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NEW TWO DIMENSIONAL DIFFERENTIAL TRANSFORM

METHOD WITH CONFORMABLE DERIVATIVE FOR

FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS

OMER FIRAT, OZAN OZKAN

Abstract. In this paper, the method of differential transform with two vari-

ables is combined the newly defined conformable derivative for fractional cal-
culus. Some useful fundamental properties of presented method are given

and used to get solutions of linear and non-linear differential problems with

fractional order. To control the reliability, applicability and correctness of
the technique we applied the method to distinct fractional partial differential

problems which have exact solutions in the literature. The obtained results

show that this suggested method is useful, appropriate and practical to linear
and non-linear fractional differential problems.

1. Introduction

Fractional derivative is as old as classical calculus. Since then, many researchers
tried to put a definition for the fractional derivative. There are some fundamen-
tal approximations of the fractional calculus. The Riemann-Liouville is first one
of them and the second is the Caputo fractional calculus. The third one is the
Grunwald-Letnikov derivative. The obtained derivatives from this calculus seemed
to be sophisticated and missing in terms of some fundamental properties such as de-
rivative of the product and chain rule [1–5]. For a positive integer n, the definitions
of fractional derivatives are as in the following,

(i) Riemann-Liouville Fractional Derivative Definition:

Dα
a f (x) =

1

Γ (n− α)

dn

dxn

∫ x

a

f (t)

(x− t)n−α−1
dt, α ∈ (n− 1, n] .

(ii) Caputo-Fractional Derivative Definition:

Dα
a f (x) =

1

Γ (n− α)

∫ x

a

f (n) (t)

(x− t)n−α−1
dt, α ∈ (n− 1, n] .
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(iii) Grunwald-Letnikov Fractional Derivative Definition:

Dα
a f (x) = lim

n→0

1

hα

x−α
h∑
j=0

(−1)
j

(
α
j

)
f (x− jh) , α ∈ (n− 1, n] .

For some useful studies on fractional derivative and their various applications,
e.g. fractional diffusion equation, tumor-immune model for cancer treatment, frac-
tional Navier–Stokes equation and etc. see in [6–10].

Recently, there is too much interest in newly defined conformable derivative for
fractional calculus. For example, Khalil at al. [11] introduce a fresh simple derivative
definition named the conformable derivative just based on the classical limit defini-
tion. Abdeljawad [12] provide fractional types of the chain rule, Laplace transforms,
expansions of Taylor power series, integration by parts, Gronwall’s inequality and
exponential functions. Iyiola and Olayinka [13] obtained numerical solution of time
and space fractional Fornberg Whitham partial differential equations (PDEs) in
series form by using the q-homotopy analysis procedure. Fractional partial integro-
differential equatioıns are solved by fractional Laplace transform method and some
exact solutions of fractional differential equation systems in conformable sense are
given in [14, 15]. Conformable fractional differential transform method with one
variable for fractional ordinary differential equations are introduced and applied to
some equations in [16]. Solutions for some conformable space-time fractional partial
differential equations and nonlinear systems via fractional differential transform are
given by H. Thabet et al. [17, 18]. These new subjects give opportunities to study
on engineering, physical and applied mathematics problems.

The differential transform method (DTM) was firstly proposed by Zhou [19]
in 1986 and applied to linear and non-linear problems. The DTM gives approx-
imate analytical solutions of the polynomial series form. DTM were successfully
applied to many fractional, non-fractional, linear, non-linear, homogeneous and
non-homogeneous PDEs arising in mechanics, physics, applied mathematics, biol-
ogy, engineering, etc. This technique was used to solve boundary value problems
by Chen and Liu [20]. Ayaz [21] contributed two theorems to DTM and applied
this process to linear and non-linear equations with less calculations. Momani et
al. [22] presented Generalized DTM to solve a time and space fractional diffusion
wave equation. Abazari and Borhanifar [23] applied DTM on some PDEs. DTM
was used in fractional gas dynamic PDEs by Das and Kumar [24]. And also it was
applied to fractional diffusion equation by Yang et al. [25].

