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EXPLORING TYPE 2 FROBENIUS-TYPE POLY-EULER
POLYNOMIALS

ROBERTO B. CORCINO, CRISTINA B. CORCINO, WASEEM A. KHAN

ABSTRACT. In this paper, we introduce a class of polynomials called type 2
poly-Frobenius-Euler polynomials, defined using the polyexponential function.
We derive explicit expressions and identities for these polynomials and explore
their connections with Stirling numbers of the first and second kinds. Addition-
ally, we introduce type 2 unipoly-poly-Frobenius-Euler polynomials using the
unipoly function and examine various properties, including derivatives and in-
tegrals. Furthermore, we establish a link between the unipoly-Frobenius-Euler
polynomials and the classical Frobenius-Euler polynomials.

1. INTRODUCTION

Special polynomials and their generating functions play significant roles in math-
ematical physics, probability, statistics, engineering, and many other fields of math-
ematics. Polynomials are highly helpful to examine real-world problems in the
aforementioned fields since they may be used to apply well-known procedures like
derivatives and integrals. In recent years, numerous writers have, for example, gen-
erated functions for special polynomials with their congruence qualities, recurrence
relations, computational equations, and symmetric sum involving these polynomi-
als.

Throughout this presentation, we use the following standard notations N =
{1,2,---}, Ng = {0,1,2,---} = NU{0}, Z2= = {-1,-2,---}. Also as usual Z
denotes the set of integers, R denotes the set of real numbers and C denotes the
set of complex numbers.
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The classical Bernoulli B,,(z), Euler E,(z) and Genocchi G,,(x) polynomial are
defined by means of the following generating function as follows

S m
= E By(x)—, [ t]<2m,
n:
n=0
00 n
= § En(x)7p| t |< T,
n:
n=0

and

ZG |t <, (1.1)

n=0
(see 1L 2, B]), respectively.

For w € C with u # 1, the classical Frobenius-FEuler polynomials H,(La) (z;u) of
order « are defined by means of the following generating function

(;‘“) 7ZH<Q ;1) (1.2)

n=0

(see [9, [I1]). In the special case when x = 0,
H{®(u) = H{Y (0;u)

are called n*" Frobenius-Euler numbers of order a. For o = 1 into ,
H{V(z,u) = Hy(z,u),

are called the Frobenius-Euler polynomials. Substituting v = —1 into (1.2)), H, (x;
E,(z), are called the Euler polynomials, (see [16, 17, [I8| 18| [19]).
For k € Z, the polylogarithm function is defined by
x™
Liy (2 Z —wzl<), (1.3)
n=1
(see [4, [5]). Note that
Liy (z i T log(1—a). (1.4)
=n

In 2017, Kurt [9] introduced the poly—Frobemus—Euler polynomials are given by

(l—u)le(l—e ZH (15)

t(et — u)

In the case when x = 0, Hy(,,k)(u) = Hf«bk)(O; u) are called the poly-Frobenius-Euler
numbers.

Kim-Kim [I4] introduced the polyexponential function, as an inverse to the poly-
logarithm function to be

Tl

Elk n_llk,

Mg

(k € 7). (1.6)

n:l

~1)
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For k =1, (1.6) gives
oo
™
Ei = — 1.7

For k € Z, Khan and Kamarujjama [8] Con81dered the type 2 poly-Bernoulli polyno-
mials of the second kind are defined by means of the following generating function

Eij, (log(1 + 1))

g (1 71) 1+t ZPb (1.8)

n=0

In the special case, x = 0, Pbe) = Pb%k)(O) are called the type 2 poly-Bernoulli

numbers of the second kind. Note that Pb%l)(x) = b, (x) are called the ordinary
Bernoulli polynomials of the second kind.

For n > 0, the Stirling numbers of the first kind are defined by
(2)n = Z Sy (n, 1)z, (1.9)
1=

(see [1]-[6]), where (z)o = 1, and (x), = z(x —1)---(z —n+1),(n > 1). From
(1.9), it is easily to see that

|(log (1+1)) Z Si(n, k: (k >0), (1.10)
n=~k

k!

