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REDUCED (p,qrDIFFERENTIAL TRANSFORM METHOD AND
APPLICATIONS

PANKAJ JAIN, CHANDRANI BASU AND VIVEK PANWAR

ABSTRACT. In this paper, Reduced Differential Transform method in the frame-
work of (p, g)-calculus, denoted by Rp,¢DT, has been introduced and applied
in solving a variety of differential equations such as diffusion equation, 2D-
wave equation, K-dV equation, Burgers equations and Ito system. While the

diffusion equation has been studied for the special case p = 1, i.e., in the
framework of g-calculus, the other equations have not been studied even in
g-calculus.

1. INTRODUCTION

Differential equations (ordinary as well as partial) are important ingredients in
all branches of science and engineering since most of the phenomenon occurring in
nature can be modelled in terms of differential equations. A lot of new and efficient
methods keep arising to solve variety of differential equations, both analytically as
well as numerically. In the present paper, we are concerned with the Differential
Transform Method (DTM) which is a semi-analytical method proposed by Zhou
[22] to solve linear and non-linear initial value problems in electric circuit analysis.
Since its introduction, DTM has been applied successfully in a variety of linear and
non-linear differential equations.

As a generalization of DTM, Keskin and Oturance [14, 15, 16, 17] proposed the
so called Reduced Differential Transform Method (RDTM) and immediately it got
much attention and applied effectively to number of differential equations, initial
value problems and boundary value problems.

During the last two decades, tremendous work has been done using quantum cal-
culus or g-calculus which sometimes is called calculus without limits. It has been
applied to several areas including differential equations, operator theory, inequal-
ities, integral transforms, linear algebra etc. Although the idea of g-calculus was
initiated by Jackson [6] but its much usage is no more than a couple of decades old.
For some basics of g-calculus and certain applications, one may refer to the books
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[4, 10]. The g-calculus has been applied for RTDM to solve certain differential
equations [7].

The quantum calculus has been generalized to post-quantum calculus, commonly
known as (p, ¢)-calculus, [2, 3, 19]. Very recently, in [8, 9], the present authors have
also contributed in the study of integral transforms in the (p, ¢}framework.

The aim of the present paper is to develop RTDM in the framework of (p, ¢)-
calculus and apply it to solve partial differential equations and initial value prob-
lems. In particular, we consider the following:

(i) Diffusion equation

(ii) 2D-Wave equation
(ili) K-dV equation
(iv) Burgers equation
(v) Ito system.

11

We point out that in the framework of g-calculus, diffusion equation was con-
sidered in [20]. To the best of our knowledge, the other equations and Ito system
mentioned above have not been considered even in g-calculus.

The paper is organized as follows: Section 2 is preliminaries where we collect
some basic notions of ¢ and (p,q) calculus. Moreover, g-analogue of the reduced
differential transform method has also been discussed here. In Section 3, we intro-
duce and study the (p,q)-analogue of the reduced differential transform method.
Applications of the results proved in Section 3 in solving diffusion equation, 2D-
wave equation, K-dV equation and Burgers equation have been given in Section 4
whereas application for solving Ito system has been provided in Section 5. Finally,
in Section 6, some concluding remarks have been provided.

2. PRELIMINARIES

2.1. ¢g-Calculus. Throughout this paper, we shall take ¢ € (0,1). Here we shall
give some basic notions and notations used in g-calculus. Let z € C, and n € N.
The g-analogue of x and ¢-factorial of n are defined, respectively, by

[z]q = 11:q;7
and
[n)g! = [1]q[2]q - - - [n]q, [0]¢! =1.

For n, k € N, we shall be using the notation

The g-derivatives D, f of a function at = # 0 is given by
f(@) — fqx)
(1—q

For two functions f and g, the g-analogue of Leibnitz formula [10] is given by

qu(:c) -

D (00) =3 (1) Dbt =105 900,

k=0

If f is differentiable, then D, f(x) becomes the classical derivative f/(:c) as ¢ — 1.
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The g-Taylor formula [10] of f in some neighbourhood of a point a is given by

— (¥ —a); Dg f(a)
flz) = Z T,
k=0 a

where
(x — a)l; = (z —a)(z — qa)(z — ¢x) ... (z — ¢" ta).
The g-analogue of exponential function [10] has two forms, given respectively by
.k e )
€y 2 ! and E; ;} i,
The partial g-derivatives of a multi-variable function f(Z), & = (x1,22...2y,)
with respect to a variable x; is defined by

o [, @e, .o, qu, ) — [, T2, Xy, X))
Dy .. = .
2.2. (p,qFCalculus. In this section, we give a brief introduction of (p, ¢)calculus.

