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NEW ¢ - & (k,7r)- FRACTIONAL CONFORMABLE INTEGRALS
AND INEQUALITIES OF THE HERMITE-HADAMARD TYPE
FOR POSITIVE-CONVEX STOCHASTIC PROCESSES

MCSYLVESTER EJIGHIKEME OMABA

ABSTRACT. Huang et al in the paper [Some inequalities of the Hermite—Hadamard
Type for k-fractional conformable integrals, The Australian Journal of Math-
ematical Analysis and Applications, 16 (2019), no. 7, pp. 1-9] proved some
new Hermite-Hadamard type inequalities for k-fractional conformable inte-
grals for convex functions. In this paper, we extend and generalize the main
result of the above-mentioned paper for (k, r)-fractional conformable integrals
for positive-convex stochastic process and also point out a mistake (omission)

in ([6], Theorem 3.1). In addition, we prove a new Hermite-Hadamard type
inequality for y-fractional conformable integrals for positive—convex stochastic
process.

1. INTRODUCTION

Hermite-Hadamard (H-H) integral inequality is one of the most famous inequal-
ities for convex functions in the theory of fractional integral inequalities. There
have been various versions and generalizations for the H-H inequality for convex
functions, and recently an extension to convex stochastic processes for different
fractional integrals, (see [3| Bl [8, [T} 12 13|, 14] and their references). In [G], the au-
thors considered the H-H type inequalities for generalized k-fractional conformable
integrals for convex functions. This paper has two parts: In the first part, we
define the (k,r)-fractional conformable integral operators and give its generalized
H-H type inequality for a positive and convex stochastic process. The main re-
sult of the paper (Theorem 3.1, [6]) can be deduced as a particular case of our
main result. In the second part, we give the definition of ¥-fractional conformable
integral operators, where v is an increasing and positive monotone function with
a continuous derivative. In what follows, we prove its H-H type inequality for a
positive and convex stochastic process, which generalizes the result of (Theorem
2.1, [9]) for a convex function on a given interval [a,b]. The result can easily be
extended to the cases of k- or (k,r)-fractional conformable integrals.
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The paper is outlined as follows. Section[2is the definitions of basic concepts used
and some existing results on H-H type inequalities for convex stochastic process.
The statement of the main results are given in Section [3]and their proofs in Section
[ Section [f] contains a brief conclusion of the paper.

2. PRELIMINARIES AND AUXILIARY RESULTS
Definition 1. A function f: I — R is said to be a convex function if
fOz+ (1 =Ny) <Af(x) + (1 =N f(y),
holds for all x,y € I and X € [0, 1].

For the above class of functions, the following theorem has been obtained:

Theorem 2.1 (Hermite-Hadamard Inequality). Let f : I — R be a convex func-
tion, and a,b € I with a < b then

() < it [ roa < 1L 10,

Nikodem in [I1] initiated the concept of convex stochastic processes and gave
the following definition:

Definition 2 ([I1, [12]). Let (2, F, P) be a probability space and I C R be an
interval. The stochastic process X : I x  — R is said to be a convex stochastic
process if

XAa+ (1=Xb,.) <AX(a,.)+ (1 —=N)X(,.),
holds almost everywhere for all a,b € I and A € [0, 1].

Following Theorem [2.1] the H-H type inequality for a convex process was given
as follows:

Theorem 2.2 ([5l, 12 [14]). Let X : I x Q@ — R be a conver and mean square
continuous process in the interval I x €, then

X(Hb") = bia/bX(t,.)dth(aa-)JrX(bJ

2 2 ’
holds almost everywhere.

There have been some extensions and variations in the concept of convex pro-
cesses and their H-H type inequalities, see [11} 12} [I4] for details. The H-H inequal-
ity has further been extended to fractional integral operators like the Riemann—
Liouville fractional integral of order a > 0, see [3], Bl [10, [16]. Katugampola gener-
alized the Riemann-Liouville fractional integrals for functions f € XP(a,b), c € R,
and the Hermite-Hadamard type inequality established as follows:

Theorem 2.3 ([5]). Let o > 0 and p > 0. Let X : [a”,b?] x Q@ — R be a positive
stochastic with 0 < a < b and X(t,.) € XP(a?,b”). If X(t,.) is convez, then the
following inequality holds almost everywhere

af + bP Ma+1)
X o< —— T (e X(af, ) +PI% X (b,
( 2 ) - Qp_“(bp—ap)a< o X0 ) Py X0 )>

X(a?,.) + X(b°,.)
< ; .
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Sarikaya et al in [I5] introduced the (k, r)-fractional integral of the Riemann-type
(see also [2] [6] [10, 16]); and the H-H inequality for the (k,r)-fractional integral of
the Riemann-type for a convex stochastic process was recently given by [I3] as
follows:

Theorem 2.4 ([I3], Theorem 2.4). Let « > 0,k > 0 and r > 0. Let X :
[a"L 071 x Q@ — R be a positive stochastic with 0 < a < b and X(t,.) €
XP(a™ T bt If X(t,.) is convex, then the following inequality holds almost ev-
erywhere

r+1 r+1
b a +b N < I‘;Z(a + k’) a
2 2(r + 1) % (bt — qrt1)%

X

a,r r+1 a,T T
(Ib(r+1) kX(CL * ) +1 a(r+1)t kX(b +17 ))

X(a™h )+ X (b))
3 .
One may also refer to the same paper [I3] where the authors in a recent re-

sult, generalized Theorem [2.3| for the Katugampola generalized fractional integrals
defined in [I7] [I8], as follows.

<

Theorem 2.5 ([I3], Theorem 2.1). Let & > 0,p > 0,8 > 0 and n > 0. Let
X : [aP0+ D) pr )] 5 Q — R be a positive stochastic with 0 < a < b and X (t,.) €
XP(aPrt D) pptD) If X (t,.) is conve, then the following inequality holds almost
everywhere

¥ aP(1+1) 4 pe(nt1) - (n+1I'(a+1)
9 > prﬁ(bp(nﬂ) — ap(n+1))a

1
a,f +1
|:akp(n+1) prp(nJrl)—’n’,iX(ap(n )’ )

1
. — p(n+1)
pPPn(n+1) Iap(n+1>+m7pnx(b »
X (aP1tD ) 4 X (prOrtD) )
hS 5 )

+

3. STATEMENTS OF THE MAIN RESULTS

In this paper, we generalize Theorem [2.3|and give H-H inequalities for the (k, r)-
fractional conformable integrals for a convex stochastic process. We begin with the
following definition:

Definition 3 ([I]). The conformable left and right fractional integrals of order
0 < a <1 are given as follows

0= [ s@iatea = [ - a1 s,
/ f(z)da(b,x) / (b—z)*  f(z)dx

In 2017, the authors in [7] gave the definition of left and right fractional con-
formable integrals as follows:

and
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Definition 4 ([7,[6]). The left and right fractional conformable integral operators
of order 0 < a < 1 are defined by

BT f(t) = F(lﬁ) /at {(t —a)” ;(95 - a)ar_l 5 f(;ﬁ))la de,

and

sre i L [T[O=0=0=0)*1"" f@)
w10 =5 [ [ gl

Recently, in 2019, Huang et al in [0] gave the definition of generalized k-fractional

conformable integrals:

Definition 5 ([4, [6]). Let f be a continuous function on a finite interval [a, b].
Then the generalized left and right k-fractional conformable integral operators of
order 8 € C for R(8) > 0 are defined by

i1z 0 = g [ [l S,

and

b _ o — ) %_1 z
fszf“):kr:(g)/t [(b t) a(b ) } f(=z) g,

where k> 0 and o € R\ {0},

and consequently proved the H-H type inequalities for the above integrals as
follows:

Theorem 3.1 ([6], Theorem 3.1). Let f : [a,b] — R be such that f € Lla,b] and
a<b. If f is convex on [a,b], then
f(a + b> _ LB+ k)a®

2 )= g W@ T IO] <

fla)+ £(8)

. (3.1)

However, we observed and noted that there is a slight mistake (an omission) in
the proof of Theorem and hence, the inequality (3.1]) should correctly read:

a+b\ _Tp(B+k)af 5, o fa) + £(b)
1(%57) = Ta o i sty + s < LI,

Now, we define the (k,r)-fractional conformable integrals as follows:

Definition 6. Let f be a continuous function on a finite interval [a,b]. Then the
generalized left and right (k,r)-fractional conformable integral operators of order
B € C for R(B) > 0 are defined by

b gy (D T @t @ e BT ()

W Lot f(t) = PSRy g
T (B)  Ja L o (7! —arth)

and

3 o B _
o 4 1 17% b br+1 _ t'r‘Jrl o br+1 _ l.r+1 al % 1 CL’Tf T

I = S / ( o ) ) (7+)1 o 4%,

kL (B) t «a (b —artl)

where k > 0, r > 0 and a € R\ {0}.
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In what follows, we give the equivalent H-H type inequality for the above (k,)-
fractional conformable integrals.

On the other hand, we also give the H-H type inequality for i-fractional con-
formable integrals. We begin by defining -Riemann—Liouville fractional integral.

Definition 7 ([9,[19]). Let (a,b)(—oc0 < a < b < 00) be a finite or infinite interval
of the real line R and « > 0. Also let ¢(¢) be an increasing and positive monotone
function on (a,b], having a continuous derivative ¢’(t) on (a,b). The left- and
right-sided ¥-Riemann—-Liouville fractional integrals of a function f with respect to
another function 1 on [a, b] are defined by

I () % | @ v e

g / W (2) () — (1) f (w)da

The H-H type inequality for the above integrals was recently proved by Liu et al
(see [9], Theorem 2.1). Here, we give the H-H type inequality for -fractional con-
formable integrals and define the left and right v-fractional conformable integrals
as follows:

Definition 8. The left and right i-fractional conformable integral operators of
order 0 < o < 1 are defined by

sro s S S U G ) il K A ) NN
/ Vi { a } @) — =

and
pgo L i [@= @) = 0= @) f@)
0= [ v a | ot

Remark. We obtain Definition[] when o — 1 and 8 — a.

4. PROOFS OF MAIN RESULTS

Here, we give proofs of our main results:

4.1. H-H inequality for (k,r)-fractional conformable integral. The H-H
type inequality for the (k,r)-fractional conformable integral for a convex stochastic
process is as follows:

Theorem 4.1. Leta >0, >0,k >0andr > 0. Let X : [a" 1 b1 xQ — R be
a positive stochastic process with 0 < a < b and X (t,.) € XP(a" 1,67 +1). If X(t,.)
is convez, then the following inequality holds almost everywhere
X(a7.+1 4+ prtt ) - (B8 + k)ag
-9 = 2(r + 1)7%(1)7«4-1 _ ar-&-l)%ﬁ

X

(IBI:QZUX<O‘T+1 ) + ﬂIa(TT+1)+ (br—Ha ))

o XL )+ X )
< ; .
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We set p=r + 1 in the Definition [f] as follows

5 B_
srop iy~ £ [T =af) = @ —an) T _ar Tl ()
k:Ia+p (t) - krk(ﬁ)l |: a :| (ZC’O _ ap)l—adz

)

and

3

1-£ b a a7 2-1 -1
Brap e PE (bF — )™ — (b —aP)* | F 7 2P f(x)
ka— (t) - krk(ﬂ) /t |: o :| (bp — ij)l_a

and follow the proof of Theorem
Proof of Theorem[.1. Set B = % Now, let ¢ € [a,b] and u,v € [a,b], defined by
W = 10?4 (1 — )P, vP = (1 — t9)aP + 171",

and u” + v? = a” + b”. It is given that X is a convex stochastic stochastic process
thus,

)

PP p p
X(u —;—v 7.> < X (u ,.)—2|—X(v ,)

and it follows that

af + b°
2X 5 < X(#Pa” + (1 =), ) + X((1 = t°)a” + tPb°, ).

Now, multiply through by (1_(5’3)5’“7115“"’1, Bk, a, p > 0 and integrate over ¢ in
the interval [0, 1] to obtain

2k af + b ) /1 (1—15@)5“ .
X )< 1P X (tPaf + (1 — t°)b°, )dt
Blap)P ( 2 o \ ap ( (L=#)%.)

