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NEW ψ - & (k, r) - FRACTIONAL CONFORMABLE INTEGRALS

AND INEQUALITIES OF THE HERMITE–HADAMARD TYPE

FOR POSITIVE–CONVEX STOCHASTIC PROCESSES

MCSYLVESTER EJIGHIKEME OMABA

Abstract. Huang et al in the paper [Some inequalities of the Hermite–Hadamard

Type for k-fractional conformable integrals, The Australian Journal of Math-

ematical Analysis and Applications, 16 (2019), no. 7, pp. 1-9] proved some
new Hermite–Hadamard type inequalities for k-fractional conformable inte-

grals for convex functions. In this paper, we extend and generalize the main

result of the above-mentioned paper for (k, r)-fractional conformable integrals
for positive–convex stochastic process and also point out a mistake (omission)

in ([6], Theorem 3.1). In addition, we prove a new Hermite–Hadamard type
inequality for ψ-fractional conformable integrals for positive–convex stochastic

process.

1. Introduction

Hermite–Hadamard (H–H) integral inequality is one of the most famous inequal-
ities for convex functions in the theory of fractional integral inequalities. There
have been various versions and generalizations for the H–H inequality for convex
functions, and recently an extension to convex stochastic processes for different
fractional integrals, (see [3, 5, 8, 11, 12, 13, 14] and their references). In [6], the au-
thors considered the H–H type inequalities for generalized k-fractional conformable
integrals for convex functions. This paper has two parts: In the first part, we
define the (k, r)-fractional conformable integral operators and give its generalized
H–H type inequality for a positive and convex stochastic process. The main re-
sult of the paper (Theorem 3.1, [6]) can be deduced as a particular case of our
main result. In the second part, we give the definition of ψ-fractional conformable
integral operators, where ψ is an increasing and positive monotone function with
a continuous derivative. In what follows, we prove its H–H type inequality for a
positive and convex stochastic process, which generalizes the result of (Theorem
2.1, [9]) for a convex function on a given interval [a, b]. The result can easily be
extended to the cases of k- or (k, r)-fractional conformable integrals.
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The paper is outlined as follows. Section 2 is the definitions of basic concepts used
and some existing results on H–H type inequalities for convex stochastic process.
The statement of the main results are given in Section 3 and their proofs in Section
4. Section 5 contains a brief conclusion of the paper.

2. Preliminaries and auxiliary results

Definition 1. A function f : I → R is said to be a convex function if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y),

holds for all x, y ∈ I and λ ∈ [0, 1].

For the above class of functions, the following theorem has been obtained:

Theorem 2.1 (Hermite–Hadamard Inequality). Let f : I → R be a convex func-
tion, and a, b ∈ I with a < b then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
.

Nikodem in [11] initiated the concept of convex stochastic processes and gave
the following definition:

Definition 2 ([11, 12]). Let (Ω,F , P ) be a probability space and I ⊂ R be an
interval. The stochastic process X : I × Ω → R is said to be a convex stochastic
process if

X(λa+ (1− λ)b, .) ≤ λX(a, .) + (1− λ)X(b, .),

holds almost everywhere for all a, b ∈ I and λ ∈ [0, 1].

Following Theorem 2.1, the H–H type inequality for a convex process was given
as follows:

Theorem 2.2 ([5, 12, 14]). Let X : I × Ω → R be a convex and mean square
continuous process in the interval I × Ω, then

X

(
a+ b

2
, .

)
≤ 1

b− a

∫ b

a

X(t, .)dt ≤ X(a, .) +X(b, .)

2
,

holds almost everywhere.

There have been some extensions and variations in the concept of convex pro-
cesses and their H–H type inequalities, see [11, 12, 14] for details. The H–H inequal-
ity has further been extended to fractional integral operators like the Riemann–
Liouville fractional integral of order α ≥ 0, see [3, 5, 10, 16]. Katugampola gener-
alized the Riemann–Liouville fractional integrals for functions f ∈ Xp

c (a, b), c ∈ R,
and the Hermite–Hadamard type inequality established as follows:

Theorem 2.3 ([5]). Let α > 0 and ρ > 0. Let X : [aρ, bρ] × Ω → R be a positive
stochastic with 0 ≤ a < b and X(t, .) ∈ Xp

c (aρ, bρ). If X(t, .) is convex, then the
following inequality holds almost everywhere

X

(
aρ + bρ

2
, .

)
≤ Γ(α+ 1)

2ρ−α(bρ − aρ)α

(
ρIαbρ−X(aρ, .) + ρIαaρ+X(bρ, .)