(see [7,[8,[10]). In the inverse expression to ([1.9)), the Stirling numbers of the second
kind are defined by

2" =" Sy(n, 1)), (1.11)
=0
(see [7]-[19]). From (1.11)), it is easily to see that
1
(e —1)* ZSQ n, l (1.12)

(see [I7, 18, [19]).

In this paper, we construct the type 2 poly-Frobenius-Euler polynomials and
numbers, called poly-Frobenius-Euler polynomials and numbers by using the poly-
exponential function and derive several properties on the poly-Frobenius-Euler
polynomials and numbers. In the final section, we define type 2 unipoly-Frobenius-
Euler polynomials by means of unipoly function and derive explicit expressions
including derivative and integral properties.

2. TYPE 2 POLY-FROBENIUS-EULER POLYNOMIALS AND NUMBERS

In this section, we introduce the type 2 poly-Frobenius-Euler polynomials through
their definition using polyexponential functions. Additionally, we demonstrate that
when k£ = 1, these polynomials correspond to the traditional Frobenius-Euler poly-
nomials. We also provide explicit expressions and identities related to these poly-
nomials.
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For k € Z, the type 2 poly-Frobenius-Euler polynomials are characterized by
the following exponential generating function, which is defined in terms of the
polyexponential function. This function is valid within a suitable neighborhood
around ¢t = 0:

’ﬂ

Eij (log(1 + (1 — u)t i (2.1)

t(et —u)

Here, Eig(z) represents the polyexponential function, and the variable u plays
a key role in adjusting the structure of the polynomials. The expression on the
left-hand side generates the series expansion of the type 2 poly-Frobenius-Euler
polynomials H%k)(sc; u), with the coefficient of % representing the n-th polynomial
in the sequence.

At 2 = 0, the polynomials reduce to specific numbers known as the type 2 poly-
Frobenius-Euler numbers, denoted by ’H%k)( ), where ’H(k)( )= P (0;u). These
numbers encapsulate important combinatorial and number-theoretic properties, in-
fluenced by the parameters k and u.

For k = 1, by using (1.7) and (2.1]), we see that

Ei; (log(1+ (1 —u)t)) ot _ 1 — U ot
T v = ZH (x;u) (2.2)
where H,,(z;u) are called the Frobenius Euler polynomials (see [1]). By (2.1]) and

2:2), we get
HY (2;u) = Hy(z;u), (n > 0).

The following theorem expresses the H%k)(x;u) in terms of the Frobenius Euler
polynomials and Stirling numbers of the first kind.

Theorem 2.1. For k € Z and n > 0, we have

n+l 1 l
1\ S1(I+1 1)(1—
Hﬁf)(x;u)zzzncl;r ) R Hpp1i(@;u).

k—1
=0 m=0 (m + 1)
Proof. First, we note that

(log(1 + (1 — w)t))™

M

Eix, (log(1 + (1 —u)t))

— (m — 1)lmk
_ - (log(1+ (1 —w)t))™*!
B Z ml(m + 1)k

3
Il
o

1 1
(m+ 1)1 (m + 1)

(log(1 4 (1 — w)t))™*!

M

3
I
o

Z Si(tm+ 1= WL W't (2.3)

l!
l m+1

p”qg

m+1

3
Il
=)
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By (2.3), we see that (2.1]) is equal to

1
1 oo

—U Si(l4+1,m+1) (1 —u)t
et —u’ Z(m—kl’“ 12 I+1 I

o0 oo

. Si(l+1,m+1)(1—u)d
:tZH"(x’u)EZ erlk 12 I+1 I

> (& : 1 Sll+1,m+1 1—u) gt
_Z<Z(>Z m+ 1)k ( l+1)( )Hn l(mu)) n!

=1

o
i <”+1< 1 ZSll—l—lm—Fl)(l—u)lH (M)> tn
= k—1 n1-I\T; (n— 1)
ne—1 =0 (m+1) (n—1)!
0o n+1 l
n—!—l)ZSll—l—lm—Fl)(l—u)l )t"
=> (D.on Hyo(zu) | =, (2.4)
k—1 n+1—1\<L;
n=0 (l_O ( m=0 m + 1) n'
Therefore, by (2.3) and , we obtain the result. ([l

As an immediate consequence of Theorem [2.I} we obtain the following corollary
when k = 1.

Corollary 2.2. Forn > 0, we have

n+1

H,(x;u) = Z (l N 1) Z Si(1+1,m+ 1)1 —u) Hyyp ().

