
Journal of Inequalities and Special Functions

ISSN: 2217-4303, URL: www.ilirias.com/jiasf

Volume 15 Issue 4(2024), Pages 15-25

https://doi.org/10.54379/jiasf-2024-4-2

STABILITY OF LIE BRACKET OF TRIPLE JORDAN

DERIVATIONS ON TRIPLE BANACH ALGEBRA

JAVAD IZADI

Abstract. This paper presents the mixed additive-Jensen equations and shows
that a solution of it is a complex linear mapping. We also define the Lie bracket

of triple Jordan derivations related to this equation in triple Banach algebra

and investigate their properties. Lastly, we show the Hyers-Ulam (HU) sta-
bility of the mixed additive-Jensen equations and the Lie bracket of triple

Jordan derivations on triple Banach algebra through the fixed point method,

with control functions introduced by Găvruţa and Rassias.

1. Introduction

Cayley introduced the pioneering use of ternary operations with cubic matrices
in the 19th century. Following this innovation, n-ary algebraic structures have been
developed and applied across a broad spectrum of disciplines. The application of n-
ary algebras, particularly those incorporating ternary operations, has demonstrated
significant utility across a wide array of disciplines. These include but are not lim-
ited to data processing, the realm of quantum mechanics, the intricate domain of
mathematical physics, and notably in Nambu mechanics as evidenced by the ref-
erences [23, 36, 38]. In 2008, the exploration of gauge symmetry and the proposal
of a supersymmetric theory concerning multiple M2-branes were undertaken by J.
Bagger and N. Lambert [3]. This theory introduced a novel algebraic framework
utilizing ternary operations, now recognized as Bagger-Lambert algebras, which
have since played a pivotal role in advancing our understanding of complex physi-
cal phenomena.
The significance of ternary Banach algebras and their wide-ranging applications
in physics and quantum mechanics have been well-documented. In 2006, Amyari
and Moslehian [2] introduced groundbreaking concepts related to ternary algebras.
A ternary algebra B, equipped with a ternary operation (s1, s2, s3) 7→ [s1, s2, s3]
mapping from B3 to B, constitutes a complex space where the operation is linear
in the first and third arguments with respect to C, and conjugate linear in the sec-
ond argument with respect to C. It is associative in that for all s1, s2, s3, s4, s5 in
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B, the equality
[
[s1, s2, s3], s4, s5

]
=
[
s1, [s2, s3, s4], s5

]
=
[
s1, s2, [s3, s4, s5]

]
holds.

Additionally, it adheres to the norm conditions ‖[s1, s2, s3]‖ ≤ ‖s1‖ · ‖s2‖ · ‖s3‖ and
‖[s, s, s]‖ = ‖s‖3. When such a ternary algebra B also forms a Banach space, it is
referred to as a ternary Banach algebra.

In 1940, Ulam [42] proposed the idea of stability for functional equations (FEs).
Namely, he asked if functions that are close to being solutions are also close to
the actual solutions. This question led to the development of a new area of study
focused on the stability of FEs. In 1941, Hyers [17] solved the stability problem for
the additive Cauchy equation in Banach spaces, thereby deepening our understand-
ing of stability in this context. A breakthrough occurred in 1978 when Rassias [41]
built on Hyers’s work by generalizing the concept of HU stability. He proposed a
new stability framework incorporating a control function ε(‖s1‖p + ‖s2‖p), where
ε > 0 and 0 ≤ p < 1, highlighting the complex nature of stability across different
mathematical areas. In 1994, Găvruţa [15] expanded on Rassiass framework by
introducing a different control function, ϕ(s1, s2), and successfully proving its sta-
bility. By 2004, Cǎdariu and Radu [11] utilized a fixed-point method to confirm the
stability of the well-known Cauchy additive FE, further advancing theories of stabil-
ity in FEs. For further insight into various FEs, readers are encouraged to explore
additional works [4, 18, 21, 26, 40]. Many studies have also investigated Hyers-
Ulam-Rassias stability, connecting it to Dolinar’s important findings on isometries,
fixed points theory, linear operators, and optimization principles, which deepen our
understanding of the intricate relationships among different mathematical concepts
[7, 14, 16, 22, 29].
In 1993, Obloza [37] initiated investigations of the stability of linear differential
equations, which paved the way for understanding the stability of fractional dif-
ferential equations (FDEs) and attracted significant research interest. Since then,
traditional theories of FDEs have evolved to incorporate concepts from HU stability,
as noted in works such as [1, 31]. The field of fractional calculus has also advanced,
including study of stability of these equations [6, 30]. A notable application of HU
stability is found in a fractional optimal control model examining the relationship
between COVID-19 and diabetes, demonstrating how solutions can remain both
positive and bounded using techniques like the Laplace transform [39].