)
≤ X(aρ, .) +X(bρ, .)

2
.
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Sarikaya et al in [15] introduced the (k, r)-fractional integral of the Riemann-type
(see also [2, 6, 10, 16]); and the H–H inequality for the (k, r)-fractional integral of
the Riemann-type for a convex stochastic process was recently given by [13] as
follows:

Theorem 2.4 ([13], Theorem 2.4). Let α > 0, k > 0 and r ≥ 0. Let X :
[ar+1, br+1] × Ω → R be a positive stochastic with 0 ≤ a < b and X(t, .) ∈
Xp
c (ar+1, br+1). If X(t, .) is convex, then the following inequality holds almost ev-

erywhere

X

(
ar+1 + br+1

2
, .

)
≤ Γk(α+ k)

2(r + 1)−
α
k (br+1 − ar+1)

α
k

×
(
Iα,r
b(r+1)−,k

X(ar+1, .) + Iα,r
a(r+1)+,k

X(br+1, .)

)
≤ X(ar+1, .) +X(br+1, .)

2
.

One may also refer to the same paper [13] where the authors in a recent re-
sult, generalized Theorem 2.3 for the Katugampola generalized fractional integrals
defined in [17, 18], as follows:

Theorem 2.5 ([13], Theorem 2.1). Let α > 0, ρ > 0, β > 0 and η > 0. Let
X : [aρ(η+1), bρ(η+1)]× Ω→ R be a positive stochastic with 0 ≤ a < b and X(t, .) ∈
Xp
c (aρ(η+1), bρ(η+1)). If X(t, .) is convex, then the following inequality holds almost

everywhere

X

(
aρ(η+1) + bρ(η+1)

2
, .

)
≤ (η + 1)Γ(α+ 1)

2ρ−β(bρ(η+1) − aρ(η+1))α

×
[

1

akρ(η+1)
ρIα,β
bρ(η+1)−,η,κ

X(aρ(η+1), .)

+
1

bρ2η(η+1)
ρIα,β
aρ(η+1)+,η,ρη

X(bρ(η+1), .)

]
≤ X(aρ(η+1), .) +X(bρ(η+1), .)

2
.

3. Statements of the main results

In this paper, we generalize Theorem 2.3 and give H–H inequalities for the (k, r)-
fractional conformable integrals for a convex stochastic process. We begin with the
following definition:

Definition 3 ([1]). The conformable left and right fractional integrals of order
0 < α ≤ 1 are given as follows

Iαa+f(t) =

∫ t

a

f(x)dα(x, a) =

∫ t

a

(x− a)α−1f(x)dx,

and

Iαb−f(t) =

∫ b

t

f(x)dα(b, x) =

∫ b

t

(b− x)α−1f(x)dx.

In 2017, the authors in [7] gave the definition of left and right fractional con-
formable integrals as follows:
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Definition 4 ([7, 6]). The left and right fractional conformable integral operators
of order 0 < α ≤ 1 are defined by

βIαa+f(t) =
1

Γ(β)

∫ t

a

[
(t− a)α − (x− a)α

α

]β−1
f(x)

(x− a)1−α
dx,

and

βIαb−f(t) =
1

Γ(β)

∫ b

t

[
(b− t)α − (b− x)α

α

]β−1
f(x)

(b− x)1−α
dx.

Recently, in 2019, Huang et al in [6] gave the definition of generalized k-fractional
conformable integrals:

Definition 5 ([4, 6]). Let f be a continuous function on a finite interval [a, b].
Then the generalized left and right k-fractional conformable integral operators of
order β ∈ C for R(β) > 0 are defined by

β
kI

α
a+f(t) =

1

kΓk(β)

∫ t

a

[
(t− a)α − (x− a)α

α

] β
k−1 f(x)

(x− a)1−α
dx

and

β
kI

α
b−f(t) =

1

kΓk(β)

∫ b

t

[
(b− t)α − (b− x)α

α

] β
k−1 f(x)

(b− x)1−α
dx,

where k > 0 and α ∈ R \ {0},

and consequently proved the H–H type inequalities for the above integrals as
follows:

Theorem 3.1 ([6], Theorem 3.1). Let f : [a, b] → R be such that f ∈ L[a, b] and
a < b. If f is convex on [a, b], then

f

(
a+ b

2

)
≤ kΓk(β + k)α

β
k

2(b− a)
αβ
k

[βkI
α
b−f(a) + β

kI
α
a+f(b)] ≤ f(a) + f(b)

2
. (3.1)

However, we observed and noted that there is a slight mistake (an omission) in
the proof of Theorem 3.1 and hence, the inequality (3.1) should correctly read:

f

(
a+ b

2

)
≤ Γk(β + k)α

β
k

2(b− a)
αβ
k

[βkI
α
b−f(a) + β

kI
α
a+f(b)] ≤ f(a) + f(b)

2
.