1 1 _ tap kal
+ / ( ) t*P7IX((1 = tP)aP + PV, .)dt,
0

ap
1 Br—1
1—ter 1 k
since / ( ) tr—lar = = e Next, evaluating the
o \ ap Be(ap)?e— Blap) B
first integral by method of substitution to have t” = 2’;:22 and b“jiiupdu = —1dt.
Hence,
1 1 —tar Br—1
/ ( ) t*PLX (tPal 4 (1 — tP)bP,.)dt
0 ap
1 1 —tap Br—1
=/ ( ) t* X (tPaf + (1 —tP)bP, )t~ dt
0 ap
1 ar]— (B=22)* 8=l rpo o\ @ p—1
S 1/ (Gr=ar) N X, )
pPE— b o bp — aP bP — uP
1 1 b P — gP)* — (bP — yP)e Br—1 p—1
- . / [( af)® — (b — uP) ] YT e, )du
PR (bp — ap) ™ a (b? — ur)

_ 1 krk(/@) 1 Ia,p
pﬁk*l plfﬁk (bp—ap)aﬁk art k

KL(8) BTor X(b°, ).

Xr, )= O o
( ) (bpfaﬂ)a'gkk ar+t
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Similarly, we obtain for the corresponding integral that

1 Br—1

1—ter kT

/ ( ) t X ((1 —tP)a? + tP°b°, ) dt = %fzggf)((ap, ).
0 ap (bp — ap) k

Adding the two integrals together, we have
2 P+ bP r

kﬂX(a +b,.)s IO
Blap)f \ 2 (b — ar)"

In order to obtain the other part of the inequality, we use the convex property of
the process X as follows:

X(@tPa? + (1 —=t")P,.) < t'X(a”,)+ (1 =t")X(",.)
X((1—=t")a” +tb°,.) < (1—-t"X(a”,.)+t"X([D",.).
Adding the two inequalities, we have
X(tPa? + (1 =t")b,.) + X((1 —t")a” + t°b°,.) < X(a”,.) + X (b7, .).

(fIg"pX(a”, DA (S .)) (4.1)

Multiply through by (%)Brltw’*l, a, Br,p > 0 and integrate over t in the
interval [0, 1] to obtain

k
Blap)P

) (ﬁz X(0,.) + T30 X (a”, .>) < (X(a?,) + X (b°,.))(4.2)

(b2 — aﬂ)aﬁk " -

Thus, combining equations (4.1) and (4.2)),

2% af + b KTw(8) (5 5
X )< R (B1on X () + DT X (o).
Blap)P ( 2 ) T (b —a) P\ (b7,) +5Z,,2 X (a”, )

k
g (X(a”,.) + X(V,.)).
Blap)pr K@) + X))
Divide both sides by 5(135)/319 and we have
af + b BTw(B) 1 , ,
X ]S TR X(,.) + 2T X (a”,.
( 2 ’ > — 2(Oép)_ﬂk (bp _ap)oc,@k k= ar+ ( s )+k bo— (a , )

X(a,) + X,
< 5 .

O

Remark. Theorem follows from the above result when f = a,a = 1,r =0
and k= 1.

We deduce the generalized H-H inequalities for (k,r)- fractional conformable
integrals of any convex function f:
Corollary 4.2. Let f € XP(a"tH 0", If f @ [a"t, 0" — R is a convex
function with 0 < a <b,a>0,r>0,5>0 and k > 0, then
r+1 41
f (a +0b ) < Ir(B+Fk)

2 207 % (r+ 1)~ F (brt! — art1) %

X

(QI;’:;])_ fla™*h) + /lej(:H)Jrf(bTH))

f(arJrl) + f(b'rJrl)
5 .

IN
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4.2. H-H Inequality for iy-fractional conformable integrals.

Theorem 4.3. Let « > 0, 8 > 0. Let X : [a,b] x Q@ — R be a positive stochastic
process with 0 < a < b and X(t,.) € Lla,b]. If X(t,.) is convex and ¥(x) is an
increasing and positive monotone function on (a,b], having a continuous derivative
Y'(z) on (a,b). Then the following inequality holds almost everywhere

a O[B
X(550) = S [T (Xenw T 0) + T - (X o) @)

X(a,.) + X(b,.)
5 :

IN

Proof. Since X is a convex process, we have

2X<a;rb) < X(ta+ (1—1)b,.) + X((1 = t)a +tb,.).