It is a well-established result from [I3] that

¢ ' rz—1 __ S n—r-41 t"
<10g(1—|—t)> (1+1) —T;OBT(L + )(I)H’ (re ), (2.5)

where B,(Lr) (z) are known as the higher-order Bernoulli polynomials. These polyno-
mials are defined through the following generating function.

t\" . PR
(at3) =Sy
n=0

The following theorem provides an expression for 7—[7(12)(u) in terms of the higher-
order Bernoulli polynomials.

Theorem 2.3. Forn >0, we have

LN (1 — i B®
o =3 (1)U )
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Proof. Using (1.6), we have

[e e}

d d log1+ (1 —wx))™

— log(1+ (1 — —

d Elk( Og( +( U’ d nz::l n _ 1 'nk;
B 1—u iloglJr (1 —wx))™
1+ (1 —uw)a)log(l + (1 —u)x) & (n —1)Ink-1

1—u -
T 0+ (1 —wz)logl + (1 —u)z)

Eir_1(log(l1 + (1 — u)x). (2.6)

From (2.6, k > 1, we have

S g (& L=t 1
;H” ( )n!  z(e® —u) /0 (1+(1—u)t)log(1+(1—u)t)dt

t 1 t t
% /0 1+ (1—wt)log+ (1—uyit) /0 1+ (1= w)t) log(1 + (1 — w)t)

k—2—times

dtdt...dt.

Hence, we require

— 1/(2) " (1-u /m (1 —u)t " o
;H" W = 2w /), Gra-wneeisa-un™ 27)
= - 1—w)"B)Y —dt
x(e* —u) J, T;( w)" By n!
(- i (1—w"By a»
et —u o n+1 n!
" (1—w)"By" x
- (Z Hn(%) (Z T m)
n=0 n=0
00 l ) n
n\ (1 —u)'B; ) x
S (S (M) B ) 2 (2.8)
o (n_()(l) [+1 n!
By (2.7) and (2.8)), we get the result. a

The next theorem contains the addition formula for ’H%k) (x;u).

Theorem 2.4. Forn > 0, we have

HE (@ + ysu) = <;LL> HE (5 u)y™.

m=0
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Proof. From ({2.1)), we have

> t" Eiy,(log(1 + (1 — u)t))
k . _ k108 +y)t
ZHSL)(SC—l-y,U)n'—( el o5+
n=0 ’
- i?—l(k)(x'u)ﬁ i Mﬁ
N N 1) m!
n=0 m=0
3 (S ()mear) 5 e
n=0 \m=0
By comparing the coefficients of t", we obtain the result. O

The following corollary is a direct consequence of Theorem [2.4] when z = 0,
providing an identity that represents 'H;k) (y;u) as a polynomial in y, with the
. . (k)
coefficients given by H,,~ (u).

Corollary 2.5. The type 2 poly-Frobenius-Euler polynomials satisfy the relation,

n

10 =3 (7 ) (2.10)

i=0
Moreover, when y = 1, Theorem reduces to the following corollary.

Corollary 2.6. The type 2 poly-Frobenius-Euler polynomials satisfy the relation,

HP (x4 1;u) = zn: (7;) H® (25 ). (2.11)

=0

For a polynomial to be classified as an Appell polynomial [I5] 20, 21], it must
meet certain defining criteria. A key property is that the polynomial’s derivative
with respect to its variable is equal to the polynomial shifted by one degree. In
other words, the sequence of derivatives must follow this recurrence pattern for it
to be recognized as an Appell polynomial. This feature is crucial in differentiating
Appell polynomials from other polynomial forms.

The next theorem provides the derivative formula for H%k)(z;u), identifying

*) (z;u) as a class of Appel polynomials.