Now, we define the (k, r)-fractional conformable integrals as follows:

Definition 6. Let f be a continuous function on a finite interval [a, b]. Then the
generalized left and right (k, r)-fractional conformable integral operators of order
β ∈ C for R(β) > 0 are defined by

β
kI

α,r
a+ f(t) =

(r + 1)1−
β
k

kΓk(β)

∫ t

a

[
(tr+1 − ar+1)α − (xr+1 − ar+1)α

α

] β
k−1 xrf(x)

(xr+1 − ar+1)1−α
dx,

and

β
kI

α,r
b− f(t) =

(r + 1)1−
β
k

kΓk(β)

∫ b

t

[
(br+1 − tr+1)α − (br+1 − xr+1)α

α

] β
k−1 xrf(x)

(br+1 − xr+1)1−α
dx,

where k > 0, r > 0 and α ∈ R \ {0}.
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In what follows, we give the equivalent H–H type inequality for the above (k, r)-
fractional conformable integrals.

On the other hand, we also give the H–H type inequality for ψ-fractional con-
formable integrals. We begin by defining ψ-Riemann–Liouville fractional integral.

Definition 7 ([9, 19]). Let (a, b)(−∞ ≤ a < b ≤ ∞) be a finite or infinite interval
of the real line R and α > 0. Also let ψ(t) be an increasing and positive monotone
function on (a, b], having a continuous derivative ψ′(t) on (a, b). The left- and
right-sided ψ-Riemann–Liouville fractional integrals of a function f with respect to
another function ψ on [a, b] are defined by

Iα,ψa+ f(t) =
1

Γ(α)

∫ t

a

ψ′(x)(ψ(t)− ψ(x))α−1f(x)dx,

Iα,ψb− f(t) =
1

Γ(α)

∫ b

t

ψ′(x)(ψ(x)− ψ(t))α−1f(x)dx.

The H–H type inequality for the above integrals was recently proved by Liu et al
(see [9], Theorem 2.1). Here, we give the H–H type inequality for ψ-fractional con-
formable integrals and define the left and right ψ-fractional conformable integrals
as follows:

Definition 8. The left and right ψ-fractional conformable integral operators of
order 0 < α ≤ 1 are defined by

βIα,ψa+ f(t) =
1

Γ(β)

∫ t

a

ψ′(x)

[
(ψ(t)− a)α − (ψ(x)− a)α

α

]β−1
f(x)

(ψ(x)− a)1−α
dx,

and

βIα,ψb− f(t) =
1

Γ(β)

∫ b

t

ψ′(x)

[
(b− ψ(t))α − (b− ψ(x))α

α

]β−1
f(x)

(b− ψ(x))1−α
dx.

Remark. We obtain Definition 7 when α→ 1 and β → α.

4. Proofs of Main Results

Here, we give proofs of our main results:

4.1. H–H inequality for (k, r)-fractional conformable integral. The H–H
type inequality for the (k, r)-fractional conformable integral for a convex stochastic
process is as follows:

Theorem 4.1. Let α > 0, β > 0, k > 0 and r ≥ 0. Let X : [ar+1, br+1]×Ω→ R be
a positive stochastic process with 0 ≤ a < b and X(t, .) ∈ Xp

c (ar+1, br+1). If X(t, .)
is convex, then the following inequality holds almost everywhere

X

(
ar+1 + br+1

2
, .

)
≤ Γk(β + k)α

β
k

2(r + 1)−
β
k (br+1 − ar+1)

αβ
k

×
(
β
kI

α,r

b(r+1)−X(ar+1, .) + β
kI

α,r

a(r+1)+
X(br+1, .)

)
≤ X(ar+1, .) +X(br+1, .)

2
.
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We set ρ = r + 1 in the Definition 6 as follows

β
kI

α,ρ
a+ f(t) =

ρ1−
β
k

kΓk(β)

∫ t

a

[
(tρ − aρ)α − (xρ − aρ)α

α

] β
k−1 xρ−1f(x)

(xρ − aρ)1−α
dx,

and

β
kI

α,ρ
b− f(t) =

ρ1−
β
k

kΓk(β)

∫ b

t

[
(bρ − tρ)α − (bρ − xρ)α

α

] β
k−1 xρ−1f(x)

(bρ − xρ)1−α
dx,

and follow the proof of Theorem 2.3.