In 1893, Lie and Scheffers [32] compiled key concepts of Lie algebras from Lie’s
lectures in Leipzig. A Banach algebra is defined as a Lie algebra with the product

[s1, s2] := (s1s2−s2s1)
2 . In 2015, Brzdek and Fošner [8] proved the Hyers-Ulam sta-

bility for generalized Lie derivations associated with Cauchy mappings and their
properties on Lie algebras. For a triple Lie algebra, the product is defined as[
[s1, s2], s3

]
:= [s1,s2]s3−s3[s1,s2]

2 (see [19]). In 2022, Keshavarz and Jahedi [25] in-

vestigated the hyperstability of 3-Lie homomorphisms on triple Lie algebras. Sev-
eral studies have investigated Hyers-Ulam-Rassias stability in the context of Lie
algebras and for more information we refer to [10, 13, 27, 28]. Lie Theory has
applications beyond mathematics, including Physics, Engineering, Mathematical
Finance, and Economics, due to its problem-solving capabilities. A notable ap-
plication is LiePoisson dynamics, which are crucial for formulating fundamental
physical equations. For instance, Euler’s equations for rigid body dynamics utilize
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a Lie-Poisson bracket derived from the Lie algebra of infinitesimal rotations, illus-
trating how Lie algebra and Poisson brackets aid in analyzing rigid body motion
(refer to [12, 20]). Furthermore, Lo and Lui [34] demonstrated the application of
Lie algebra techniques in evaluating financial derivatives involving multiple assets.
For more details, see the relevant references [5, 33].

We will use Margolis’ and Diazs theorem for strictly contractive mappings in
a complete generalized metric space with a Lipschitz constant, which will help us
analyze HU stability.

Theorem 1.1. [35] Consider (B, d) as a complete generalized metric space, and
let G : B → B be a mapping that is strictly contractive with a Lipschitz constant
0 < υ < 1. For any element s ∈ B, one of the following holds:

d
(
Gis,Gi+1s

)
=∞

for every nonnegative integer i, or there exists a positive integer n0 such that:
(1) d(Gns,Gn+1s) <∞ for all n ≥ n0;
(2) the sequence {Gns} converges to a fixed point s∗ of G;
(3) s∗1 is the only fixed point of G within the subset A = {s1 ∈ B | d(Gn0s, s1) <

∞};
(4) d(s1, s

∗
1) ≤ 1

1−υd(s1, Gs1) for every s1 ∈ A.

The rest of this work is structured as follows: In Section 2, we present a new
mixed additive-Jensen equation and define Lie bracket of triple Jordan derivations
on triple Banach algebra using the concept of triple Jordan derivations. In Section
3, we find some solutions of the mixed additive-Jensen equations and show some HU
stability results of them and of the Lie bracket of triple Jordan derivations related
to this equation on triple Banach algebra, utilizing control functions defined by
Găvruţa and Rassias.

2. Preliminaries

In 2023, Keshavarz and Jahedi [24] recently advanced Lie bracket of the triple
derivations concept. In this paper, we aim to further develop their findings by
providing a detailed analysis of the mixed additive-Jensen equations. Additionally,
we will explore the properties of the Lie bracket of triple Jordan derivations on triple
Banach algebra, which will help deepen our understanding of these mathematical
concepts. Suppose B is a triple Banach algebra and let Der(B) denote the set of
C-linear bounded triple Jordan derivations on B. For θ1, θ2 ∈ Der(B),

θ1oθ2(sss) = θ1(θ2(s)ss+ sθ2(s)s+ ssθ2(s))

= θ1oθ2(s)ss+ θ2(s)θ1(s)s+ θ2(s)sθ1(s)