Theorem 2.7. Forn > 0, we have

d

L) ) = iy B (o
dxH” (r;u) =nH, " (z;u).

n—1
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Proof. By using Theorem [2.5] we observe that

d d [ [n
(k) (e ) — (k) m
den (z;u) . (mg <m)’H,n_m(u)x >

=0
= <”>H£ﬁlm(u)mxm1 (2.12)
m
m=1
n—1 n
k m
=Y ()M w1
m=0
(-1 ,m (k)
_ - k m _
s () e =i . a3)
m=0
Therefore, we attain the result. Il

The addition formula in Theorem can be inherited from being an Appell
polynomial [18, 19, 20] through its characterization. Moreover, to be classified as

Appell polynomials, the polynomials ’H%k)(x; u) must exhibit the following essential
properties;

HP (3u) = (n) ciz™
1

i=0
(k) G| g
Hy (z5u) = (;i!D>x,
for some scalar ¢; # 0. It is then necessary to find the sequence {c,}. Using (2.10)),
= H%k) (u), which implies the following corollary.

Corollary 2.8. The type 2 poly-Frobenius-FEuler polynomials satisfy the formula,

= H (W)
HE (z3u) = (Z ni' DZ> ™.

=0

For example, when n = 3,

00 4,(k)
’H(k)( ziu) = (Z Hal;(“) Di) 23

= H((]k)(u)ffg + 37‘[5“ (u)z? + 37—[%’“)( )z + 'H(k)( ).

Theorem 2.9. Forn > 0, we have

n

n n+1
n (k) ) (k) 1 1 (1—w)
E <m>?—[n_m(x,u) uHy (x5 u) EO m—|—1 Si(n+1,m+ )7n—|—1 .

m=0
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Proof. From ({2.1)), we have
i (1 1- - tn
xt Ei ( Og(l + ( u)t)) _ (et — ) ZIH;IC)((E, ’U’)i]
n

t
n=0
n=0 \m=0
-2 (Z (:1>H(k) () = uH P (3 U)> g (2.14)
n=0 \m=0 |

On the other hand,

et 1 log 1 + (1 —wt)™
—Bix (log(1 + (1 —u)t)) = ~ mz i

o & (log(1 + (1= )™+
ml(m+ 1)k

1 1

I
~[%
N

m=0

t

8

€

(log(1 + (1 — u)))™*!

oo
TmX::o (m+ 1)k~ (m+1)!
oo n J +1
(1 —u)/tt¢n
n—j 1 1) — .
g; () mzom—i-l Siln+1m+ 1) — T — 0
(2.15)
Therefore, by (2.14) and (2.15), we obtain the result. O

Theorem 2.10. For n > 0, we have

1) (a0 zz( ) (m, YR, ().

m=0 q=0

Proof. From (2.1)), we have

Z e t" (Elk(lo

g(
t(
Eig (log (1+(1—u)t)) D
( . )[e 14 1]
g(
t(

(Eik(lo

= Z (Z > ( ) )¢ S2(m Q)ch)m(u)> g (2.16)

m=0 g=0

By (2.1) and (2.16)), we obtain the result.

Theorem 2.11. For n > 0, we have

HE (2 + o u) ZZZ( )( ) = (1) So(m, ) H®, (u).

=0 m=0 q=0
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Proof. Replacing « by x + « in (2.1)), we have

i?—l(k)(x—i—a u>t"‘ <E1k(10g(1 + (1 —u)t))> plata)t

t _
— t(et —u)

(gL U0 g sy

t(et —u)

I |
8 < >
/Pi M2
MS L
=
M- =
Mg 3%
TS o/~
X HME%
3 ~ ——
= iM-
= 1M
B A~
) 3 3
2 ~—
B
= 3
R
: 2
3
s =
H/_/
|5
™ S~—
i
-

Therefore, by (2.1) and (2.17)), we get the result.

3. THE UNIPOLY-FROBENIUS-EULER POLYNOMIALS

Let p be an arithmetic function, which is a function that takes real or complex
values and is defined on the set of positive integers N. In their work, Kim and Kim
[12] introduced the concept of a unipoly function associated with the polynomial
p(z), which is defined as follows:

e}

ug(zlp) = Z ,(ke). (3.1)

Moreover,
ug(z[l) = Z E= = Lig(x), (see [B]), (3.2)

is the ordinary polylogarithm function.

Now, we define the unipoly-Frobenius-Euler polynomials attached to polynomials
p(x) by

ﬁei ” (log(1 + (1 — u)t Z HP( : (3.3)

When z = 0, H,(lk;)) (u) = HT(L’Z),(O; u) are called the unipoly-Frobenius-Euler numbers
attached to p.
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If we take p(n) = F(n) Then, we have
Y O S RN
> HY " () !*t(et_u)e Uy, (log(1+(1 u)t)|F)
n=0
= log 1+ 1—u) N™
wt
pCET P i
at

t(e* )Elk(log(l + (1 —u)t))e”

= HP (wu)—. (3.4)

n=0 !