Proof of Theorem 4.1. Set βk = β
k . Now, let t ∈ [a, b] and u, v ∈ [a, b], defined by

uρ = tρaρ + (1− tρ)bρ, vρ = (1− tρ)aρ + tρbρ,

and uρ + vρ = aρ + bρ. It is given that X is a convex stochastic stochastic process
thus,

X

(
uρ + vρ

2
, .

)
≤ X(uρ, .) +X(vρ, .)

2
,

and it follows that

2X

(
aρ + bρ

2
, .

)
≤ X(tρaρ + (1− tρ)bρ, .) +X((1− tρ)aρ + tρbρ, .).

Now, multiply through by
(
1−tαρ
αρ

)βk−1tαρ−1, βk, α, ρ > 0 and integrate over t in

the interval [0, 1] to obtain

2k

β(αρ)βk
X

(
aρ + bρ

2
, .

)
≤

∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρ−1X(tρaρ + (1− tρ)bρ, .)dt

+

∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρ−1X((1− tρ)aρ + tρbρ, .)dt,

since

∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρ−1dt =

1

βk(αρ)βk
=

k

β(αρ)βk
. Next, evaluating the

first integral by method of substitution to have tρ = bρ−uρ
bρ−aρ and uρ−1

bρ−uρ du = − 1
t dt.

Hence,∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρ−1X(tρaρ + (1− tρ)bρ, .)dt

=

∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρX(tρaρ + (1− tρ)bρ, .)t−1dt

= − 1

ρβk−1

∫ a

b

[
1−

(
bρ−uρ
bρ−aρ

)α
α

]βk−1(bρ − uρ
bρ − aρ

)α
X(uρ, .)

uρ−1

bρ − uρ
du

=
1

ρβk−1
1(

bρ − aρ
)αβk ∫ b

a

[
(bρ − aρ)α − (bρ − uρ)α

α

]βk−1 uρ−1(
bρ − uρ

)1−αX(uρ, .)du

=
1

ρβk−1
kΓk(β)

ρ1−βk
1(

bρ − aρ
)αβk Iα,ρaρ+,kX(bρ, .) =

kΓk(β)(
bρ − aρ

)αβk βkIα,ρaρ+X(bρ, .).
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Similarly, we obtain for the corresponding integral that∫ 1

0

(
1− tαρ

αρ

)βk−1
tαρ−1X((1− tρ)aρ + tρbρ, .)dt =

kΓk(β)(
bρ − aρ

)αβk βkIα,ρbρ−
X(aρ, .).

Adding the two integrals together, we have

2k

β(αρ)
β
k

X

(
aρ + bρ

2
, .

)
≤ kΓk(β)(

bρ − aρ
)αβk

(
β
kI

α,ρ
b− X(aρ, .) + β

kI
α,ρ
a+ X(bρ, .)

)
(4.1)

In order to obtain the other part of the inequality, we use the convex property of
the process X as follows:

X(tρaρ + (1− tρ)bρ, .) ≤ tρX(aρ, .) + (1− tρ)X(bρ, .)

X((1− tρ)aρ + tρbρ, .) ≤ (1− tρ)X(aρ, .) + tρX(bρ, .).

Adding the two inequalities, we have

X(tρaρ + (1− tρ)bρ, .) +X((1− tρ)aρ + tρbρ, .) ≤ X(aρ, .) +X(bρ, .).

Multiply through by
(
1−tαρ
αρ

)βk−1tαρ−1, α, βk, ρ > 0 and integrate over t in the

interval [0, 1] to obtain

kΓk(β)(
bρ − aρ

)αβk
(
β
kI

α,ρ
aρ+X(bρ, .) + β

kI
α,ρ
bρ−

X(aρ, .)

)
≤ k

β(αρ)βk
(X(aρ, .) +X(bρ, .))(4.2)

Thus, combining equations (4.1) and (4.2),

2k

β(αρ)βk
X

(
aρ + bρ

2
, .

)
≤ kΓk(β)(

bρ − aρ
)αβk

(
β
kI

α,ρ
aρ+X(bρ, .) + β

kI
α,ρ
bρ−

X(aρ, .)

)
≤ k

β(αρ)βk
(X(aρ, .) +X(bρ, .)).