+ θ1(s)θ2(s)s+ sθ1oθ2(s)s+ sθ2(s)θ1(s)

+ θ1(s)sθ2(s) + sθ1(s)θ2(s) + ssθ1oθ2(s)

θ2oθ1(sss) = θ2(θ1(s)ss+ sθ1(s)s+ ssθ1(s))

= θ2oθ1(s)ss+ θ1(s)θ2(s)s+ θ1(s)sθ2(s)

+ θ2(s)θ1(s)s+ sθ2oθ1(s)s+ sθ1(s)θ2(s)

+ θ2(s)sθ1(s) + sθ2(s)θ1(s) + ssθ2oθ1(s)
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for all s ∈ B. Let [θ1, θ2] = θ1oθ2 − θ2oθ1. Then

[θ1, θ2](sss) = [θ1, θ2](s)ss+ s[θ1, θ2](s) + ss[θ1, θ2](s)

for all s ∈ B. Since the operation [θ1, θ2] : B → B is linear over the complex
numbers (C), it follows that [θ1, θ2] belongs to the set of derivations Der(B) for
any derivations θ1 and θ2 in Der(B). This means that Der(B) is a triple Banach
algebra with the Lie bracket defined as [θ1, θ2]. Additionally, the expressions θ1+θ2
and βθ1 are also linear triple Jordan derivations on B for any θ1, θ2 in Der(B) and
any complex number β. Since B is complete, it can be concluded that Der(B) is a
Banach space.

Definition 1. Let B be a triple Banach algebra, and consider two linear map-
pings, θ1 and θ2, that map B to itself over the complex numbers. Let [θ1, θ2](s) =
θ1(θ2(s))− θ2(θ1(s)) for any element s in B. A C−linear mapping [θ1, θ2] : B → B
is called a Lie bracket of Jordan derivations in B if both [θ1, θ2] and θ2 are triple
Jordan derivations in B, i.e.,
1. [θ1, θ2](sss) = ([θ1, θ2](s)ss) + (s[θ1, θ2](s)s) + (ss[θ1, θ2](s)).
2. θ2(sss) = (θ2(s)ss) + (sθ2(s)s) + (ssθ2(s)).

In the following, we will study the cases where the following condition of the
Jordan Lie bracket of triple Jordan derivations does not hold:

[θ, θ](sss) = ([θ, θ](s)ss) + (s[θ, θ](s)) + (ss[θ, θ](s))

=
(
θ(θ(s))− θ(θ(s)

)
ss+ s

(
θ(θ(s))− θ(θ(s)

)
s+ ss

(
θ(θ(s))− θ(θ(s)

)
= 0.

for all s ∈ B.
We introduce the following mixed additive-Jensen functional equation, for mapping
J : B → B :

J(s1 + s2 + s3) + J(s1)− J(s1 + s2)− J(s1 + s3)

= ρ

(
J

(
s1 + s2

2
+ s3

)
+ J

(
s1 − s2

2
− s3

)
− J(s1)

)
(2.1)

where ρ is a nonzero complex number with ρ 6= ±1.

3. HU Stability Results

In this section, we will treat B as a Lie algebra. We define α as a complex
number on the unit circle T1, meaning it satisfies |α| = 1. We also introduce a
fixed complex number ρ, which is significant for our discussion; this number is
nonzero and ρ 6= ±1.

Before exploring the HU stability of the Lie bracket of derivations, we need to
establish several preliminary lemmas. These lemmas are crucial for our analysis,
as they will help us show that solutions of FE (2.1) are both additive and homoge-
neous with respect to complex numbers. This foundational work is necessary for a
comprehensive understanding of the stability we intend to investigate.

Lemma 3.1. If mapping J : B → B satisfies (2.1), then J is an additive mapping.
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Proof. Assume that J : B → B satisfies in (2.1). Let s1 = s3 = 0 in (2.1), we have

− J(s2) = J(−s2) (3.1)

Let s1 = 0, s2 = s3 and using (3.1) in (2.1), it follows that

J(2s2) = 2J(s2) (3.2)

From follow (3.1), (3.2) and setting s1 = 0 in (2.1), we get

J(s2 + s3) = J(s2) + J(s3).

