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THE ARITHMETIC-GEOMETRIC MEAN INEQUALITY
RESULTING FROM THE FUNCTION CONTAINING e* AND z°

YU KONAGA, YUSUKE NISHIZAWA, RYUJI SAITO, RIKI SATO

ABSTRACT. In this paper, we improve the arithmetic-geometric mean inequal-
ity by using the function containing e* and z°.

1. INTRODUCTION

For real positive numbers a1, as, . . . a,, we define the arithmetic mean A and the
geometric mean G by

n n 1/n
AZ%ZM and Gz(Hal) .
i=1 i=1

Schaumberger [I3] proved the arithmetic-geometric mean inequality A > G by using
the inequality e* > x¢ for x > 0. After that, Hassani [5] improved the arithmetic-
geometric mean inequality by using the inequality e® > 2¢+ e~%(z — e)? for x > 0.
Hassani’s argument is as follows. We consider the function

F(x) =¢" —2° — e ?(z —e)?

for z > 0, then the function F'(z) > 0 with equality if and only if x = e. For
1 <i<n,weput xz=ae/G in F(z) > 0 and the following inequality

() ()

holds, with equality if and only if a;e/G = e. So we can get

" n asen e @ 5 " g e n ai 2
= T1((5) (1)) = (M%) + 116 )
—eme <1+eieﬁ(‘g—1)2> .

i=1
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Hence, we obtain

n

neéZne+ln<l+eieH<gl)2>

i=1
and
G 1 o /ai 2
A>G+ —n |1+ — (J—l) .
- +nen<+e"ei1:[1 G >
Thus, we can get the inequality A > G+ R > G, where

(e

Recently, Hassani et al.[6] used the function family
F(z) =e" —x¢ — "/ 2(z —¢)?

to further improve the arithmetic-geometric mean inequality, where n = 2,3,4,5.
In [3], many proofs of the arithmetic-geometric mean inequality are posed. More-
over, new proofs and refinements of the arithmetic mean-geometric mean inequal-
ity are known, see also, [Il 2, [, [7, [8 @] 10, 1T, 12]. In this paper, we improve
the arithmetic-geometric mean inequality by using a function containing e* and
x¢, which is different from the functions used by Hassani [5], [6]. We obtain the
following refinements.

Theorem 1.1. For any real positive numbers ai,as,...,a, and o > 0 such that
e2Te — 2e%q — 21t + e¥a? 4 2a11¢ = 0, the inequality

A-G> S,
holds, with equality if and only if a1 = ag = - -+ = a,, where
G < a; 2 1
So=—%"m(1 2(J—1) >0 and c= .
¢ ne;n( e G =0 A CT 2t 2ea— a2
Theorem 1.2. For any real positive numbers ai,as,...,a, and o > 0 such that

et — 2e%q — 2e!'t%a 4 e®a? + 2a' T = 0, the inequality
eG
A— —Ina > S,
a

holds, with equality if and only if a1 = ag = - -+ = a,, where

G « a;o 2 1
= — S (1 ( - ) > d e= .
S na;n( e G ¢ )O e T T2t 2ea— a2

Note that according to the numerical computation, it can be seen that a =
4.08175 and ¢ = 0.158618.

2. LEMMAS

We need some lemmas for the proofs of Theorems and
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Lemma 2.1. For z > 0, we define
Fi(z) = 2™ — 2%z — 2702 + %2? + 2211¢

Then, there exists the real number 4 < a < 4.1 such that Fy(z) > 0 for 0 <z <e,
z>aand Fi(z) <0 fore<z < a.

Proof. We set
f(@) =1In (et + e*2® +22'¢) —In (2" + 2e"2) .
Obviously, f(e) = 0 and the derivative of f(z) is

(x —e)(e!™ + e%x — 2217°)
(2™ + erx? 4 2z'lte)

flz) =

We consider the sign of !t + e%x — 22'1¢ and set
g(z) =In (e + e"z) —In (22' ") =z +In(e +z) —In2 — (1 + e)lnz.
Obviously, g(e) = 0 and the derivative of g(x) is
—e—e?+ 1?2

/ —
Here, we have ¢’(x) < 0 for 0 < z < vVe+e? = 3.1792 and ¢'(z) > 0 for x >
Vve+e?. From ligriog(x) = oo, lim g(x) = oo and g (Ve + €?) = —0.0400965,

there exists only one real number xg such that g(x) > 0 for 0 < x < e, z > x¢ and

g(x) < 0for e <x < xp. Hence, f'(z) <0for0 <z <e,e<z<zgand f'(z) >0

for x > . Since we have lig}rof(x) = 00, f(e) =0, f(4) = —0.000386011 and
z—

f(41/10) = 0.000102653, there exists the real number 4 < z; < 41/10 such that
f(x) >0for0 <z <e, x> and f(z) <0 for e < z < x1. Thus, the proof of
Lemma [2.1|is complete. O

Lemma 2.2. Forz > 0 and a > 0 with 2T —2e“a —2e!' Ta+e“a? +2a't¢ = 0,
we define

Fy(x) =€" — (1 +c(x— e)2> x°,

where
_ 1
C 2a—e2+2a—a?’