By help of Conformable derivative and two-dimensional DTM, conformable frac-
tional bivariate dimensional differential transform method (CFDTM) will be intro-
duced. The presented technique can be applied linear and non-linear fractional
partial differential equations (FPDEs) and then results are illustrated. For this
method, we give some definitions and basic theorems of conformable calculus in
section 2, and then introduced CFDTM in section 3, applications and numerical
results and discussions of CFDTM in sections 4-5. In the final section are given
conclusion.

2. Conformable Fractional Calculus

In this part, basic definitions and prominent features of conformable fractional
calculus are given [11,12,16,26].
Definition 2.1. [11]
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Given a function θ : [0,∞) → R. The conformable fractional derivative of θ
order α is defined as

(Tαθ)(t) = lim
ε→0

θ(t+ εt1−α)− θ(t)
ε

for t > 0, 0 < α ≤ 1.

Theorem 2.1. [11]
Let θ, ϕ be α-differentiable at a point t > 0 for 0 < α ≤ 1. Then

(1) Tα(pθ + rϕ) = p(Tαθ) + r(Tαϕ) for all p, r ∈ R,
(2) Tα(tr) = rtr−α, for all r ∈ R,
(3) Tα(θ(t)) = 0, for all constant functions θ(t) = c,
(4) Tα(θϕ) = θ(Tαϕ) + ϕ(Tαθ),

(5) Tα(θ/ϕ) = ϕ(Tαθ)−θ(Tαϕ)
ϕ2 .

Theorem 2.2. [12]
Assume that θ is infinitely α-differentiable function for some 0 < α ≤ 1 at a

neighborhood of a point t0. Then θ has the fractional power series expansion:

θ (t) =

∞∑
k=0

(
tT

(k)
α θ

)
(t0) (t− t0)

αk

αkk!
, t0 < t < t0 +R1/α, R > 0.

Here
(
T

(k)
α θ

)
(t0) means the application of the fractional derivative for k times.

3. Conformable Fractional Two-Dimensional Differential
Transform Method (CFDTM)

In this part, CFDTM is explained and given as follows:
In the whole study, the small letter u (x, t) function display the primary func-

tion while the capital letter Uα,β (k, h) function indicate the conformable fractional
differential transformed (CFDT) function.
Definition 3.1. [18]

Let u (x, t)be an analytic and continuously differentiable function in respect of
time t and space x in its domain. CFDT of u (x, t) is defined by

Uα,β (k, h) =
1

αkβhk!h!

[(
xT

(k)
α

)(
tT

(h)
β

)
u (x, t)

]
x = x0
t = t0

where some0 < α, β ≤ 1, αand β are parameters define the order with conformable

fractional derivative, xT
(k)
α = xTαxTα · · · xTα︸ ︷︷ ︸

k times

, tT
(h)
β = tTβtTβ · · · tTβ︸ ︷︷ ︸

h times

and the spec-

trum function Uα,β (k, h) is the CFDT function.
Definition 3.2. [18]
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Let Uα,β (k, h) be the CFDT of u (x, t), then inverse CFDT of Uα,β (k, h) is
defined by

u (x, t) =
∑∞
k=0

∑∞
h=0 Uα,β (k, h) (x− x0)

αk
(t− t0)

βh

=
∑∞
k=0

∑∞
h=0

1
αkβhk!h!

[
xT

(k)
α tT

(h)
β u (x, t)

]
x = x0
t = t0

(x− x0)
αk

(t− t0)
βh
.

Theorem 3.1.
Let a and bbe a constants. If u (x, t) = av (x, t) ± bw (x, t), then Uα,β (k, h) =

aUα,β (k, h)± bVα,β (k, h).
Proof.

CFDT of v (x, t) and w (x, t) can be written as the following:

Vα,β (k, h) =
1

αkβhk!h!

[
xT

(k)
α tT

(h)
β v (x, t)

]
x = x0
t = t0

and

Wα,β (k, h) =
1

αkβhk!h!

[
xT

(k)
α tT

(h)
β w (x, t)

]
x = x0
t = t0

because of Theorem 2.1 (i), it is that

Uα,β (k, h) = 1
αkβhk!h!

[
xT

(k)
α tT

(h)
β (av (x, t)± bw (x, t))

]
x = x0
t = t0

= a
αkβhk!h!

[
xT

(k)
α tT

(h)
β v (x, t)

]
x = x0
t = t0

± b
αkβhk!h!