So J is an additive mapping. �

Lemma 3.2. If a mapping J : B → B satisfies

αJ(s1 + s2 + s3) + αJ(s1)− J(αs1 + αs2)− J(αs1 + αs3)

= ρ

(
αJ

(
s1 + s2

2
+ s3

)
+ αJ

(
s1 − s2

2
− s3

)
− J(αs1)

)
(3.3)

for all s1, s2, s3 ∈ B and α ∈ T1, then J is C−linear mapping.

Proof. By lemma 3.1, J is an additive mapping. Taking s1 = s2 = 0 in (3.3), we
have

J(αs3) = αJ(s3) (3.4)

for all s3 ∈ B. By applying [[9], Lemma 1], (or [[8], Corollary 2.2]), we obtain that
the mapping J is linear with respect to complex numbers. �

Remark. Actually, it follows from [[9], Lemma 1], (or [[8], Corollary 2.2]) that it
is enough to assume in Lemma 3.3, that α belongs to some ”big” subsets of T.

Let σ represent a function that maps B3 to [0,∞) for all elements s1, s2, s3 ∈ B
such that

σ
(s1

2
,
s2
2
,
s3
2

)
≤ υ

2
σ(s1, s2, s3) (3.5)

for some 0 < υ < 1. By setting s1 = s2 = s3 = 0, we find σ(0, 0, 0) = 0.
From this inequality, we derive that

lim
n→∞

2nσ
( s1

2n
,
s2
2n
,
s3
2n

)
= 0 (3.6)

for all s1, s2, s3 ∈ B. indicating convergence to zero as n increases.
In the next theorem, we apply the fixed point method to analyze the HU stability
of the mixed additive-Jensen equations, using a control function of Găvruţa type
on triple Banach algebra.

Theorem 3.3. Let J : B → B be a odd mapping for which there exists a function
σ : B3 → [0,∞) that satisfies the inequality (3.5) and also fulfills the condition∥∥∥∥∥αJ(s1 + s2 + s3) + αJ(s1)− J(αs1 + αs2)− J(αs1 + αs3)

− ρ
(
αJ

(
s1 + s2

2
+ s3

)
+ αJ

(
s1 − s2

2
− s3

)
− J(αs1)

)∥∥∥∥∥
≤ σ(s1, s2, s3), (3.7)
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for each s1, s2, s3 ∈ B and α ∈ T. Then there is a unique C-linear mapping F : B →
B such that

‖J(s)− F(s)‖ ≤ υ

2(1− υ)
σ(0, s, s)

Proof. Firstly, putting α = 1, s1 = 0 and s2 = s3 in (3.7), we have

‖J(2s2)− 2J(s2)‖ ≤ σ(0, s2, s2).

Let Ψ be the set of all mappings f : B → B for which f(0) = 0. We define the
function d on Ψ in the following way:

d(J, f) = inf {γ ∈ (0,∞) : ‖J(s)− f(s)‖ ≤ γσ(0, s, s) for all s ∈ B} .

(Ψ, d) clearly represents a generalized metric space. Next, we will analyze the linear
mapping Λ : Ψ→ Ψ, defined as follows:

ΛJ(s) = 2J
(s

2

)
.

Let J and f be elements belonging to the set Ψ, and suppose that they are given
such that d(J, f) = ε, then

‖J(s)− f(s)‖ ≤ εσ(0, s, s)

for all s ∈ B. Since

‖ΛJ(s)− Λf(s)‖ =
∥∥∥2J

(s
2

)
− 2J

(s
2

)∥∥∥ ≤ 2εσ
(

0,
s

2
,
s

2

)
≤ 2ε

υ

2
σ(0, s, s) = δεσ(0, s, s)

for all s ∈ B and d(ΛJ,Λf) ≤ υε. This means that

d(ΛJ,Λf) ≤ υd(J, f)

for all J, f ∈ Ψ.
From (3.5), it follows that∥∥∥J(s)− 2J

(s
2

)∥∥∥ ≤ σ (0,
s

2
,
s

2

)
≤ υ

2
σ(0, s, s)

for all s ∈ B. So d(J,ΛJ) ≤ α
2 .

