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A NEW VERSION OF HILBERT INTEGRAL INEQUALITY OF
THREE VARIABLES WITH HYPERBOLIC SINE FUNCTION

NIZAR KH. AL-OUSHOUSH

ABSTRACT. In this paper we give a new form for the Hilbert integral inequality
for three variables with hyperbolic sine and cosine functions. The reverse form
and equivalent forms are also obtained. The constant which we obtained is
the best constant.

1. INTRODUCTION

If we assume that f f?(x)dz € (0,00) and fg )dz € (0,0), then the following

well-known Hilbert mtegral inequality holds

oo

//f dwdy<7r /f2 d:v/gQ(y)dy , (1.1)

0

where the constant 7 is the best possible (see [6]).

Quite a number of authors established various formulations of Hilbert’s inequal-
ities in discrete, integral and half discrete forms of multiple variables. For example
Batbold Tserendorj and Laith Emil Azar, presented discrete [16], half discrete, and
integral forms [15] given by

1
0o 00 00 f 00 0o P QQ(Z)
/// x—i—y—i—z dIdde<C .’L'-i—y)‘ 2p+P’Y+2d$dy m
0O 0 0 0 0

0
(1.2)
where A > 0, £ € (%’ %), f(z,y) is a non-negative function defined on (0, co)x
(0,00), and g(z) > 0 on (0,00). Further, the constant C' = B(% +¢, % — &) is the

best possible.
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In recent years, authors have continued to establish new integral forms of the
Hilbert—inequality type with different new kernel functions (see [12,13]). For further
results on the latter types, refer to Refs. [5],[6],[8], [9] and [11].

2. PRELIMINARIES AND LEMMAS

In this work, we apply the following special functions:

o0

I'(x) = /t”_le_tdt, 2 >0, (2.1)
0

dt, 6,0 > 0. 2.2

0/ (t+1)° 22)

Further, we make use of other useful representations for Egs.(2.1) and (2.2) as
follows:

1 1 Ji x—1_—wt

= mo/t e “tdt. (2.3)
b5 - TN ”
B(4,0) = B(4,0). (2.5)

Also, we will use the following inequality in several locations in this paper:
coshz > 1, Vz € (—o0,00). (2.6)
Next, the following lemmas are proven:

Lemma 2.1. Let p > 1, % + % =1, and g(z) > 0 on (0,00). Then fort >0 and
¥ < %, we have

1
0o 0o q

/G_Si“h *tg(z)dz < 7755 (1 — po) / sinh 2)7” e~ S = g9 (2)dz
0 0
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Proof. Using Holder inequlity, using the substitution sinh z = w,we get

o0 o0
/e_ Si“th /{ (sinh z)~ _mphzt} {(sinhz)19 e_smqhztg(z)} dz
0 0
1
0o p [0 q
< (/ (sinh z) 77 ¢~ sinh 2t g, /(sinhz)ql9 e SmhEpd( )y
0 0
1 1
[o ] P oo q
_ pY —wt sinh q¥  —sinhzt g d
(/w e COShZ /(m z2)%e 94(2)dz
0 0
1
o0 q
<735 (1 — pv) /(sinh 2)10 e sinht ga oy,
0

Lemma 2.2. Suppose that p > 1, % —l—% =1,t>0,7< % and f(z,y) >0 is
a non-negative function defined and integrable on (0,00) x (0,00). As a result, we
get

p

0. . . R —[sinh z+sinh y]t
[ [ e iy | <oorreeng [ [ (e, y)dudy.
00 00

[sinhz + sinhy]~

Proof. Using Holder’s inequality, and making the substitutions sinhy = usinhz
and sinhz = v, v > 0, (to evaluate the first double integral on the right-hand-side
of the inequality below), this yields

//f(x,y)e_[Si“h””JrSi“hy]tda:dy
0
00 00 _ [sinh a+sinhy] z+smh yly S—Wt
{‘Z { sinhz + sinhy|” d dy} { [sinh 2 4 sinhy| ™" I y)} i
1
77 o— sinhz[1+u]t < sinh zdvdu > ' //e G 1 C2Y ) dzdy
J ] b s o™ \ ) cosbrcoshy i+ sint 7

o h 1 7q,— sinhz[1+u]t 1 1 E %% —[sinh z+sinh y]t £p
// sinh ) e - ( > < > dodu // / (_T )d:cdy
) u]™? coshz coshy = [sinh x + sinhy] ™

p

p
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P
q 00 0O

P
q

inh z + sinhy| ™~

—~
—
-+
<

\./

o vlquefv[lJru]t —[sinh z+sinh y]t
< //—TH x 1 x1xdvdu // — fP(x, y)dxdy
) 1+ u]"™ [sinh  + sinhy] ™"
5% —wt a9 —[sinh z+sinh y]t
< //LQdudv // .e - — " (z,y)dzdy
(14 u) [sinh 2 4 sinh y]
00 0
{

1 < e —[sinh z+sinh y]t
du/vl_me—”tdv // - 1P (x,y)dzdy
S
00

» %% ef[sinh z+sinh y]t
rrsirie - | — fP(e,y)dady
| [sinhz + sinhy] ™™

O

Remark : Note that if 0 < p <1 and 1—17 + % =1, then by the reverse form of
Holder’s inequality and the same previous method we can prove the reverse forms
of the inequalities in Lemma 2.1 and Lemma 2.2 which are needed in Theorem 3.2.