[
xT

(k)
α tT

(h)
β w (x, t)

]
x = x0
t = t0

= aVα,β (k, h)± bWα,β (k, h)

Theorem 3.2.
If u (x, t) = v (x, t)w (x, t), at that time Uα,β (k, h) =

∑k
r=0

∑h
s=0 Vα,β (r, h− s)Wα,β (k − r, s).

Proof.

By help of the Definition 3.2, v (x, t)and w (x, t) can be written as

v (x, t) =

∞∑
k=0

∞∑
h=0

Vα,β (k, h) (x− x0)
αk

(t− t0)
βh

and w (x, t) =

∞∑
k=0

∞∑
h=0

Wα,β (k, h) (x− x0)
αk

(t− t0)
βh
.
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Then, u (x, t)is

Uαk (x) =

∞∑
k=0

∞∑
h=0

Vα,β(k, h) (x− x0)
αk

(t− t0)
βh
∞∑
k=0

∞∑
h=0

Wα,β(k, h) (x− x0)
αk

(t− t0)
βh
.

=


Vα,β(0, 0) + Vα,β(1, 0) (x− x0)

α
+ Vα,β(0, 1) (t− t0)

β
+ Vα,β(1, 1) (x− x0)

α
(t− t0)

β

+Vα,β(2, 0) (x− x0)
2α

+ Vα,β(0, 2) (t− t0)
2β

+ Vα,β(2, 1) (x− x0)
2α

(t− t0)
β

+Vα,β(1, 2) (x− x0)
α

(t− t0)
2β

+ Vα,β(2, 2) (x− x0)
2α

(t− t0)
2β

+ · · ·+ Vα,β(n,m) (x− x0)
nα

(t− t0)
mβ

+ · · ·



Wα,β(0, 0) +Wα,β(1, 0) (x− x0)

α
+Wα,β(0, 1) (t− t0)

β
+Wα,β(1, 1) (x− x0)

α
(t− t0)

β

+Wα,β(2, 0) (x− x0)
2α

+Wα,β(0, 2) (t− t0)
2β

+Wα,β(2, 1) (x− x0)
2α

(t− t0)
β

+Wα,β(1, 2) (x− x0)
α

(t− t0)
2β

+Wα,β(2, 2) (x− x0)
2α

(t− t0)
2β

+ · · ·+Wα,β(n,m) (x− x0)
nα

(t− t0)
mβ

+ · · ·


=Vα,β(0, 0)Wα,β(0, 0) + (Vα,β(0, 0)Wα,β(1, 0) + Vα,β(1, 0)Wα,β(0, 0))

+ (Vα,β(0, 0)Wα,β(0, 1) + Vα,β(0, 1)Wα,β(0, 0)) (t− t0)
β

+ (Vα,β(0, 0)Wα,β(1, 1) + Vα,β(1, 0)Wα,β(0, 1) + Vα,β(0, 1)Wα,β(1, 0) + Vα,β(1, 1)Wα,β(0, 0))

× (x− x0)
α

(t− t0)
β

+ · · ·

=

∞∑
k=0

∞∑
h=0

k∑
r=0

h∑
s=0

Vα,β(r, h− s)Wα,β(k − r, s) (x− x0)
kα

(t− t0)
hβ

Hence, Uα,β (k, h)is found as

Uα,β (k, h) =

k∑
r=0

h∑
s=0

Vα,β (r, h− s)Wα,β (k − r, s) .

Theorem 3.3.
If u (x, t) = xTαtTβv (x, t) and 0 < α, β ≤ 1, by then Uα,β (k, h) = αβ (k + 1) (h+ 1)Vα,β (k + 1, h+ 1).

Proof.
CFDT of v (x, t) can be written

Vα,β (k, h) =
1

αkβhk!h!

[
xT

(k)
α tT

(h)
β v (x, t)

]
x = x0
t = t0

.

For u (x, t) = xTαtTβv (x, t),

Uα,β (k, h) = 1
αkβhk!h!

[
xT

(k)
α tT

(h)
β u (x, t)

]
x = x0
t = t0

= 1
αkβhk!h!

[
xT

(k)
α tT

(h)
β (xTαtTβv (x, t))

]
x = x0
t = t0

= αβ (k + 1) (h+ 1) 1
αk+1βh+1(k+1)!(h+1)!