Theorem 1.1, states that there exists a mapping F : B → B that meets the following
conditions: 1) F is a fixed point of Ψ , i.e.,

F(s) = 2F
(s

2

)
, ∀ s ∈ B. (3.8)

The mapping F is the only fixed point of Λ within the set Φ, which is defined as

Φ = {J, f ∈ Ψ | d(f, h) ≤ ∞}.

This shows that F is the only mapping satisfying the criteria in (3.8), which requires
the existence of a γ ∈ (0,∞) such that the following holds for all s ∈ B:

‖J(s)− F(s)‖ ≤ γσ(0, s, s).

2) d
(
ΛnJ,F

)
→ 0 as n→∞. This implies the equality

lim
n→∞

2nJ
( s

2n

)
= F(s).

3) d(J,F)) ≤ 1
(1−υ)d(J,ΛJ), which implies

‖J(s)− F(s)‖ ≤ υ

1− υ
σ(0, s, s).
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We conclude the following from (3.6) and (3.7):∥∥∥∥∥αF(s1 + s2 + s3) + αF(s1)− F(αs1 + αs2)− F(αs1 + αs3)

− ρ
(
αF
(s1 + s2

2
+ s3

)
+ αF

(s1 − s2
2

− s3
)
− F(αs1)

)∥∥∥∥∥
= lim
n→∞

2n

(∥∥∥∥∥αJ(s1 + s2 + s3
2n

)
+ αJ

( s1
2n

)
− J

(αs1 + αs2
2n

)
− J

(αs1 + αs3
2n

)
− ρ

(
αJ
(s1 + s2

2n+1
+
s3
2n

)
+ αJ

(s1 − s2
2n+1

− s3
2n

)
− J

(
α
s1
2n

))∥∥∥∥∥
)

≤ lim
n→∞

2nσ
( s1

2n
,
s2
2n
,
s3
2n

)
= 0

for all s1, s2, s3 ∈ B and α ∈ T. So

αF(s1 + s2 + s3) + αF(s1)− F(αs1 + αs2)− F(αs1 + αs3)

= ρ

(
αF
(s1 + s2

2
+ s3

)
+ αF

(s1 − s2
2

− s3
)
− F(αs1)

)
for all s1, s2, s3 ∈ B. Based on Lemma 3.2, the function F, which maps elements
from B to B, is a linear mapping with respect to the complex numbers C. �

In the following corollary, we show how from Theorem 3.3, we can obtain a
stability result by replacing the control function of Găvruţa, σ(s1, s2, s3), with the
control function of Rassias, η(‖s1‖p + ‖s2‖p + ‖s3‖p), where p < 1 and η represents
non-negative real numbers.

Corollary 3.4. Let J : B → B be a mapping satisfying∥∥∥∥∥αJ(s1 + s2 + s3) + αJ(s1)− J(αs1 + αs2)− J(αs1 + αs3)

− ρ
(
αJ

(
s1 + s2

2
+ s3

)
+ αJ

(
s1 − s2

2
− s3

)
− J(αs1)

)∥∥∥∥∥
≤ η(‖s1‖p + ‖s2‖p + ‖s3‖p)

for all s1, s2, s3 ∈ B and α ∈ T. Then, there is a unique C-linear mapping F : B → B
that satisfies the following:

‖J(s)− F(s)‖ ≤ 2η

2− 2p
‖s‖p

for all s ∈ B.

Proof. The proof follows from Theorem 3.3, by selecting the value of η to be 21−p,
which brings us to the desired conclusion. �

We apply the fixed point method to show that the formula defining the Lie
bracket of triple Jordan derivations is HU stable with respect to the control function
of Găvruţa.
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Theorem 3.5. Let φ : B3 → [0,∞) be a function for which there exist 0 < υ < 1
such that for all elements s1, s2, s3 ∈ B

φ
(s1

2
,
s2
2
,
s3
2

)
≤ υ

23
φ(s1, s2, s3) (3.9)

and θ1, θ2 : B → B be mappings satisfying (3.7) and∥∥∥θ2(sss)− (θ2(s)ss)− (sθ2(s)s)− (ssθ2(s))
∥∥∥ ≤ φ(s, s, s), (3.10)∥∥∥[θ1, θ2](sss)− ([θ1, θ2](s)ss)− (s[θ1, θ2](s)s)− (ss[θ1, θ2](s))

∥∥∥ ≤ φ(s, s, s). (3.11)

Then there exists a unique C−linear F1 : B → B and a unique triple Jordan deriva-
tion F2 : B → B, such that [F1,F2] : B → B is a Lie bracket of triple Jordan
derivations and

‖θ1(s)− F1(s)‖ ≤ υ

2(1− υ)
σ(0, s, s)

and

‖θ2(s)− F2(s)‖ ≤ υ

2(1− υ)
σ(0, s, s)

for all s ∈ B.