Then, the inequality Fo(x) > 0 holds for x > 0, with equality if and only if x = e, a.

c

Proof. We set
f(x) =1Ine” —In ((1 +ec(x— 6)2) xe) =z —1In (1 +c(x— 6)2) — elnx
and the derivative of f(x) is

oy € 2x—¢)  (z—e)g(z)
fla) =1 r l+cx—e? z(1+cle—x)2)’

where

g(x) = 14 ce* — 2cx — 2cex + cx®.
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By Lemma [2.1] we have
1 <c< :
2(4L) —e2 +2e (41) — 42 24— e2+24— (H)°

10

and 0.140828 < ¢ < 0.180271. Thus, g(z) is convex downward for z > 0. From

/ 1
g(lJre:I: 1+2e>—0,
c

we have g(x) > 0 for 0 < z < zo, z > x1 and g(z) < 0 for g < z < 1, where

1 1
$0:1+6‘m and xle”m-
C C

By ¢ = 1/(2a — €2 + 2ea — o?), we have

zo=1+e—/1-(2a—e2+2ea—a?)+2e=1+e—/(1+e—a)?
41
:1+6—(—1—6+Oz):2+2€—OL>2+26—E§3.33656

and

r1=1+e+/1-2a—-e2+2ea—a2)+2e=1+ec++/(1+e—a)?

=l+et+(-1—e+a)=a.

Therefore, we obtain f/'(z) > 0 for e < x < zg, > 7 and f/'(z) < 0for 0 < z < e,
xo < x < x1. Hence, f(x) is strictly increasing for e < x < xg, x > x; and strictly
decreasing for 0 < = < e, £g < x < 1. From e>t*—2¢%a—2e!Ta+e®a?+2a11¢ =
0, we have a® = e® + el T — 2+ /(20) — e%a/2 and

eOL

1+c(a—e)2) as

(o3

fan) = fa) =In
(

(&
(et (o5 -

«

=In

60&

(1 +c(a— 6)2) (e“(%—e;ZQea—aa)

e* 2
=In 5 zlm1
(1.’-0(@-6)).6& E+(a_e)

2ac

=In

=0.

2

By f(e) =0, we can get f(x) > 0 for z > 0, with equality if and only if z = e, a.
Therefore, the proof of Lemma [2.2]is complete. (I

3. PROOFS OF THEOREMS

Proof of Theorem[I.1, For 1 < i < n, we put = a;e/G in F»(x) > 0 and the

following inequality
e o 14 (aie )2 (uie)e
e c —e
- G G
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holds, with equality if and only if a;e/G = e. We have

atagdoan, - ( ) ap-ag- -+ ap-e*\°
1 | .
e H< + ce? ) ( an ,

i=1

e ﬁ(l—l—ce (—1)) ene

nA L 2
Gezln<1_[1<1—|—ce ))—i—ne

L G !
QZ;iln(l—i—ce ( 1)2>
A-G >Zln<1+ce (é 1>2>

Here, it is clear that S, > 0. Also, if A— G = S, then a;/G =1 for 1 <i <n, so
we have a1 = as = --- = a,. Therefore, the proof of Theorem is complete. [

Proof of Theorem[I.3 For 1 < i < n, we put z = a;a/G in F(z) > 0 and the

following inequality
w o (14 (aioz )2 (amz)e
e c —e
- G G

holds, with equality if and only if a;a/G = o. We have

a1+a2+ a1tagtan n 2 a1 Gg ay, - Q" €
-1l (1+e(E =) ()
e > ﬁ <1 +C<aéa —e)2> a™?,
%a > In (ﬁ (1 +c aéa 2)) + nelna,
@i 6)2) —lna

A—eGlna>GZIH(1+c(aza e 2)

(0% no <

Here, it is clear that S, > 0. Also, if A — %hla =8, then a;/G =1for 1 <i<n,
that is a; = ag = - -- = a,. Therefore, the proof of Theorem is complete. O
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