Divide both sides by 2k
β(αρ)βk

and we have

X

(
aρ + bρ

2
, .

)
≤ βΓk(β)

2(αρ)−βk
1(

bρ − aρ
)αβk

(
β
kI

α,ρ
aρ+X(bρ, .) + β

kI
α,ρ
bρ−

X(aρ, .)

)
≤ X(aρ, .) +X(bρ, .)

2
.

�

Remark. Theorem 2.3 follows from the above result when β = α, α = 1, r = 0
and k = 1.

We deduce the generalized H–H inequalities for (k, r)- fractional conformable
integrals of any convex function f :

Corollary 4.2. Let f ∈ Xp
c (ar+1, br+1). If f : [ar+1, br+1] → R is a convex

function with 0 ≤ a < b, α > 0, r > 0, β > 0 and k > 0, then

f

(
ar+1 + br+1

2

)
≤ Γk(β + k)

2α−
β
k (r + 1)−

β
k (br+1 − ar+1)

αβ
k

×
(
β
kI

α,r

b(r+1)−f(ar+1) + β
kI

α,r

a(r+1)+
f(br+1)

)
≤ f(ar+1) + f(br+1)

2
.
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4.2. H–H Inequality for ψ-fractional conformable integrals.

Theorem 4.3. Let α > 0, β > 0. Let X : [a, b] × Ω → R be a positive stochastic
process with 0 ≤ a < b and X(t, .) ∈ L[a, b]. If X(t, .) is convex and ψ(x) is an
increasing and positive monotone function on (a, b], having a continuous derivative
ψ′(x) on (a, b). Then the following inequality holds almost everywhere

X

(
a+ b

2
, .

)
≤ Γ(β + 1)αβ

2(b− a)αβ

[
βIα,ψψ−1(a)+(X ◦ ψ)(ψ−1(b)) + βIα,ψψ−1(b)−(X ◦ ψ)(ψ−1(a))

]
≤ X(a, .) +X(b, .)

2
.

Proof. Since X is a convex process, we have

2X

(
a+ b

2

)
≤ X(ta+ (1− t)b, .) +X((1− t)a+ tb, .).

Multiplying through by
(
1−tα
α

)β−1
tα−1, β, α > 0 and integrating over t in the

interval [0, 1] to obtain

2

βαβ
X

(
a+ b

2
, .

)
≤

∫ 1

0

(
1− tα

α

)β−1
tα−1X(ta+ (1− t)b, .)dt

+

∫ 1

0

(
1− tα

α

)β−1
tα−1X((1− t)a+ tb, .)dt.

Next, we obtain the following

Γ(β + 1)αβ

2(b− a)αβ
[
βIα,ψψ−1(a)+(X ◦ ψ, .)(ψ−1(b)) + βIα,ψψ−1(b)−(X ◦ ψ, .)(ψ−1(a))

]
=

Γ(β + 1)αβ

2(b− a)αβ
.

1

Γ(β)

{∫ ψ−1(b)

ψ−1(a)

ψ′(v)

[(
ψ(ψ−1(b)− a

)α − (ψ(v)− a
)α

α

]β−1
(X ◦ ψ, .)(v)

(ψ(v)− a)1−α
dv

+

∫ ψ−1(b)

ψ−1(a)

ψ′(v)

[(
b− ψ(ψ−1(a)

)α − (b− ψ(v)
)α

α

]β−1
(X ◦ ψ, .)(v)

(b− ψ(v))1−α
dv

}
=

βαβ

2(b− a)αβ

{∫ ψ−1(b)

ψ−1(a)

ψ′(v)

[
(b− a)α −

(
ψ(v)− a

)α
α

]β−1
(X ◦ ψ, .)(v)

(ψ(v)− a)1−α
dv

+

∫ ψ−1(b)

ψ−1(a)

ψ′(v)

[
(b− a)α −

(
b− ψ(v)

)α
α

]β−1
(X ◦ ψ, .)(v)

(b− ψ(v))1−α
dv

}
=

βαβ

2(b− a)αβ

{∫ ψ−1(b)

ψ−1(a)

[
(b− a)α

α

(
1−

(
ψ(v)− a
b− a

)α)]β−1
X(ψ(v), .)

(
b− a

ψ(v)− a

)1−α

× ψ′(v)

(b− a)1−α
dv

+

∫ ψ−1(b)

ψ−1(a)

[
(b− a)α

α

(
1−

(
b− ψ(v)

b− a

)α)]β−1
X(ψ(v), .)