3. MAIN RESuULT

Theorem 3.1. Letp > 1, % + % =1, A>0, -% <€E< %, f(z,y) a non- negative
function defined on (0,00) x (0,00), and g(z) a positive function on (0,00). If

[elelere} .
fP(z.y)
Atpe—2F

dzdy < 0o and f%dz < 00, then
0 0 [sinh z+sinh y] P

=

[o. oo olie o)

¥)g(2) fP(z,y)
drdydz < C dxd
/// smh:v—i—smhy—l—smhz) rwes // s1nhx—|—smhy]A+p£72% o
000

1

7@ E
X Z(g—k_gq_gd?} s (31)

sinh z)

where C' = B( + {, 2 — £) is the best possible. In particular:
a) If we take)\— 2,{ %, and p = q =2, then (3.1) leads

1
b / / 2 5
~dxrdydz < 2 (z,y)dxd 2>
/// smhx—l—smhy+smhz) Yy f(z,y)dzdy 9°(2)

b) If we take A\=2,£ =0, p= %, q =4, then (3.1) becomes

[N
8
[N

[e.ole oo o) oo

y)9(2) ™ / / /
drxdydz < — —dxd
//‘Z sinh x —|— smh y + sinh 2)? ez 2 [sinh 2 4 sinh y] Y smh 2)

00

Al
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Proof. Let

TT7 f(@9)9(2)

I= dxdyd
///(sinh:v—i—sinhy—i—sinhz)’\ rayaz
00

o0

//f(xu y)g(z) /t)\flef[sinhersinhersinhz]tdt dxdydz
00

0

1 B 00 00 ) ) B 00 )
_ = t%JFE//f((E, y)e—[:’mh;ﬂ-i—::lnh U]tdfbdy t%*f/e— sinh Ztg(Z)dZ dt
LX)
00 0
[e'e) 0 00 p
1 A—1+€ // —[sinh z+sinh
< t D [sinh z+sin y]td d dt
STy / f(z,y)e xdy
0
%) [e%S) q q
X /t)\flffq /67 sinh Ztg(z)dz dt
0 0
From Lemma 2.1 and Lemma 2.2, we obtain respectively
o0 [ olie o} H
1 b p —[sinh z+sinh y]t P
I< — /t’\’”f”tw’Q ra(2—r // P(x,y)dzdydt
() %) [sinh 2 4+ sinh y| ™~ Tpf (z, y)dwdy
0 00
1\ 4 3
o0 e 9] q
X /t’\_l_gq =% Tw (1—p9) / (sinh 2)? e~ Smh = 0 () dt
0 0
1 1 00 00 00
< I (2 — Tq)FP 1 — p19 // ij T y /t)\—l-l-pf-l-‘rp—?%ef[sinthrsinhy]tdt dZCdy
- ) / sinhz + sinhy]™ ™"
o0 o0 :
X (/ sinh 2)?" ¢%(z) /tA717§q+qﬂ7%e_Si“thdt dz
0 0
T5(2 - 7q)T7 (1 — pI)T3 (A — &g+ g — LT (A + &p + 7p — 22)
a I'(A)

LY G
X // i aT dxdy : - dz
A [sinh z + sinh y] a A (sinh z) P
1
P

/ / (e, y)H oy dody / g—@udz
A [sinh x + sinh y]* "% A (sinh )" 7%

8=
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2-X—¢p+2L 1-A+éq+ 5
. pq and & = pq
result with Cz,x,gpﬂg Vategrd = =Cry=0C.

