergence of double sequences
presents a rich field of investigation with significant implications in both theoret-
ical mathematics and applied sciences. Through the exploration of the properties
of picture fuzzy normed spaces and the introduction of Fibonacci ideal, we have
unveiled new dimensions of mathematical structures, offering insights into their
behavior and convergence patterns.
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