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A HYBRID STEEPEST DESCENT METHOD FOR BILEVEL

VARIATIONAL INEQUALITY PROBLEMS WITH THE FIXED

POINT SET

TIRTH RAM, MOHD IQBAL, ZEENAT BHAGAT

Abstract. In this paper, we present a new hybrid steepest decent algorithm

to solve the bilevel variational inequality problems, where the feasible set is

the intersection of a variational inequality problem and the fixed point set
of a nonexpansive mapping in a real Hilbert space. An iterative algorithm

is introduced by using the hybrid steepest descent method and fixed-point
formulation techniques. The strong convergence of the iterative sequences

generated by the algorithm is shown under some suitable assumptions. In

addition, the efficiency of our suggested algorithm is established by a numerical
example.

1. Introduction

Let H be a real Hilbert space with inner product 〈., .〉 and norm ‖.‖, and C be a
nonempty closed convex subset ofH. Consider three mappings F,G, T : H → H. In
this paper, we consider the following bilevel variational inequality problems (BV I):

Find x∗ ∈ Ω such that 〈F (x∗), x− x∗〉 ≥ 0, ∀x ∈ Ω,

where Ω = Fix(T ) ∩ Sol(V I) with Fix(T ) = {x ∈ H : x = T (x)} being the fixed
point set of T and Sol(V I) being the solution set of the following variational in-
equality problem (V I):

Find y∗ ∈ C such that 〈G(y∗), y − y∗〉 ≥ 0, ∀y ∈ C.

We denote the solution set of problem (BV I) by Sol(BV I).
The bilevel variational inequality problems (BV I) is a special case of a number

of problems such as quasi-variational inequality problems [19, 23], equilibrium prob-
lems over fixed point sets [3], split variational inclusions [16, 29] and bilevel equilib-
rium problems [2, 6, 12, 30]. On the other hand, (BV I) covers important problems
such as mathematical programmes with equilibrium constraints [24, 25, 28], bilevel
variational inequality problems [14, 37], variational inequality problems onto fixed
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point sets [31, 39], minimum-norm problems of the solution set of variational in-
equality problems [40] and also other bilevel models [11, 21, 32].

In case T = I, where I is the identity mapping, the problem (BV I) coincides
with the bilevel variational inequality problems studied by Anh et al. [9]. If F = 0
and T = I, the problem (BV I) coincides with the classical variational inequality
problem (V I). The problem (V I) in a real Hilbert space H is first introduced by
Kinderlehrer and Stampacchia in the excellent book [22]. It is well known that
projection methods are among the most famous methods for solving the problem
(V I). Projection methods are simple in form and useful in practice with special
structures (for example, C is the non-negative orthant or, more generally, a box
or the intersection of two half spaces), provided that the projections are easy to
calculate. By using projection techniques, it is worth mentioning very interesting
results such as the one-step projected gradient algorithm suggested by Mainge et
al. [26], the hybrid extragradient-like approximation algorithm introduced by Ceng
et al. [17, 18], the projection algorithm of Tseng [35, 36], the gradient projection
algorithm of Malitsky et al. [27], the projection algorithm of Cegielski et al. [15], the
DC projection algorithm of Anh et al. [1], the inertial projection and contraction
algorithm of Dong et al. [20] and many other projection algorithms.

In the case G = 0 and T is nonexpansive, the problem (BV I) is a problem of
finding a solution to a variational inequality problem over the fixed point set of a
nonexpansive mapping. For solving this problem, Yamada [39] proposed a hybrid
steepest descent method, where the iteration scheme is

x0 ∈ H, xk+1 = T (xk)− αk+1µF (T (xk)), ∀k ≥ 0.

Strong convergence of {xk} is shown under β-strongly monotonicity and L-Lipschitz

continuity of F , and the conditions µ ∈
(

0, 2βL2

)
, lim
k→∞

αk = 0,

∞∑
k=0

αk = ∞, and

lim
k→∞

αk − αk+1

α2
k+1

= 0.

Based on the extragradient algorithm, Anh et al. [7, 8] investigated the pseu-
domonotone bilevel variational inequality problems in finite-dimensional Euclidean
space. They used the extragradient algorithm and the Halpern method to ap-
proximate the solution of the problem and proved the convergence of the sequence
generated by the proposed algorithm to some solution. In recent years, the bilevel
variational inequality problems has received a lot of attention by many authors,
and some notable methods for solving it have been proposed, such as the projec-
tion method of Bianchi et al. [14], the inertial linesearch extragradient method of
Ceng [16], the split projection method of Xu et al. [37], and the accelerated extra-
gradient method of Tan et al. [34], and the work of Anh et al.[4, 5, 10] is geared
toward solving bilevel problems through iterative schemes, but they differ in their
specific methodology. The inexact simultaneous projection method might focus
more on error tolerance and inexactness in the projection at each step, the relaxed
projection method typically uses relaxation parameters to adjust the projection
operation iteratively, while our method relies on the steepest descent technique,
which systematically follows the gradient to find optimal solutions.

