JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: WWW.ILIRIAS.COM/JIASF
VOLUME 13 IsSUE 3(2022), PAGES 1-9.
HTTPS://DOL.ORG/10.54379/J1ASF-2022-3-1

SOME INEQUALITIES FOR THE HYPERBOLIC TANGENT
RELATED \/ 1—exp (—»Li)

(14+z2)P

FUUYA ARAKI, YUICHIRO MATSUI, HIROKI NAKAJIMA, YUSUKE NISHIZAWA

ABSTRACT. In this paper, we prove the following inequality with hyperbolic
tangent: for > 0, we have

2 z2
l—e:vp(—ia) <tanhzx < ,|l—exp| ———= |,
(1+22) (1+a2)?

where the constants o = % and 8 = % are the best possible.

1. INTRODUCTION

In [I] Problem 51, Ividdy proposed the following problem. Show that, for 2 > 0,

x? x3
l—erp| ———— | <tanhax < }|1l—exp| —— (1.1)
(1+22) (1+29)F

holds. A few years later, in [2], the proposer himself gave the proof. In [2], Ivady’s
proof of the left-hand side of the inequality is correct, but the proof of the
right-hand side is not correct. Recently, Zhang and Chen [5] gave the correct proof
for the right-hand side of the inequality . The inequality is an interesting
inequality that evaluates tanh z from both the left and right sides. In this, paper,
we show the two theorems and one conjecture related the inequality .

SIS

Theorem 1.1. For x > 0, we have

\/1—e:1:p (_(14'372)&) <tanhz < ,|1—exp (—W> , (1.2)

where the constants o = % and B = % are the best possible.

From the following theorem, it can be seen that the right-hand side of the in-
equality (1.2)) is a stronger evaluation formula than the inequality (1.1) near = 0.
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Theorem 1.2. For 0 <z < 1, we have

2 3
1—exp _xil < 1 —exp _xil )
(14 22)° (14 23)2

2. SOME LEMMAS TO PROVE MAIN THEOREMS

Lemma 2.1. For0 <z < \/5, we have 4x + 8x3 > €2 — ¢727,

Proof. By the inequality 3.6.6 [3] in pp 269, we have
22 3
e <l+z+ ? + m
for 0 <z < 2 and
4o+ 823 — ¥ 4 e

,TQ 3 2 1
>4x+8x3—<1+x+2+2(3_x)> + - —
(1+2+% + x5)
~ 2?(6912 + 45362 — 72022 — 16242 — 352z* + 6325 + 322°)
N 4(=3 + 2)2(6 + 4 + 12)2
z* f(x)
4(=3+ x)2(6 + 4z + 22)%
Since we have f(z) > 6912+4536-0—720-1—1624-1—352-1463-0+32-0 = 4216 > 0
for 0 <z <1 and

2 3 4
F(x) > 6912 + 4536 -1 — 720 - (\/i) 1624 - (ﬁ) 352 (\/5)
+63-1+32-1=28695— 3248v/2 = 4101.63 > 0

for 1 <z <2, we obtain f(x) > 0 and 4z + 823 — e?* +e72* > ( for 0 < x <

va. 0

Lemma 2.2. For x >0, we have —x —In2 + In (1 + ¢**) > 0.

Proof. By (1 —¢€%)? >0 for x > 0, we have 1;:? > 1 and In (I;F:jT> > 0. Hence,

—z—In2+In(1+e*) >0 for z > 0. O
Lemma 2.3. For z > 0, we have e*® — e~ 2% > 4z + %.

2 3 4
Proof. By e* > 1+x+ % + & + 57 for x > 0, we have

83
2z —2x

— Yy —

e e X 3

><1+ +x2+x3+x4>2+ L so - 8
T , s —4dr —
2002 (e g+ R+ g) i
a® f(x)

T 576(24 + 24z + 1222 + 423 + 24)2’
where f(z) = 165888 + 340992z + 34099222 + 2407682 + 120024 + 537602° +
1766425 + 467227 + 92828 + 14429 + 1621 + 2. From f(z) > 0 for > 0, we have
62x7€72I74IC7%f01‘x>0. O
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Lemma 2.4. For 0 <t <1, we have

e 2
In (earo —1) >nt+— — —.
n(‘e > YRR

Proof. We consider the function

t

ft)= ez 1 _ eln“‘%—%

and the derivative of f(t) is
¢ 2 _ 93 5
F(t) = 2+t36(1+t>% 4844t -3t .
21+ )3 48

