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IDEAL CONVERGENCE VIA REGULAR MATRIX
SUMMABILTY METHOD

OSAMA H.H. EDELY, M. MURSALEEN

ABSTRACT. In this paper, we apply the notion of B-summability to define a
more general case of ideal convergence. We study several properties of this
new summability method.

1. INTRODUCTION AND PRELIMINARIES

The S-convergence was introduced in [15] which is more general than statistical
convergence (see [10] and [33]). Recently Balcerzak et al [I] and Komisarski [18]
have studied 3-convergence for functions. Further this notion was studied by several
authors, e.g. [], [, [24], [27]-[30]. Our aim of this paper is to define the most
general case of $-convergence through a sequence of regular matrices.

Let G C N (the set of +ve integers). The natural density (or asymptotic density
or arithmetic density) of G is defined by

5(G) = Tim #{r<n:reG} _
n— oo n
where # indicates the cardinality of the enclosed set.
Let Gy = {r<n : [§,—1| > €}. If (G ()) = 0 for each £ > 0, then the sequence
& = (&) is said to be statistically convergent to the number [, i.e. S-lim& = 1.
Let A = (fak);’k=1 be a non-negative regular matrix. Then the A-density [II]
of the set G C N is defined by

04(G) :=lim Z fnk exists.
" kea

If 04(G(e)) = 0 for each € > 0 then £ = (&,) is said to be A-statistically conver-
gent to the number [ (cf. [I6]) which is written as S4-lim =I.

Kolk [I7] defined B-statistical convergence, a more general notion, via the con-
cept of Fz-convergence (see [32]).

Let B = (B;) = ([buk(4)]). A sequence § = (&,) € l is called Faz-convergent to
the value £ if lim,, (B;§), = lim,, Y, bpi(j)&r = £, uniformly in j € N. In this case
£ is called the %B-lim €.
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If s (G) = p then we say that an index set G has B-density equal to p (see Kolk
[T7]), i.e.

lim Z bnk(j) = p uniformly in j,
" kec
where G = {kl} CN, k< /{514_1 V1.

Let B €R 4, the set of non-negative regular methods B. A sequence & = () is
called B-statistically convergent to the number £, if d (G () = 0 for every € > 0
and we denote it by Syu-lim& = £. See also [25] and [7].

For 8 = (C,1), we get statistical convergence. In case B =A, we get A-statistical
convergence.

2. IDEAL CONVERGENCE AND ITS GENERALIZATION

If Y # @, then a family & C 2 is an ideal & (i) @ € S, (i) E,F € § =
FUFeS and (ili) EeSand FC E= FeS.

An ideal S is called nontrivial ideal if & # & and ) ¢S

F(# @) C 2¥ is called the filteron Y < (i) @ ¢ F, (ii) E,F € F = ENF € F,
and (i) Fe Fand FOE = FecF

If a non-trivial ideal & in Y contains all singletons then it is called an admissible,
and vice-versa.

For a non-trivial ideal & C 2, aclass F(3) = {M C Y : M = Y\K, for some K €
3} is called the filter associated with the ideal .

A sequence & = (&) is S-convergent to [ if for every € > 0,

{(keN:|g -1 >ctes,

which is written as $-lim & = 1.

In [14] defined B(SJ)-statistically convergent and studied some properties.

Definition 2.1. A sequence & = (&) is called B(S)-statistically convergent to the
number £, if for every e >0 and d > 0

{(neN: Y bu(j)>dteS
kEG(E)

uniformly in j, where Gy = {k € N : [§—£] > €} and B €R,. We write
S (3)-lim & = £. Such a class of sequences will be denoted by Su(S).

One can easily see that for different choice of the matrix sequence B and & we
get different types of statistical methods, e.g. statistical convergence [12], lacunary
statistical convergence [I3], \-statistical convergence [22], A-statistical convergence
of order « [2], S-convergence [15], $-A-statistical convergence [30], S-lacunary sta-
tistical convergence [3], A(S) statistical convergence [31].

Now we define B(J)-summable, B(3*)-summable and statistically B (I)-summable.

Definition 2.2. Let B €R;. A sequence & = (&) is said to be B(I)-summable to
the number £, i.e. B(¥)-lim¢ =L, if Ve >0,

(neN:|(Bjf),— £ >cleS

uniformly in j. Such a class of sequences will be denoted by B(J).
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Definition 2.3. Let B €R.. A sequence & = (&) is called B(S*)-summable to
the number £, if there exists R = {kpy : k1 < ko < ---} C N such that R €
F(S) and B-lim,y, &, = lim,, (B;E),, = £, uniformly in j. In this case we write
B(3*)-lim € = £.

For B =A, B(Y) and B(3*)-summable becomes A(J) and A($*) summable due
to [31] and []].
Definition 2.4. Let B €Ry. A sequence & = (&) is said to be statistically B(SJ)-
summable to the number £, i.e. I (Syp)-lim& =L, ifVe>0 andd >0,

#{t <n:|(Bj§):— L[ = ¢}
n
uniformly in j. Such a class of sequences will be denoted by (S ).

{neN:

>d} e,

For B =A, statistical B(J)-summability is reduced to statistical A(I)-summability
[9] and if & = Sy, = {G C N : G is finite}, statistical B(I)-summability is reduced
to statistical A-summability [6]. Further for different choice of A, we get statisti-
cal summability (C,1) due to Moricz [19], statistical summability (H,1) due to
Moricz [20], statistical summability (NV,p) (see [21]), statistical o-convergence [26]
and statistical A-summability [23].