(
b− a

b− ψ(v)

)1−α
ψ′(v)

(b− a)1−α
dv

}
.

For the first integral, let t = ψ(v)−a
b−a ⇒ ψ(v) = a + t(b − a) = a(1 − t) + tb. When

v = ψ−1(a), t = 0 and when v = ψ−1(b), t = 1. Also, dt = ψ′(v)
b−a dv. Similarly, for
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the second integral, let s = b−ψ(v)
b−a , then ψ(v) = b − (b − a)s = (1 − s)b + sa and

−ds = ψ′(v)
b−a dv. When v = ψ−1(a), s = 1 and when v = ψ−1(b), s = 0. Therefore,

Γ(β + 1)αβ

2(b− a)αβ
[
βIα,ψψ−1(a)+(X ◦ ψ, .)(ψ−1(b)) + βIα,ψψ−1(b)−(X ◦ ψ, .)(ψ−1(a))

]
=

βαβ

2(b− a)αβ

{∫ 1

0

(b− a)α(β−1)
(

1− tα

α

)β−1
tα−1X((1− t)a+ tb, .)

dt

(b− a)−α

+

∫ 1

0

(b− a)α(β−1)
(

1− tα

α

)β−1
tα−1X(sa+ (1− s)b, .) dt

(b− a)−α

}
=
βαβ

2

{∫ 1

0

(
1− tα

α

)β−1
tα−1X((1− t)a+ tb, .)dt

+

∫ 1

0

(
1− tα

α

)β−1
tα−1X(sa+ (1− s)b, .)dt

}
.

Thus, we have that

X

(
a+ b

2
, .

)
≤ Γ(β + 1)αβ

2(b− a)αβ
[
βIα,ψψ−1(a)+(X ◦ ψ, .)(ψ−1(b)) + βIα,ψψ−1(b)−(X ◦ ψ, .)(ψ−1(a))

]
(4.3)

To obtain the last part of the inequality, we use the convexity of X as follows:

X(ta+ (1− t)b, .) +X((1− t)a+ tb, .) ≤ X(a, .) +X(b, .).

Multiply through by
(
1−tα
α

)β−1
tα−1, α, β > 0 and integrate over t in the interval

[0, 1] to obtain∫ 1

0

(
1− tα

α

)β−1
tα−1X(ta+ (1− t)b, .)dt+

∫ 1

0

(
1− tα

α

)β−1
tα−1X((1− t)a+ tb, .)dt

≤ 1

βαβ
(X(a, .) +X(b, .)).

Multiply both sides by βαβ

2 to obtain

Γ(β + 1)αβ

2(b− a)αβ
[
βIα,ψψ−1(a)+(X ◦ ψ, .)(ψ−1(b)) + βIα,ψψ−1(b)−(X ◦ ψ, .)(ψ−1(a))

]
≤ X(a, .) +X(b, .)

2
(4.4)

Combining equations (4.3) and (4.4), the result follows. �

As a corollary, we extend the result of ψ-fractional conformable integrals to both
k- and (k, r)-fractional conformable integrals as follows:

Corollary 4.4. Let f : [a, b]→ R be such that f ∈ L[a, b] and a < b. If f is convex
on [a, b] and ψ some positive monotone function with continuous derivative, then
for k, α, β > 0,

f

(
a+ b

2

)
≤ Γk(β + k)α

β
k

2(b− a)
αβ
k

[
β
kI

α,ψ
ψ−1(a)+(f ◦ ψ)(ψ−1(b)) + β

kI
α,ψ
ψ−1(b)−(f ◦ ψ)(ψ−1(a))

]
≤ f(a) + f(b)

2
.
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Corollary 4.5. Let f ∈ Xp
c (ar+1, br+1). If f : [ar+1, br+1] → R is a convex

function with 0 ≤ a < b, α, r, k, β > 0 and ψ some positive monotone function with
continuous derivative, then

f

(
ar+1 + br+1

2

)
≤ Γk(β + k)α

β
k

2(r + 1)−
β
k (br+1 − ar+1)

αβ
k

×
[
β
kI

α,ψ,r
ψ−1(ar+1)+(f ◦ ψ)(ψ−1(br+1)) + β

kI
α,ψ,r
ψ−1(br+1)−(f ◦ ψ)(ψ−1(ar+1))

]
≤ f(ar+1) + f(br+1)

2
.

5. Conclusion

We obtained the generalizations for the Hermite–Hadamard inequalities for (k, r)-
fractional and ψ-fractional conformable integrals for convex, positive stochastic
process.
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