Throughout this paper we shall take 0 < ¢ < p < 1. Let x € C, and n € N. The
(p, granalogue of x and (p, g}factorial of n are defined, respectively, by

(] = =1
pP—q
and
[n]%q! = H[k]p,qa n>1, [O]P,q! =1.

k=1
For n, k € N, we shall be using the notation

{n} _ [lp.q! .
k [n = klp.q![K]p.q!
The (p, g}derivative of a function f is defined by
flpx) — f(qx)
D, f(r) = —"——"=.
p,q ( ) (p . q)x
For two functions f and g, the (p, ¢)-analogue of Leibnitz formula [2] is given by

n S n n— n—
D, (F)a(@) = X || Dhater 05 ot
k=0
The (p, ¢} Taylor formula [19] of degree N in some neighbourhood of a point a is
given by

N kot (ap—F
f(z) = Zp—(ﬁ)M(I —a)k

o [Klp.q! ne

where

(x —a)y , = (x—a)(pr —qa)... (" 'z — ¢" "a).

The (p, ¢)-analogue of exponential function has three forms as given below:

o _amplat
€pq = Z Ky E, .=
k=0 p,q-

k

= q(2):ck _ T
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For various properties and relationships among the three exponential forms, one
may refer to [3].
The (p, g)-analogue of sinz and cosx [2] is given by:

o ép,q(iz) - ép,q(m) ép,q(m) + épyq(m)

sing ¢ () = 57 and COSpq(T) = ) . (2.1)
The following theorem was proved in [2].
Theorem A. Let [ be (p,q)differentiable of order n. Then
n . n ke
10re) =3 o] 00~ 0D} o ). (22)

k=0
The partial (p,g)derivatives of a multi-variable function f(z1,z2...x,) with
respect to the variable z; is defined by
flxy, @, pxyy . ) — f(T1, 22,0, qT4y e o X))
P — @)

Note that when p = 1, the (p, ¢)}calculus reduces to the g-calculus. For more on
basic properties of (p, ¢}calculus, one may refer to [2], [19].

2.3. Reduced ¢-differential Transforms. Here and throughout, we shall con-
sider all the functions of two variables to be of the product type, e.g., the function
u(z,t) is of the type uq(z)uz(t).

Suppose that all ¢g-differentials of a function u(x,t) exist in some neighbourhood
of t = a. The reduced g-differential transform (R,DT) [7] of a function u(z,t) at a
point t = a is defined by

1

Un(e) = g [D’q“ytu(:c,t)}

t=a

so that the g¢-differential inverse transform of Uy (x) is given by

o0

u(a,t) =Y Ur(@)(t - a)k.

k=0

Some properties of R¢DT are collected in the following table:

Function R,DT att =0
ou(x,t) £v(z,t) aUg(z) £ Vi (x)
e x™o(k —n)
Dy u(z,t) D,Uy(z)
Dy yu(z,t) [k+ 1)k +2]q... [k +7]qUisr(2)
u(, oz, 1) =0 Us-n(#)Va (2)
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3. REDUCED (p, ¢-DIFFERENTIAL TRANSFORMS

In this section, we introduce and study certain properties of reduced (p,q)
differential transform (R, ,DT).

Definition 3.1. Suppose that all (p, q)-differentials of u(x,t) exist in some neigh-
borhood of t = ap=F. The R, DT of u(z,t) at a point t = ap=* is defined by

Uy(z) = [k];q! {Dg’q’tu(x, t)} — (3.1)

so that the (p, q)-differential inverse transform of U (x) is given by

k

u(z,t) = Z Ug(x)(t — ap_k)];’qp_(ﬁ. (3.2)
k=0

Note. If there is no ambiguity likely to occur we are using the same symbol Uy (z)
to denote the R,DT as well as R, ;DT. Even in the literature, the same symbol
has been used to denote the classical reduced differential transform (RDT). The
usage will be clear according to the context.