If we set 7 = , we obtain the proof of our main

Pq ’ Pq
The next step in this paper is to show that the constant C' given in (3.1) is the

best possible. Let € be a very small real number, and let us define the functions
)\+p§72§7572

fe(z,y) =0,0n (0,a)x(0,a) and f.(z,y) = (sinhxz +sinhy)” *  onla,00)X

A—gq—2 1
[a,00), and gc(z) = 0,0on (0,a) and g.(z) = (sinhz)+ on [a,00), where
a=In(1+2).
Suppose that C is not the best possible, then there exists a constant K where
0 < K < C, and again as in Lemma 2.1, Lemma 2.2, use the substitutions

sinhy = usinhx, sinhax = v, sinhz =w, and h = Smhz < 1,Vx > a, such that:

1
[, y) ' g'(2)
I S K // - - )>\+pf—2§ dl’dy (—kgq_%dz
0 0

sinhx + sinh y sinh z
0

-

>\+pg72§7572 P P

o0 [ (sinhz + sinh y) P

x :| A h A—€g—2L—e—1
=K // 5 57 dxdy /(sm ?) X ’ —dz
(sinh & 4 sinh )} 7424 ) (sinh2) —tam

1
[e oo o} &) q
=K // (sinh 4 sinh y) ™2 dady / (sinhz) "' dz

a

—e—1 —€e—2 < —e—1
K / / (sinhx) dv (14+u) du / w dw
cosh x coshy cosh z

=

u=hv=1 w=1

00 00 1 0o 1
<K //1)7671 (14u)" 7 dvdiu /wié*ldw

cosh x cosh y
ho1 1
d K K
<K /v_e_l /u_6_27u dv /w_e_ldw =0 =—.
cosh x coshy ()7 (e)s €
1 h 1

On the other hand, to estimate the left-hand-side of (3.1), using (cosh ¢) Tt =

sinhz _ '« > 2 ¢ >y, ¢ > 2, coshe > 2¢T1 choose m > 5 such that

Q=

m

m—3 =€ —&—1
(cosh ¢) (coshe) 4

sinh z+sinh y?’ cosh z

m
A e+l

(cosh c) KB c
1 and let b = W we obtain:

o0 o0 0O

7= // fe(z,y)ge(2) drdyd:

(sinh x + sinhy + sinh 2)*
000
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00 00 00 >\+p§72%7672 k—gq—%—e—l
_ /// (sinhz + sinh y) .P (s.inh 2) 2 ddyd>
(sinh z + sinh y + sinh 2)*

o0 o0 OO

/// 51nhx+51nhy)’°+£7%72 (sinhz)%fgfld dud
— xdydz

(sinh z + sinh y)* (1 + m))\

o0 00 o0 A—e
Ao o inhz) @« ¢!
B // (sinha + sinh y) P57 / (Sm—Z)'qh dz | dady
(14 iz )A
sSinhn r—+sin y

[e oo o}
A g€ _9 NyAr=e_ g
= //(sinhgc—i—sinhy)ﬁJrg P

m

y (cosh c)mw%%*l (sinh + sinhy) (coshe) "o <

» (14 (coshe) "o <" m)A

_ // =21 4 u)~ coshe cosh cdv s1nhxcoshcdu
cosh x coshy

cosh > dwo dxdy

o b x
q q
1—|—w 1—|—w
0 0
% e h? cdu A —
> —=1 | coshe [ (1 ez _cosnedw o) (B -
- /v €08 C/( +u) cosh x cosh y v ( q +q+§)
1 1
B(2=c —¢ 244
| BOE-E3vEr0
ele+1)

It is clear that when € — 01, then from the above two estimates we lead to a
contradiction, therefore, we have completely proven Theorem 3.1. (|

Next, the reverse form of the inequality given in Theorem 3.1 is introduced.
Theorem 3.2. Let 0 < p < 1, %—i—% =1, X >0, —% < €< %, f(z,y) a
non- negative function defined on (0,00) x (0, oo) and g(z) a positive function on

IP () (=)
]f f“(/; [sinh z+sinh 1 ’l]JAer& 22 dxdy < oo and fmdz < %0, then

=

[o. oo olie o)

9)9(z) 007 fP(x,y)
drdydz > C dxd
/// smhx—l—smhy—i—smhz) rayaz SlnhI+Slnhy]>\+p672% ray
000 00

- 1
/ —dz (3.2)
g smhz —Say

where C' = B( + f, 2 —€) is the best possible.

o—

A—

€

e
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Proof. Using the reverse form of Holder’s inequality, and the same procedure as in
Theorem 3.1, we obtain the proof of Theorem 3.2. O

4. EQUIVALENT FORMS

In this part, we give two equivalent forms of each of our main theorems, all of
them are with the best constant.

Theorem 4.1. Under the conditions of theorem 1, we give the following two in-
equalities:

inh pl)Apsl// Y)9(z) dedy | d
/(sm z) 31nhx—|—s1nhy—|—smhz) o ‘
00
fP(z,y)
< Cp// dxdy (4.1)
[sinh z + sinh y]AJFpE*Q%

and

[o. ole ] R !

iih inh )T @=DA=2 / (2) d dxd

// (sinh  + sinh y) Smhx-}-smhy—i—smhz) ¢ o

00 0
< Cq/ (sinh )57 572 g(2)dz. (4.2)

0

Inequalities (4.1) and (4.2) are equivalent to (3.1), also here the constants CP
and C? are the best possible.