[
xT

(k+1)
α tT

(h+1)
β v (x, t)

]
x = x0
t = t0

= αβ (k + 1) (h+ 1)Vα,β (k + 1, h+ 1) .

Theorem 3.4.
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If u (x, t) = (x− x0)
a

(t− t0)
b
, at that case Uα,β (k, h) = δ

(
k − a

α

)
δ
(
h− b

β

)
.

Where δ (ξ) =

{
1 if ξ = 0
0 if ξ 6= 0

.

Proof.
CFDT of u (x, t) = (x− x0)

a
(t− t0)

b
is

Uα,β (k, h) =
1

αkβhk!h!

[
xT

(k)
α tT

(h)
β u (x, t)

]
x = x0
t = t0

.

If the conformable fractional partial derivative of u(x, t) = (x− x0)
a

(t− t0)
b
, with

respect to x and t, are calculated for k and h times respectively, where α, β ∈ (0, 1],
then

Ua,β(k, h) =
1

αkβhk!h!

[
a(a−α) . . . (a−(k−1)α) (x− x0)

a−kα
.b(b−β) . . . (b−(h−1)β) (t− t0)

b−hβ
]
x=x0
t=t0

.

is obtained. If k = a
α and h = b

β , at that case

Uα,β(k, h) =
1

α
a
α

(
a
α

)
!β

b
β

(
b
β

)
!

(
a(a− α) . . .

(
a−

( a
α
− 1
)
α
)

(x− x0)
a−kα

b(b− β)

. . .

(
b−

(
b

β
− 1

)
β

)
(t− t0)

b−hβ
)

=
1

α
a
α

(
a
α

)
!β

b
β

(
b
β

)
!
(a(a− α) . . . (α)b(b− β) . . . (β))

=
α
a
α β

b
β

α
a
α

(
a
α

)
!β

b
β

(
b
β

)
!

(
a

α

( a
α
− 1
)
... (1)

b

β

(
b

β
− 1

)
... (1)

)
= 1.

Otherwise,

Uα,β (k, h) = 0.

for x = x0 or t = t0. Hence

Uα,β (k, h) = δ
(
k − a

α

)
δ

(
h− b

β

)
.

is obtained, where

δ (ξ) =

{
1 if ξ = 0
0 if ξ 6= 0

.

4. Applications of CFDTM

To illustrate the effectiveness and useful of the suggested CFDTM, some exam-
ples are given in this section.

Example 4.1:
Firstly, take the linear diffusion equation with time fractional [27]

Tt
αu(x, t) = T 2

xu(x, t) , t > 0, x ∈ R, 0 < α ≤ 1. (4.1)
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with the initial condition,

u(x, 0) = sin(x) (4.2)

where u = u (x, t) is a function of the x and t. Exact solution of the problem is
given as [27];

u(x, t) =

∞∑
k=0

(−1)
k

sin (x) tkα

Γ (kα+ 1)
. (4.3)

Now solve this problem by using CFDTM. Selecting β = 1, order of x is integer,
and by taking the CFDT of (4.1), we obtained that

α (h+ 1)Uα,1 (k, h+ 1) = (k + 1) (k + 2)Uα,1 (k + 2, h) (4.4)

where the function Uα,1 (k, h) is the CFDT function. From the (4.2) condition, we
have to

u (x, 0) =

∞∑
k=0

Uα,1 (k, 0)xk = sin(x) (4.5)

From (4.5) we get

Uα,1 (k, 0) =

{
(−1)n
k! if k = 2n+ 1; n = 0, 1, 2, ...

0 else
(4.6)

Substituting (4.6) into (4.4), we have the following Uα,1 (k, h) values

Uα,1 (k, h) =

{
0 if k = even
(−1)n+h

k!h!αh
if k = 2n+ 1

; k, h = 0, 1, 2, ...

Then, the approximation solution ũm,n(x, t) of Eq. (4.1) is obtained as

ũm,n(x, t) =

m∑
k=0

n∑
h=1

Uα,1 (k, h)xktαh =

m∑
k=0

n∑
h=1

(−1)
k

(−1)
h

(2k + 1)!h!αh
x(2k+1)tαh. (4.7)

Remark 4.1. The CFDTMT solution for eq. (4.1) is u(x, y) = lim
m,n→∞

ũm,n(x, y) =

sin (x) e−t for α = 1. The our numerical solution is in good agreement with the exact
solution u(x, t) = sin (x) e−t.