Multiplying through by (%)'ﬁ_lto‘_l, B, @ > 0 and integrating over t in the
interval [0, 1] to obtain

2 a-+b L
MX(2,.) = /o(

1 1 —¢> B-1
+ / ( ) t* 71X ((1 — t)a + tb, .)dt.
0

B—1
) t* 1 X (ta+ (1 — )b, .)dt

«

«

Next, we obtain the following

of
m P50 e (X 09 )@ ®) + P50 - (X 090, ) (7 ()]

_D@B+nef 1 O T ) —a) — () — )" (X ow, ()
‘2<b—a>aﬁ'r<ﬂ>{/w-l<a>¢“[ } <

+/w-l(b) oo [ (b= v~ (@) ~ (b~ Wv))“rl (<X °%,)(v) dv}

s a b= )

e R e e e
o v [ T )

s { [ [ (- (2] e ()

[l [0 ()] o (E505) 5 )

For the first integral, let ¢ = % = Yw) =a+tb—a)=a(l —t)+tb. When
v=1"1a), t =0 and when v =¢~1(b), t = 1. Also, dt = %dv. Similarly, for
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the second integral, let s = %&U}, then ¥ (v) =b— (b—a)s = (1 — )b+ sa and
—ds = %dv. When v =1~1(a), s =1 and when v = ¢~1(b), s = 0. Therefore,

Oéﬁ 2 !
S e T s (X 0 007 0) 4 P2 - (X0 w07 @)

- Q(bﬁ_‘f)aﬁ{ /Ol(b A ) <T>ﬂlt“1X((1 —t)a + tb, .)(b_d;_a
+/01(b — q)B-D <1ata>ﬁ_lt"‘1X(sa + (1 —s)b, )(b_di)_a}

1 ay B-1
:ﬂ;‘ﬁ{/ (“t ) 11X (1 = t)a + tb, . )dt
0

N /01 (1 _ata>6_1t“_1X(sa 1 (1- s)b, .)dt}.

Thus, we have that

a+b rB+1)a” 4 o _ o -
X( ; ) < 2(@_))5 PZE 0y (X 0w, )@ (1) + PZ5 ) (X 09, ) (7 (a))](4:3)
To obtain the last part of the inequality, we use the convexity of X as follows:
X(ta+ (1—t)b,.)+ X((1—-t)a+1tb,.) < X(a,.)+ X(b,.).

Multiply through by (%)ﬂ_lt(’_l, a, B> 0 and integrate over ¢ in the interval
[0, 1] to obtain

1 1 — ¢ B—1 1 1—t@ B-1
/ ( - ) t* X (ta + (1 —t)b,.)dt+/ ( ) t* 71X ((1 —t)a +tb,.)dt
0 0

e
1

Ba

(X(a,.) + X(b,.)).

Multiply both sides by % to obtain

of
S T s (X 0 0007 0) 4 P2 - (X 0 0 ) (07 @)

X(a,.)+ X(b,.
SR.UBEE CBI
Combining equations (4.3) and (4.4), the result follows. O

As a corollary, we extend the result of ¢-fractional conformable integrals to both
k- and (k,r)-fractional conformable integrals as follows:

Corollary 4.4. Let f : [a,b] — R be such that f € L[a,b] and a < b. If f is convex
on la,b] and ¢ some positive monotone function with continuous derivative, then

for k,a,8 >0,

B
f(a;b) < DeBEROT fogen, o (F o) @™ (B) + LT3 - (F o v (@)

IN
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Corollary 4.5. Let f € XP(a"TH 6" ). If f @ [a" "L, 0" ] — R is a convex
function with 0 < a < b,a, r,k, 8 > 0 and ¥ some positive monotone function with
continuous derivative, then

f(ar+1+br+1> - Fk(ﬂ+k)a%
2 2r 4+ 1) F(br+! — art1) ¥

X

{fﬁfﬁfamy (fo 7/’)(7/’71(”“)) + fzg’—ui’&,wl)— (fo 1/’)(‘/’71(61#1))

S+
LA

IN

5. CONCLUSION

We obtained the generalizations for the Hermite-Hadamard inequalities for (k, r)-
fractional and -fractional conformable integrals for convex, positive stochastic
process.
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