Proof. To prove (4.2), we set

00 00 p—1
h(pupsl// f@y) dzd
9(2) = (sinh2) (sinh z + sinh y + sinh 2)* v
00
so that from (3.1) one gets
o] p
h(pupsl// X)) dedy | d
/sm ? s1nhx+smhy+s1nhz) v :
0 00
p—1

0\8

inh »)@—DA-pE—1 // T,y) dd
(sinh 2) smhx—l—smhy—i—smhz) o
00
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z,y)
dxdy | d
// smhx—i—smhy—i—smhz) ray | as

y)9(2)
dzdyd
/// smhx—i—smhy—i—smhz) rayaz

p(
<C // . y)AJr —zdzdy
[sinh z + sinh y]* P24

<\

o=

fP(z,y)

]>\+P5—2§

dxdy

0\8

[sinh 2 4 sinh y

[

)

9°(2)
sinh z)

X
0\8

oo

By dividing the last inequality by <f (sinh z)(P—DA-pE-1 <f J TR T
00

0
we obtain (4.1).

To show the equivalence between (3.1) and (

q£+q A2

(p—1)A—p€—1
(sinh 2) // smhx—l—smh

y + sinh 2)*

), let

Q=

A—&q—¢

Q=

p

ydxdy | dz

f(z.y)

9(2)

f(z,y) = (sinhz + sinh y)

0\8

Then using (3.1), this yields

9(2)

(sinh x + sinh y + sinh 2)*

q£+q DHA-2

9(2)

(sinh x + sinhy + sinh 2)*

(sinh z + sinh y)

(sinh z + sinh y) 26T (@~ DA=2 (

o~—8 o™—8
o~~——18 o~——3
0\8 0\8

o0

(2)
dz | dxd
/smhx—i—smhy—i—smhz) i B
0

Y)9(2)
dxdyd
/// smhx—i—smhy—i—smhz) rayaz
0

00

T [P (z,y)
C // ,\+p5—2§dxdy
00

IN

[sinh z 4 sinh y]

=

[

9°(2)
sinh z)

A—€q—

(sinh x + sinhy + sinh 2)*

q—1
q
dz | dxdy
q—1
dz
1
dz

S

1
P
7= da:dy) dz)

q

)
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1
00 00 00 q P
e inh 2 + sinh y)# (4" DA=2 / 912) dz | dad
// (sinha + sinhy) (sinhz + sinhy + sinh 2)* : o
00 0
o] q q
X /g—@HdZ
A (sinhz)" 597 %
Divide the two sides of the last inequlity by
inh 2 + sinh y) 9677 DA—2 / 9(2) dz | dad
// (sinh + sinhy) (sinh z + sinhy + sinh 2)* o e B
00 0
this results in eq.(4.2).
Moreover, from Hoélder’s inequality and (4.2), one arrives at
R g(Z) drdud % b h _lag+(a—1)x-2]
= q
/// smhx—l—smhy—i—smhz) rayaz // <(Sm v +sinhy) f(x,y))
00 00
i - lag+(a—1)A—2] 1)/\ 2] % ) d dad
x | (sinhz +sinhy) / smhx—l—smhy—i—smhz) i B
0
< // (sinh z + sinh )T D272 2 (5 )y dady
00
X sinh z + sinh ¢ (071 =2 /&dz dzd
/] & T+i+Dp v
00 0
// (sinhx—i—sinhy)qﬁﬂq*ln*2 fP(x, y)dzdy / (sinhz)~ Attty q(z)dz | .
00

0

By this, the equivalence between (4.2) and (3.1) has been proven. The constants
are the best possible as in (3.1). The theorem is proved. (]

Theorem 4.2. Under the same conditions as in Theorem 3.2, we obtain

p

I ZPE+H(P—DA—+1 // ¥)g(2) dvde | d
/Sm : s1nh:z:+smhy+s1nhz) vy *

[Pz, y)
> Cp// dxdy, 4.3
[sinh 2 + sinh y " TP6 724 (4:3)
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and
0 00 o) q
h h q£+(q—l))\—2 / g(Z) d d d
// sinh + sinhy) (sinh z + sinh y + sinh 2)* : vy
00 0
> C’q/ (sinh z) Sat3 =2 91(z)dz, (4.4)
0

where the constants here CP = B”(% +¢, % —&) and C1 = Bq(% +¢, % —&) are the
best possible..

Proof. Since the method of proof of the above inequalities is the same as that of
the method in Theorem 4.1, we leave it for the reader. ([
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