Here, we consider the logarithm function

24t tr A8 + 412 — 33 2 43
g(t) =In <+ 36(1“)%)—111 (8+48 3 e 8)

o+

N

2(1+1¢)2
—¥+ln(2+t) —In2-— §ln(l-l—t)

(1+1)2 2
2 2 ou3

+1n48 — (24_48> —In (48 + 4t° — 3t°)

and the derivative of g(t) is
, t ot t 3 1 1 8t — 9t2
gt)=—5+

12716 201+6)3 201+t + (1+1)% T T s 4R 38
2+t 4608 + 2304t + 960t% — 1312¢3 — 648t* — 38t° + 3t6 4+ 9¢7

S 2(141)3 48(1 +t)(2 + t)(48 + 412 — 3t3)
We consider the logarithm function
2+t

h(t) =n (M)

I 4608 + 2304t + 96012 — 13123 — 648t* — 385 + 3¢5 + 97
48(1 +t)(2 + t)(48 + 4t2 — 3t3)

3
=In(2+1t) —In2— 51n(1+t)+1n(1+t)+1n(2+t)+1n(48+4t2‘ — 3t%)
— In (4608 + 2304t + 960> — 1312t> — 648t* — 38> + 3t% + 9t7) + In48
and the derivative of h(t) is

t25(t)

2(1+¢)(2+t)(48 + 412 — 3t3)k(t)

where j(t) = 5345284 1330176t + 751744¢% + 1849603 + 3968t* — 10624¢> — 43685 —
606t7+369t5 4135t and k(t) = 4608+2304t+960t —1312t> —648t* —38°+3t6+9¢7.
From j(t) > 534528 — 10624t> — 4368t — 606t” > 534528 — 10624 — 4368 — 606 =
518930 > 0 and k(t) > 4608 — 13123 — 648t* — 38t5 > 4608 — 1312 — 648 — 38 =
2610 > 0 for 0 < ¢t < 1, we have A/(t) > 0 and h(t) is strictly increasing for
0 <t<1. Bylimoh(t) =0and ¢'(t) > 0, g(t) is strictly increasing for 0 < ¢ < 1.
From lim¢_,o g(t) = 0 and f'(t) > 0, f(t) is strictly increasing for 0 < ¢ < 1. By
lim;_,0 f(t) = 0, we can get f(¢) >0 for 0 < ¢ < 1. O

n(t) =
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Lemma 2.5. For 0 <t <1, we have

1t+t+t2>1 arob 1
n — —_— n e t — .
37 24

Proof. We consider the function
t

_ ottt T
f(t)_e 3T 22 e(1+n)6 L 1

and the derivative of f(t) is
L 1
e(1+t)6 .

() = 12+4t+t26§+%_ 6+5t7
12 6(1+1)s

Here, we consider the logarithm function

12+ 4 2 a2 Ly
g(t) =In (Wes."'g ) —In (6_|—5t7€(1+t)6 )
12 6(1+1t)s

£

t o t?
=—In2+ -+ — +In(12+ 4t + %) —

7
———— —In(645t) + —In(1+¢
3+ 51 e n(6+5t) + cln(1+1)

and the derivative of g(t) is
, 1t t 7 1 5 442t
g1 ST 6(141)% * 6(1+t) (1+1t)5 6+5t ST ERTEwE
864 + 1584t + 1164¢> + 364¢> 4 51¢* 4 5¢° 6 + 5t

12(1 +t)(6 + 5t)(12 + 4t + t2) 6(1+1)%
We consider the logarithm function

864 + 1584t + 11642 + 364t% + 51t* + 5t° 6 + 5t
h(t) =In - —In | ——
12(1 + ) (6 + 5t) (12 + 4t + t2) 6(1+1)%

=In (864 + 1584t + 1164t + 364t + 51t* + 5t°) —In12 — In (1 + )