Proof. Firstly, If we take s1 = s2 = s3 = 0, then φ(0, 0, 0) = 0.
It follows from (3.9) that

lim
n→∞

23nφ
( s

2n
,
s

2n
,
s

2n

)
= 0. (3.12)

In the following, using the identical method as in the proof of Theorem 3.3, can
define the mappings F1,F2 : B → B are given by

F1(s) = lim
n→∞

2nδ1

( s
2n

)
and F2(s) := lim

n→∞
2nδ2

( s
2n

)
, ∀ s ∈ B. (3.13)

It follows from (3.10), (3.12) and (3.13), we have∥∥∥F2(sss)− (F2(s)ss)− (sF2(s)s)− (ssF2(s))
∥∥∥

= lim
n→∞

23n
(∥∥∥δ2 (sss

23n

)
−
(
δ2

( s
2n

) s

2n
s

2n

)
−
( s

2n
δ2

( s
2n

) s

2n

)
−
( s

2n
s

2n
δ2

( s
2n

))∥∥∥)
≤ lim
n→∞

23nφ
( s

2n
,
s

2n
,
s

2n

)
= 0,

for all s ∈ B. It follows from (3.11), (3.12) and (3.13), we have

‖[F1,F2](sss)− ([F1,F2](s)ss)− (s[F1,F2](s)s)− (ss[F1,F2](s))‖

= lim
n→∞

23n
(∥∥∥[δ1, δ2]

(sss
23n

)
−
(

[δ1, δ2]
( s

2n

) s

2n
s

2n

)
−
( s

2n
[δ1, δ2]

( s
2n

) s

2n

)
−
( s

2n
s

2n
[δ1, δ2]

( s
2n

))∥∥∥)
≤ lim
n→∞

23nφ
( s

2n
,
s

2n
,
s

2n

)
= 0
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for all s ∈ B. So

F2(sss) = (F2(s)ss) + (sF2(s)s) + (ssF2(s))

and

[F1,F2](sss) = ([F1,F2](s)ss) + (s[F1,F2](s)s) + (ss[F1,F2](s))

for all t ∈ B. Thus, the mappings F2 and [F1,F2] from B → B represent a derivation
and the Lie bracket of derivations, respectively. �

In the next corollary, we use Rassias’ control functions σ(s1, s2, s3) and φ(s, s, s)
of the forms: η(‖s1‖p + ‖s2‖p + ‖s3‖p) and η(‖s‖p + ‖s‖p + ‖s‖p), where p < 1 and
η are non-negative real numbers. We also define υ = 21−p. This corollary follows
from Theorems 3.3 and 3.5.

Corollary 3.6. Suppose that δ1, δ2 : B → B are mappings satisfying (3.7), (3.10)
and (3.11). Then there exists a unique C−linear F1 : B → B and a unique triple
Jordan derivation F2 : B → B, such that [F1,F2] : B → B is a Lie bracket of triple
Jordan derivations

‖δ1(s)− F1(s)‖ ≤ 2η

2− 2p
‖s‖p,

‖δ2(s)− F2(s)‖ ≤ 2η

2− 2p
‖s‖p

for all s ∈ B.

4. Conclusions

Because of importance of triple Banach algebra in fields like mathematical physics,
quantum mechanics, and physical chemistry, we define and solve the mixed additive-
Jensen equations, proving that its solutions are C-linear mappings. Additionally,
we introduced a new concept concerning the Lie bracket of triple Jordan derivations
on triple Banach algebra. Finally, we applied the fixed point method to demon-
strate that both the mixed additive-Jensen equations and the formula defining Lie
bracket of triple Jordan derivations are HU stable with respect to two control func-
tions of Găvruţa and Rassias type on triple Banach algebra.
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