In this paper, we are interested in finding a solution of the problem (BV I), where
the operators F, G and T satisfy the following assumptions:
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(A1) G is η-inverse strongly monotone on H, and F is β-strongly monotone on
H.

(A2) F is L-Lipschitz continuous on H.
(A3) The solution set Sol(BV I) is nonempty.
(A4) The mapping T is a nonexpansive mapping with Fix(T ) 6= φ.
(A5) The solution set Sol(V I) is nonempty, closed and convex.

Inspired and motivated by the aforementioned numerical methods, in this paper
we aim to suggest a new approach for solving the problem (BV I). We propose
an algorithm for solving (BV I) by using the hybrid steepest descent method and
fixed-point formulation techniques. We present a numerical example in the end to
justify our main result.

2. Preliminaries

We list some definitions and results which will be used in our analysis.

Definition 1. Let C be a nonempty closed convex subset in H. We denote the
projection on C by PC(.), and is defined as

PC(x) = argmin {‖y − x‖ : y ∈ C} , ∀x ∈ H.
Since C is nonempty, closed and convex, PC(x) exists and is unique.

The operator ϕ : C → H is said to be:

(i) γ-strongly monotone on C if for each x, y ∈ C,

〈ϕ(x)− ϕ(y), x− y〉 ≥ γ ‖x− y‖2 ,
(ii) η-inverse strongly monotone on C if for each x, y ∈ C,

〈ϕ(x)− ϕ(y), x− y〉 ≥ η ‖ϕ(x)− ϕ(y)‖2 ,
(iii) Lipschitz continuous with constant L > 0 (shortly, L-Lipschitz continuous)

on C if for each x, y ∈ C,
‖ϕ(x)− ϕ(y)‖ ≤ L ‖x− y‖ .

If L = 1, then ϕ is called nonexpansive mapping.

We know that the projection PC(.) has the following well-known properties.

Lemma 2.1.

(a) ‖PC(x)− PC(y)‖ ≤ ‖x− y‖ , ∀x, y ∈ H,
(b) 〈x− PC(x), y − PC(y)〉 ≤ 0, ∀y ∈ C, x ∈ H,
(c) ‖PC(x)− PC(y)‖2 ≤ ‖x− y‖2 − ‖PC(x)− x+ y − PC(y)‖2 , ∀x, y ∈ H.

To prove the main result of this paper, we need the following lemmas.

Lemma 2.2. [38] Let λ be a number in (0, 1] and let µ > 0. Let A : H → H be
an operator on H such that, for some constants L, β > 0, A is L-Lipschitzian and
β-strongly monotone. Associating with a nonexpansive mapping T : H → H, define
the mapping Tλ : H → H by

Tλx = Tx− λµA(Tx), ∀x ∈ H.
Then Tλ is a contraction provided µ < 2β

L2 , that is,∥∥Tλx− Tλy∥∥ ≤ (1− λτ) ‖x− y‖ , ∀x, y ∈ H,

where τ = 1−
√

1− µ(2β − µL2) ∈ (0, 1].
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Lemma 2.3. [33] Let H be a real Hilbert space, C be a nonempty closed and convex
subset of H and S : C → H be a nonexpansive mapping. Then I−S (I is the identity
operator on H) is demiclosed at y ∈ H, that is, for any sequence {xk} in C such
that xk → x̄ ∈ C and (I − S)(xk)→ y, we have (I − S)(x̄) = y.

Lemma 2.4. [8] Let {an} be a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + δn, ∀n ≥ 0,

where {γn} ⊂ (0, 1) and {δn} is a sequence in R such that

(a)

∞∑
n=0

γn =∞,

(b) lim sup
n→∞

δn
γn
≤ 0 or

∞∑
n=0

|δnγn| < +∞.

Then lim
n→∞

an = 0.

3. Iterative algorithm and its convergence

In this section, we propose a new hybrid steepest descent projection algorithm
and prove our main result.