Example 4.2:
Now, let take the non-linear gas dynamics conformable differential equation with

time-fractional [10]

Tαt u(x, t) + u(x, t)Txu(x, t)− u(x, t)(1− u(x, t)) = 0, 0 < α ≤ 1 (4.8)

with the initial condition,

u(x, 0) = e−x. (4.9)

and the solution u(x, t) = et−x is an exact solution of the standard gas dynamics
equation, that is, for α = 1. Solve the problem by CFDTM. Selecting β = 1, order
of x is integer, and by taking the CFDT of (4.1), we obtained that

α (h+ 1)Uα,1 (k, h+ 1) = −
∑k
r=0

∑h
s=0 (Uα,1 (r, h− s) (k − r + 1)Uα,1 (k − r + 1, s))

+ Uα,1 (k, h)−
∑k
r=0

∑h
s=0 (Uα,1 (r, h− s)Uα,1 (k − r, s))

(4.10)
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where Uα,1 (k, h) is the CFDT function. From the initial condition (4.9) we write

u (x, 0) =

∞∑
k=0

Uα,1 (k, 0)xk = e−x. (4.11)

From (4.11) we get

Uα,1 (k, 0) =
(−1)

n

k!
if k = 0, 1, 2, ... (4.12)

Substituting (4.12) into (4.10), we obtain the following Uα,1 (k, h) values

Uα,1 (k, h) =
(−1)

k

k!h!αh
, k, h = 0, 1, 2, ...

Then, the approximation solution ũm,n(x, t) of Eq. (4.9) is obtained as

ũm,n(x, t) =

m∑
k=0

n∑
h=1

Uα,1 (k, h)xktαh =

m∑
k=0

n∑
h=1

(−1)
k

k!h!αh
xktαh. (4.13)

Remark 4.2.
The CFDTMT solution for eq. (4.8) is u(x, y) = lim

m,n→∞
ũm,n(x, y) = et−x and

the approximation solution coincide with exact solution for α = 1.

5. Numerical results and discussion

Numerical solutions of linear and non-linear problems are obtained by using con-
formable fractional differential transform method (CFDTM). In order to demon-
strate the efficiency of the CFDTM for linear and non-linear time-FPDEs, we deal
with the numerical results of example 4.1 and 4.2.

Figure 1 and Figure 3 graphically describes the three dimensional of seventh
and tenth-order CFDTM solutions with respect to xand t with different values
of α. Figure 2 and Figure 4 show the two-dimensional variation of seventh and
tenth-order approximate solutions with respect to x = 1 and t withα = 1.

Hence the numerical results indicate that the CFDTM works very well and get
good results for the given problems even in seventh or tenth-order approximate
solutions. When looking at especially Figure 2 and Figure 4, we can see that the
method behaves like as analytical solution. The accuracy of the method may be
improved by higher-order approximate results.

6. Conclusion

In this work, conformable fractional differential transform method (CFDTM)
with two variables used to get the numerical results of linear and non-linear FPDEs
is presented. After that, this novel technique is applied to linear and non-linear
fractional partial differential equations. In the samples, obtained numerical solution
by the helping of CFDTM show that the method gives very strong and accurate
results and also solutions can be written as analytic solutions. Actually, the more
terms in solution are taken, the more accuracy of the method is gotten. The
applications show that CFDTM is reliable, convenient, high accurate results and
present a significant easiness to solve linear and non-linear FPDEs.
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Figure 1. The surfaces show comparison the exact and seventh-
order CFDTM solutions of eq. (4.1) for (a)α = 0.7, (b)α = 0.8,
(c) α = 0.9, (d) α = 1.
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Figure 2. Plots of the exact and seventh-order CFDTM solution
of eq. (4.1) at x = 1for α = 1.
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Figure 3. The surfaces show comparison the exact and tenth-
order CFDTM solutions of eq. (4.8) for (a)α = 0.7, (b)α = 0.8,
(c) α = 0.9, (d) α = 1.
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Figure 4. Plots of the exact and tenth-order CFDTM solution of
eq. (4.8) at x = 1for α = 1.
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