7
—1n(6+5t)—1n(12+4t+t2)—1n(6+5t)+1n6+61n(1+t)

and the derivative of h(t) is

t5(t)
6(14t)(6+5t)(12 + 4t +t2) k(t)’

where jj(t) = 186624 + 400032t + 3097442 + 127008t 4 39896t* 4 124585 4 2275¢° +
175t7 > 0 and k(t) = 864 + 1584t + 1164t% + 364t + 51t* + 5t > 0. Since we have
W' (t) > 0 and h(t) is strictly increasing for 0 < ¢ < 1. By lim;_0h(¢t) = 0 and
g'(t) > 0, g(t) is strictly increasing for 0 < ¢ < 1. From lim; ,0g(t) = 0 and
f'(#) > 0, f(t) is strictly increasing for 0 < ¢ < 1. By lim;_,o f(¢) = 0, we can get
ft)>0for0<t <1 O

h'(t) =

3. PROOF OF THEOREMS [Tl AND
Proof of Theorem[1.1 Consider the equation

x2
tanhx = 1-— exp <(2_’_1)n) .
x
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T __ —x .
¢ —¢ _ the equation becomes

Using the equation tanhz = &t

2z —In2—-In(In(1+e*)—In2—x)
B In (1 + 22)

n

= f(x).

Therefore, it is necessary to prove % < f(z) < % and show the following two

inequalities:

In (1 + 2?
g(z) =In (In(1+¢€*)—In2 —z) —&—1112—2ln33—l—M

In(1+ 2?%)

>0,

h(z) = -In2+4 2lnx — —In (In(1+¢€*)—In2-2z) >0.

First, we will prove g(z) > 0 for z > 0. The derivative of g(x) is

2z
2 x -1+ £
/ __“ 1+e
9@ = 7 14 22 * —z—In2+In(1+ e®)
(@+a?) (a: + e ) L2 —In(1+ e%))
N z(1+22)(—z —In2 +In (1 + €2%))
(2+22)j(2)

z(1+22)(—z —In2+ In (1 + €2%))
and the derivative of j(x) is

y 2 —2e* 4 8e2Ty — 32 4 %2 4 1262013 4 42745
J (.Z') = (1 + 62:1:)2(2 +$2)2

B 4223 (1 4+ 22)(2 4+ 22) + (e*® — 1)(=2 + 2?)

- (1 +e2z)2(2 +x2)2 '

In the case of z > /2, j/'(x) > 0 is clearly established. Hence, we consider the case
of 0 < x < /2. From Lemma we have

() = (14 22)(2 4+ 22) + (e** — e722) (=2 + 2?)
J\T) = e=2%(1 4 €22)2(2 + 2:2)2
S 4z(1+ 22)(2 + 22) + (4o + 823) (=2 + 2?) 1225

= e=27(1 4 e27)2(2 + 22)2 o e=27(1 4 e27)2(2 + 22)2

for 0 < < v/2. Therefore, we have j'(x) > 0 and j(z) is strictly increasing for
z > 0. By lim,_,0 j(z) = 0 and Lemma[2.2] j(z) > 0 and ¢'(z) > 0, hence, g(z) is
strictly increasing for « > 0. By I"'Hopital’s rule [4],

. In(1+€%**)—In2—=x . e2r 1 . e 1
lim =lim—-—"—=lm ——————— = —.
7—0 72 =0 2x(1 + €2%) 250 14 2% + 2e2%g 2
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Hence, we have lim,_,0g(z) = 0 and g(z) > 0 for z > 0. Next, we will prove
h(z) > 0 for > 0. The derivative of h(x) is

282:!:
S P S e €
z 3(1+2?) —zx—-—In2+4+In(1+e%®)

T 3(—14€®)(1+e®)x(1+z2
(6+52%) (_x_ln2+ln(1+€2 R e ))

3x(1 4 22)(—z —In2 4 In (1 + €2%))
(6 + 522)k(z)
3z(1+ 22)(—x — In2 + In (1 + €2))

and the derivative of k(z) is

(€2 — e72%)(18 4 2122 + 10x*) — 122(1 + 22)(6 + 52?)
e—2z(1 +e21;>2(6 + 51:2)2 :

K (x) =
From Lemma we have

(433 n %) (18 + 2122 + 102%) — 122(1 + 22)(6 + 522)
6721(1 + 6230)2(6 + 51.2)2

B 425(27 4 2022)

T 3e=20(1 + €27)2(6 + 522)2

K (z) >

for © > 0. Therefore, we have k’(x) > 0 and k(z) is strictly increasing for x > 0.
From lim, o k(z) = 0 and Lemma we have k(z) > 0 and h'(x) > 0. Thus,
h(x) is strictly increasing for > 0 and by lim,_,o h(z) = 0, we have h(z) > 0
for > 0. Therefore, we obtain % < f(z) < & for z > 0. Next, we consider that

the constants % and % are the best possible. From 1’'Hopital’s rule [4], we can get

limg, o % =lim, % =2 and
A2, 1)
I (1+ 22) (2 + 3e*®z + 2In 2 + 2**In 2 — 2In (1 + %) — 2e**In (1 + €%?)
= lim
T—00 21+ e?*)z2(z +In2 — In (1 + €2%))

(L + 1) (62% 434 2m2 21$L2 _2ln(1+e*) 21n(1+e2””)) )

. 2 ey ey T
= lim =—.