Algorithm 1. (Hybrid steepest descent projection algorithm)

Step 1. Choose x0 ∈ C, k = 0, a positive sequence {αk}, λ, µ such that

0 < αk ≤ min
{

1, 1τ
}
, τ = 1−

√
1− µ(2β − µL2),

lim
k→∞

αk = 0, lim
k→∞

∣∣∣∣ 1

αk+1
− 1

αk

∣∣∣∣ = 0,

∞∑
k=0

αk =∞, 0 < λ ≤ 2η, 0 < µ <
2β

L2
.

(3.1)

Step 2. Compute{
yk = PC(xk − λG(xk)),
xk+1 = Tyk − µαkF (Tyk).

Update k = k + 1, and go to Step 1.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let the mappings F,G, T : H → H satisfy assumptions (A1)-(A4). Then the
sequences {xk} and {yk} generated by Algorithm 1 converges strongly to the same
point x∗ ∈ Sol(BV I).

Proof. For condition (3.1), we consider the mapping Sk : H → H defined by

Sk(x) = TPC(x− λG(x))− µαkF [TPC(x− λG(x))] , ∀x ∈ H.

Using Lemma 2.1(a), η-inverse strongly monotonicity of G and condition (3.1),
we have
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‖PC(x− λG(x))− PC(y − λG(y))‖2 ≤ ‖x− λG(x)− y + λG(y)‖2

= ‖x− y‖2 + λ2 ‖G(x)−G(y)‖2

− 2λ 〈x− y,G(x)−G(y)〉

≤ ‖x− y‖2 + λ(λ− 2η) ‖G(x)−G(y)‖2

≤ ‖x− y‖2 , for all x, y ∈ H. (3.2)

Using (3.2) and Lemma 2.2, we have

‖Sk(x)− Sk(y)‖ = ‖TPC(x− λG(x))− µαkF [TPC(x− λG(x))]− TPC(y − λG(y))

+µαkF [TPC(y − λG(y))]‖
≤ (1− αkτ) ‖PC(x− λG(x))− PC(y − λG(y))‖
≤ (1− αkτ) ‖x− y‖ , (3.3)

where τ = 1−
√

1− µ(2β − µL2). Thus, Sk is a contraction on H. By the Banach
contraction principle, there is a unique fixed point ξk such that Sk(ξk) = ξk. For
each x̂ ∈ Fix(T ) ∩ Sol(V I), set

Ĉ =

{
x ∈ H : ‖x− x̂‖ ≤ µ ‖F (T (x̂))‖

τ

}
. (3.4)

In view of (3.4) and Lemma 2.1(a), it follows that the mapping SkPĈ is a contraction

on H. Then there exists a unique point zk such that Sk
[
PĈ(zk)

]
= zk. Set z̄k =

PĈ(zk). Therefore from (3.3), we have

‖zk − x̂‖ = ‖Sk(z̄k)− x̂‖
≤ ‖Sk(z̄k)− Sk(x̂)‖+ ‖Sk(x̂)− x̂‖
= ‖Sk(z̄k)− Sk(x̂)‖+ ‖Sk(x̂)− TPC(x̂− λG(x̂))‖
≤ (1− αkτ) ‖z̄k − x̂‖+ µαk ‖F [TPC(x̂− λG(x̂))]‖

≤ (1− αkτ)
µ ‖F (T (x̂))‖

τ
+ µαk ‖F (T (x̂))‖

=
µ ‖F (T (x̂))‖

τ
.

Thus, zk ∈ Ĉ, Sk
[
PĈ(zk)

]
= Sk(zk) = zk and hence ξk = zk ∈ Ĉ. Therefore, there

exists a subsequence {ξki} of the sequence {ξk} such that ξki converges weakly to
ξ̄. Combining this and the assumption lim

k→∞
αk = 0, we have

‖TPC(ξki − λG(ξki))− ξki‖ = ‖TPC(ξki − λG(ξki))− Ski(ξki)‖
= µαki ‖F [TPC(ξki − λG(ξki))]‖
→ 0 as i→∞. (3.5)

It follows from assumption (A4) and (3.2) that the mapping TPC(· − λG(·)) is a
nonexpansive mapping on H. Using Lemma 2.3, (3.5) and ξki → ξ̄, it follows that
TPC(ξ̄ − λG(ξ̄)) = ξ̄, which implies that ξ̄ ∈ Fix(T ) ∩ Sol(V I).