Comparing the coefficients yield
Hflkl (z;u) = HE) (z; ). (3.5)
' T

Theorem 3.1. Forn >0 and k € Z, we have

(k) p(m+1)(m+ 1! Sia(l+1,m+1)(1 —u) .
H") (x;u) ZZ ( ) (1) 1 H,_(z;u).
=0 m=0

Proof From , we have

1
/c xt
- # i 2T (tog(1 + (1 — wyt))™
tlet —u) = mk
1 — p(m+1)
= ———" ) ——— (log(1+ (1 —u)t))"t!
=" 2 g et + (=)
1 i plm+ 1) (m 4+ 1) & 1 —w'
— T (1, 1)
t(et—u)6 mz::o (m+ 1)k l;lsl me I
L l-u = pmA D) (m+ 1) = Sil+L,m+ 1)(1—w)! ¢
Tt mz::O (m+ 1)k Z;L I+1 !
0o e’} l
tn pm+1)(m+ 1) S1((+1,m+1)(1—u)t) ¢
nz::o (@3 ) !; mzz:o (m + 1)F [+1 I
_i ii n p(m—|—1)(m+1)!Sl(l+1,m—|—1)(1—u)lH (2:0) "
= =0 m=o \! (m+ 1) I+1 e nl’
(3.6)
Therefore, by comparing the coefficients on both sides of (3.6)), we obtain the result.
O
Moreover,
n l 1
®) o\ n 1 S1(l+1,m+1)(1 —u) )
Hn)%(m,u)—zz (l)(m—l—l)k—l 1 H,_(z;u).
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Theorem 3.2. Forn >0 and k € Z, we have

n
n n—m
8w = 3 () 0"

m=0
Proof. From ({3.3)), we have
Z H( t— = #uk (log(1 + (1 — u)t)|p) e™*
n!  t(et —u)
= #u (log(1 4+ (1 —u)t)|p) iw"ﬁ
~t(et —u) kOB P — nl
(k) tm > tn
— n
Z Zx o
" n=0
o t
= Z Z ( ) ®) (w)z"m — (3.7)
m=0 ’
By comparing the coefficients on both sides of (3.7]), we get the result. (I

Theorem 3.3. Forn >0 and k € Z, we have
d
%H(k)(x u) = anl )lp(x;u).

Proof. We observe that

di ZH(k) (e = (log(1+ (1 —w)lp) d
X n.

t(et —u) dx
JI (log(1 + (1 = wt)|p) .
Z dx H(k) 7' N t(et —u) ¢

— t
= ZHr(Lkg(x u)——

k t”
= Z nH®, ). (3.8)
Therefore, by comparing the coefficients on both sides of (3.8] , we obtain the result.
O
Theorem 3.4. Forn >0 and k € Z, we have
H*) (k) )
/ H(k) (z; u)da = H, p(ﬁ’ u) — H, p(a’ u)
n+1 '
Proof. By Theorem 3.3, we consider that
1 [Pd
k) (k) .
/ H( (x;u) =3 : %Hn+17p(x,u)dx
k
_ (B — B (o) .10)
n+1 ' '

Therefore, we give the result. (I



EXPLORING TYPE 2 FP-EULER POLYNOMIALS 13

4. CONCLUSION

In this paper, a pioneering class of polynomials called type 2 poly-Frobenius-
Euler polynomials is introduced, ingeniously defined using the polyexponential func-
tion. Explicit expressions and identities for these polynomials are derived, and their
intricate relationships with the Stirling numbers of the first and second orders are
thoroughly explored. Additionally, a novel extension known as type 2 unipoly-poly-
Frobenius-Euler polynomials is introduced, utilizing the unipoly function, and a
comprehensive investigation into their diverse properties, including derivatives and
integrals, is conducted. Furthermore, a profound connection between the unipoly-
Frobenius-Euler polynomials and the classical Frobenius-Euler polynomials is illu-
minated, thus advancing the understanding of polynomial theory and its practical
applications.
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