T30 2(1+%)<1+MJ*M) 5
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Also, by 'Hopital’s rule [4], we have

T+ 3e®"z +2(1 +€**)(In2 — In (1 + 7))

iii% x*
~ lim 1 —e2® +6e?®z + 4e**(In2 — In (1 + €%*))
z—0 43
i 4e%* — ff:; + 1227 + 8e2*(In2 — In (1 + €2%))
~ 50 1222
. 20€% + 857 — 8¢ 4 24¢275 4 16¢2 (In2 — In (1 + €2%))
z—0 24x
L6 e+ 20, — 249 1 48¢2 + 3267 (In2 — In (1 + €27))
z—0 24
1
=-3
lim f(2)
— lim (1+ 22) (2 + 3e*®z + 2In 2 + 2e**In 2 — 2In (1 + 2*) — 2e**1In (1 + €%?))
z—0 2(1+e*®)22(z +1In2 — In (1 + €27))
i (1+2%)(z + 3>z + 2(1 4+ **)(In2 — In (1 + €27)))
x—0 21+ e?®)z2(x 4+ In2 — In (1 4 €2%))
_ lim 1+ 22 . z? . x4 3e*®z +2(1 4 €2®)(In2 — In (1 + €2%))
=0 2(1 4+ €e2®) z+4+1n2—In (14 e2®) xt
1
G
Thus, the proof is completed. ([l

Proof of Theorem[1.4 We consider the logarithmic function

lngl_%p(_ﬁl)_ln 1_exp<_ .2 1>:f(x)7
(14 23)2 (14 22)° 6

where

3 2
x T 2 3 x T 2
f(z) =2In eGta? _ ] f%f?ﬂn eGtas ] +L1.
(1+2%)3 (1+a7)}

Here, we need to show f(x) > 0 for 0 < z < 1. By Lemmas [2.4] and we have

x5 2 23 z? gt 3z
2 (31 I e —— T SHRVES A [
f(z) > ( nz+ o 48> EsE ( nT+ +24)+(1+:c2)é
1 2x 3
2 2 4 7 2
=z ——(24+ 3z — 22"+ x') — + =z%g(x).
< 21 ) (1+a3)3 (1+x2)é> 9(z)
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The derivative of g(x) is

p T 323 2 1 3 6
T)=— + - + —(—6x +8z2° — Tx
g () (1+22)5  (1+2%)2 (1+a3)2 21! )
3x3 2 1
S i - -+ — (=6 + 82 — 72°)

+
(1+12)2 (14233 (1+13)z 24
—24v/2 — 12z + 802® — 24v/22° — 122" + 25 — 72°
B 241+ z)(1 — z + 2?)
_ —24v/2 + 8023 — 24v/22% — 122 4+ 25 — 729 h(z)
241+ z)(1 — z + 22) C24(1+2)(1 — 7 + 22)
and the derivative of h(z) is /() = 322(80 — 24v/2 — 162 + 223 — 212°) > 322(80 —
24v/2—16-1—21-1) > 32%-9 > 0 for 0 < x < 1. Therefore, we have h/(x) > 0 and
h(z) is strictly increasing for 0 < 2 < 1. By lim,_,; h(z) = 62 — 48y/2 = —5.88225,
h(z) < 0and g(z) is decreasing for 0 < z < 1. From lim,_,; g(z) = —}—2—}—2%—\/5 =

0.175149, we obtain f(z) > 0 for 0 < z < 1 and the proof is completed. a

4. CONJECTURE

We shall pose a conjecture relate to the hyperbolic tangent and the function

\/1 — exp (—ﬁ)

Conjecture 4.1. For xz > 0, we have

e 'Te 3 x?)
tanhzx < S|l —exp| ———— | < |1l—exp| —— | -
(@ +1)* (*+1)*
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