Next, we will prove that lim
j→∞

ξkj = x∗ ∈ Sol(BV I).
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Set z̄k = TPC(ξk − λG(ξk)), v∗ = (µF − I)(x∗) and vk = (µF − I)(z̄k), where I
is the identity mapping. Since Skj (ξkj ) = ξkj and x∗ = PC(x∗ − λG(x∗)), we have

(1− αkj )
(
ξkj − z̄kj

)
+ αkj

(
ξkj + vkj

)
= 0

and

(1− αkj ) [I − PC(· − λG(·))] (x∗) + αkj (x∗ + v∗) = αkj (x∗ + v∗).

Then

−αkj
〈
x∗ + v∗, ξkj − x∗

〉
= (1− αkj )

〈
ξkj − x∗ − (z̄kj − x∗), ξkj − x∗

〉
+
〈
ξkj − x∗ + vkj − v∗, ξkj − x∗

〉
. (3.6)

By the Schwarz inequality, we have〈
ξkj − x∗ − (z̄kj − x∗), ξkj − x∗

〉
≥
∥∥ξkj − x∗∥∥2 − ∥∥z̄kj − x∗∥∥∥∥ξkj − x∗∥∥

≥
∥∥ξkj − x∗∥∥2 − ∥∥ξkj − x∗∥∥2

= 0 (3.7)

and 〈
ξkj − x∗ + vkj − v∗, ξkj − x∗

〉
≥
∥∥ξkj − x∗∥∥2 − ∥∥vkj − v∗∥∥∥∥ξkj − x∗∥∥∥∥ξkj − x∗∥∥2 − (1− τ)

∥∥ξkj − x∗∥∥2
= τ

∥∥ξkj − x∗∥∥2 . (3.8)

Combining (3.6), (3.7) and (3.8), we have

−τ
∥∥ξkj − x∗∥∥2 ≥ 〈x∗ + v∗, ξkj − x∗

〉
= µ

〈
F (x∗), ξkj − x∗

〉
= µ

〈
F (x∗), ξkj − ξ̄

〉
+ µ

〈
F (x∗), ξ̄ − x∗

〉
≥ µ

〈
F (x∗), ξkj − ξ̄

〉
.

Then, we have

τ
∥∥ξkj − x∗∥∥2 ≤ µ 〈F (x∗), ξkj − ξ̄

〉
.

Let j → ∞, and hence the sequence
{
ξkj
}

converges strongly to x∗. This implies
that the sequence {ξk} also converges strongly to x∗.

Otherwise, by using (3.3), we have

‖xk − ξk‖ ≤ ‖xk − ξk−1‖+ ‖ξk−1 − ξk‖
= ‖Sk−1(xk−1)− Sk−1(ξk−1)‖+ ‖ξk−1 − ξk‖
≤ (1− αk−1τ) ‖xk−1 − ξk−1‖+ ‖ξk−1 − ξk‖ . (3.9)
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Moreover, by Lemma 2.3, we have

‖ξk−1 − ξk‖ = ‖Sk−1(ξk−1)− Sk(ξk)‖
= ‖(1− αk)z̄k − αkvk − (1− αk−1)z̄k−1 + αk−1vk−1‖
= ‖(1− αk) (z̄k − z̄k−1)− αk (vk − vk−1) + (αk−1 − αk) (z̄k−1 + vk−1)‖
≤ (1− αk) ‖z̄k − z̄k−1‖+ αk ‖vk − vk−1‖+ |αk−1 − αk|µ ‖F (z̄k−1)‖

≤ (1− αk) ‖z̄k − z̄k−1‖+ αk
√

1− µ(2β − µL2) ‖ξk − ξk−1‖
+ |αk−1 − αk|µ ‖F (z̄k−1)‖

≤ (1− αk) ‖ξk − ξk−1‖+ αk
√

1− µ(2β − µL2) ‖ξk − ξk−1‖
+ |αk−1 − αk|µ ‖F (z̄k−1)‖ .

This implies that

αkτ ‖ξk−1 − ξk‖ ≤ |αk−1 − αk|µ ‖F (z̄k−1)‖

and hence

‖ξk − ξk−1‖ ≤
µ |αk−1 − αk| ‖F (z̄k−1)‖

αkτ
.

From (3.9), we have

‖xk − ξk‖ ≤ (1− αk−1τ) ‖xk−1 − ξk−1‖+
µ |αk−1 − αk| ‖F (z̄k−1)‖

αkτ
.

Let

δk =
µ |αk − αk+1| ‖F (z̄k)‖

αkαk+1τ2
, k > 0.

Then

‖xk − ξk‖ ≤ (1− αk−1τ) ‖xk−1 − ξk−1‖+ αk−1τδk−1, ∀k ≥ 1.