3. MAIN RESULTS
We establish some relations here.

Theorem 3.1. For an admissible ideal S, the B(S)-statistical convergence of & =
(&) € Lo = B(S)-summability but the converse need not hold.

Proof. Let € = (&) € Ls be B(I)-statistically convergent to £. Let for £ > 0,
Ky ={keN:|{—£L] > e}, Then

(Bin =&l < | D bar&G =) 1+ D bur(i) (& — £) |

k}%K(E) k‘GK(E)

3 . .
< 3 > bnk(J)Ht;plfk*SI > bar(d)-

kEK (o) keK ()

By the regularity of the method 9B, we get
{neN:|[(Bj&)n— &l >ey C{neN: > bulj) >e/2M} (3.1)
kGK(E)
where M = supy, | & — £ | . Since Sp($)-lim& = £, (3.1) implies that & is B(I)-
summable to £. This completes the proof.
|

‘We check the converse.

Example 3.2. Let N =J, A, where A, = {2"7! (2t — 1) : t € N} are infinite sets
and A, A, = @ for v # n. Let & be the collection of all subsets of N which
intersect at most a finite number of A,.’s. Then I is an admissible ideal. Choose

jin—i—% if n € A1k =n?,
_n__ — 2
b () = 1—j(n+1) zfneAl,k—n +1,
1, dfn g Ak =n?+1,

0 otherwise.
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Obviously B €R . Now define £ = (&) by
k if k =n?,
=4 0 ifk=n2+1,
1, otherwise.

Then & is B(SJ)-summable to zero but not B(S)-statistically convergent.

Theorem 3.3. For an admissible ideal §, B(T*)-lim¢ = £ = B(F)-limé = £,
but generally the converse does not hold.

Proof. If B(3*)-lim¢& = £, then there exists H €S such that 8 = N\H = {n,, :
ny <mng <---} € F(S) and B-lim,, &,,, = £. But then for each € > 0 there exists
an integer N > 0 such that |(B;¢),,, — £| < € uniformly in j, for all m > N. Since

{nm € 8:|(Bj&)n,, — £l >c} C{ni,ng, - ,nn_1} €3 .
Hence
{neN:|(Bjf)n — & >} CHU{n, €R:|(Bjf)n, — L& >} €S
uniformly in j for all € > 0. Hence B(J)-1lim& = £. O

Now we show that the converse does not hold.

Example 3.4. Let S be the class defined in Example . Define a sequence &, = %
if n € Ap. Then B(S)-lim, &, = 0.

Let B(3*)-limy, &, = 0. Then there exists 8 = {n;, :n1 <ng < ---} C N such
that 8 € F(S) and B-lim,, &,,, = 0. Since R € F(S), there is a set K € & such
that 8 = N\ K. Hence there exists s € N such that

K c (glAn).

But then Asy1 C R, and so

1
S = ) 0

for infinitely many ny,’s from 8 which contradicts B-lim,, &,,, = 0. Hence the
supposition B(Z*)-lim, &, = 0 gives a contradiction.

The converse may hold if & is a P-ideal, i.e. if for every sequence (€,,) of sets
from $ there is € € S, such that €,\€ is finite for every n (see [15] and [1]).

Theorem 3.5. Let S be an admissible P—ideal. If B(J)-lim & = £ then B(F*)-lim ¢ =
L.

Proof. Let B(3)-lim& = £. Then for every € > 0, we have {n € N : |(B;¢),, — £| >
e} € S uniformly in j.
So for every t the sequence (€;) of sets

@t:{neN:Kij)n—S\z%}e%.

Since ¥ is a P—ideal, there exists a set € € & such that €; \ € is finite for each
t. Let R =N\ € = {n,}°_, € F(I). Now for any v > 0, there exists N, € N such
that NL < 7, then

1
CN:{nEN: |(Bj&)n — £ > } €.
Ny
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Therefore the set

{n EN:|(Bjé)n — £l < ]\1[} e F(S).

5
For n,, € R, we have for each v > 0

|(Bj&)n.,, — £| <7, YNy > Ny, uniformly in j.
ie. B($*)-lim¢ = £. This completes the proof. O

Theorem 3.6. For an admissible ideal S, if there exists & = {kn}55_1 € F(I)
and 6 (R) = 1 such that B-lim,, &, = £, then I (Sp) -lim & = £ but converse need
not be true.

Proof. Let B-lim,, &, = £, where R=N\K ={k,}*_; € F(J), K< and
0 (R) = 1. Hence for each € > 0,

iy Zkm < 2 [(Bi€)k, — Ll 2 €}
n n
Therefore for each d > 0, there exists N € N such that % < d, hence we have

fo BUnABO 82

= 0, uniformly in j.

g }g/cu{kl,kz,...,kzv}e%,

ie. ¥(Sy)-lim& = £. This completes the proof. a

Now we check the converse.

Example 3.7. Let S be the class defined in Example[3.3. Choose

I R
1’ Zf”%Ahk‘:n
0 otherwise.

Obviously B €R . Now define & = () by

£ = 2 ifk ¢ A,k is square,
T 1, otherwise.

Then & is statistically B(S)-summable to one but not B(J)-summable and hence
not B(S™)-summable nor B(I)—statistically convergent.

Remark. If B(3*)-im¢ = £, then it is not necessary that I (Syp)-lmé =
L, i.e. 6(R) = 1 is necessary. For example, in Erample we see that &
is B(3)-summable and B(S™)-summable to zero but & is not statistically B(S)-
summable. Moreover there does not exists any set 8 € F () with § (R) = 1 satisfied
B-lim,, &, = L.
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