Since {F (z̄k)} is bounded, ‖F (z̄k)‖ ≤ K, K <∞, for all k ≥ 0, we have

lim
k→∞

δk = lim
k→∞

µ |αk − αk+1| ‖F (z̄k)‖
αkαk+1τ2

≤ µK

τ2
lim
k→∞

∣∣∣∣ 1

αk+1
− 1

αk

∣∣∣∣ = 0.

Applying Lemma 2.4, we have

lim
k→∞

‖xk − ξk‖ = 0. (3.10)

By (3.10) and the fact that the sequence {ξk} converges strongly to x∗, the sequence
{xk} also converges strongly to the unique solution to problem (BV I). �

4. Numerical discussion

In this section, we provide a numerical example to support our suggested algo-
rithm. All codes are written in Matlab R2021a.

Example 1. Let H = R and C = [0,∞). Let the functions G,F : H → H be
defined by

G(x) =
1

7
x and F (x) =

1

8
x, ∀x ∈ H.
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First we prove that the mapping F is β-strongly monotone. For any x, y ∈ H, we
have

〈F (x)− F (y), x− y〉 =

〈
1

8
x− 1

8
y, x− y

〉
=

1

8
‖x− y‖2

≥ 1

9
‖x− y‖2 ,

that is, F is β-strongly monotone with β = 1
9 and it is easy to check that F is

L-Lipschitz continuous with L = 1
6 .

Next, for any x, y ∈ H, we have

〈G(x)−G(y), x− y〉 =

〈
1

7
x− 1

7
y, x− y

〉
= 7

〈
1

7
x− 1

7
y,

1

7
x− 1

7
y

〉
≥ 7 ‖G(x)−G(y)‖2 ,

that is, G is η-inverse strongly monotone with η = 7.
Now, the mapping T : H → H is defined by T (x) = 1

2x, ∀x ∈ H. Clearly T is
nonexpansive mapping and Fix(T ) = {0} 6= φ.

Therefore, all the conditions of Theorem 3.1 are fulfilled.

Next for λ = 1 and µ = 5
(
< 2β

L2 = 8
)

, we have τ = 1 −
√

1− µ(2β − µL2) =

0.236 ∈ (0, 1].
Moreover, we take {αk} =

{
1
6k

}
, clearly 0 < αk < min

{
1, 1τ

}
, lim
k→∞

αk = 0 and

∞∑
k=0

αk =∞.

We compute the sequence {yk} and {xk} by the following iterative scheme:

yk = PC(xk − λG(xk)) =
6

7
xk

and

xk+1 = Tyk − µαkF (Tyk)

=
3

7
xk −

5

112k
xk.

The numerical values of {xk} and {yk} for initial values x0 = 1, 4 presented in
Table 1 and the graphical representation of the sequences {xk} and {yk} for initial
values x0 = 1 and 4 presented in Figure 1 and Figure 2, respectively shows that the
sequences {xk} and {yk} converges to 0.

Conclusion

In this paper, we proposed a hybrid steepest descent approach to solve bilevel
variational inequality problems in a real Hilbert space. We developed an itera-
tive algorithm that combines the hybrid steepest descent method with fixed point
techniques, demonstrating strong convergence under specific assumptions. The
effectiveness and efficiency of the proposed algorithm were confirmed through a
numerical example, underscoring its practical applicability. This work provides a
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Figure 1. The convergence of {xk} and {yk} with initial values
x0 = 1.

Figure 2. The convergence of {xk} and {yk} with initial values
x0 = 4.
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Table 1. Numerical results for different initial values of x0.

x0 = 1.0 x0 = 4
No. of iterations xk yk No. of iterations xk yk
1 1.0000 0.8571 1 4.0000 3.4282
2 0.3839 0.3291 2 1.5357 1.3163
3 0.1560 0.1337 3 0.6239 0.5348
4 0.0645 0.0553 4 0.2581 0.2212
6 0.0113 0.0097 6 0.0452 0.0388
8 0.0020 0.0017 8 0.0080 0.0069
10 0.0004 0.0003 10 0.0014 0.0012
12 0.0001 0.0001 12 0.0003 0.0002
14 0.0000 0.0000 14 0.0000 0.0000
16 0.0000 0.0000 16 0.0000 0.0000
18 0.0000 0.0000 18 0.0000 0.0000
20 0.0000 0.0000 20 0.0000 0.0000

valuable contribution to the field, offering a robust and efficient method for ad-
dressing bilevel variational inequality problems.
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