Remark. When a = 0, the (p, q)-differential inverse transform of Uy(x) given in
(3.2) has a simplified expression. Indeed, we have

u(w,t) = > Un()(t — ap™*)f = ()
=S U e)tp ()
= " Uk(a)t". (3.3)

Throughout, R, (DT will be considered at a = 0. As an example, we obtain the
R, ¢DT of a specific function in the following theorem:

Theorem 3.2. If w(x,t) = 2™t" then the corresponding Ry, (DT is given by
Wi(x) =a2™d(n — k),

where
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Proof. From the definition, we have

Db

and we are done.

In the following theorem, we provide some of the properties of R, ,DT:

Theorem 3.3. (a) If w(z,t) = Dp gou(z,t) then Wi(z) = Dy oUs(x).
(b) If w(z,t) = D, , yu(z,t) then

Wi(x) = [k + 1p,glk + 2lpg - - - [k + 7]pgUtr(2).

c) If w(x,t) = u(x, t)v(x,t) then Wi(z) = Zi:o U —n(2) V().
(d) If w(z,t) = au(z,t) £ v(x,t) then Wi (z) = aUy(z) + Vi ().

—

1
Wk($) = [k] | |:Dp,q,t(D%q73«'u(x7t)):| =0
p.q- =
1 k
- (k]p.q! [Dp’q’m(Dp’q’tu(x’t))}t:O
1 k
= Dp,q,;c [mDp,q,tU;(x7t)i| —0
= Dy qUk().
(b) We have
Wile) = oo [ Db g (D (e, 0)]
[Kp,qt L7 P P o g

k+r p,q! 1 )
- [ [k]p,]q! [k +7]p.q! [(D]S,Z,W(x,t))}

t=0

=[k+7lpq. .. [k+1pqUisr(x).

29
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(¢) We have, in view of Theorem A

Wi(@) = ﬁ (D, (w00
! LJ gt U(T tph ”)Dkqtv(x q")],_,

k 1 kn Tl —pl
=z—,[(z[ | - apincan)

{2

(y m v (p - qy Dy <x,t>)]

j=0 t=0

At t = 0, all the terms of the inner series vanish except for i = 0 and j = 0 so that
we have

k

1
Wi (z) = T;O mDp gru(@, t) Dy v(z,t)

k
= Z Ug—n(2) V().

(d) Straight forward. O

4. APPLICATIONS TO (p, qFPARTIAL DIFFERENTIAL EQUATIONS

We solve some (p, ¢)partial differential equations using R, ;DT. In particular
we solve (p, ¢}diffusion equation, (p,q)wave equations, (p,q}KdV equation and
(p, qFBurgers equation as test problems.

Example 4.1. (p, q)rDiffusion Equation: Consider the (p,q)-diffusion equation

Dpiqitu(x7t) D2 (l’,t), (41)

qu”

subject to the initial condition
u(z,0) = épq(x). (4.2)
Applying Ry, (DT to (4.1), we get
(k4 1pgUks1(x) = D2 Up(z)  k=0,1,2,.... (4.3)
Also, the initial condition (4.2), gives

Up(x) = €p,q(z). (4.4)
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For k=0,1,2..., we obtain from (4.3) and (4.4) successively the following:

01(#) = 77— na(®)
1 1 - 1

) = g, ) = g, T A

Uile) = Gy Ule) = el

Uk(e) = fr—2al)
Now, applying the inverse transform (3.3), we get

1) = 3 G = @) (45)
k=0 PO

which is the required solution of the given diffusion equation.
In Figures 1 and 2, we plot the graphs of the solution (4.5). In Figure 1, we take
p=1,q = 0.3 and k = 20 which corresponds to the case of q-calculus. This has

been compared with (p, q)-analogue by taking p = 0.8, ¢ = 0.6 and k = 20 in Figure
2.

1.0

FIGURE 1. Graph of (4.5) forp=1,¢=0.3, k=20
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FIGURE 2. Graph of (4.5) for p =0.8, ¢ = 0.6, k = 20

Example 4.2. Consider the following nonlinear (p, q)partial differential equation
Dy giu(w,t) = u*(2,t) + Dy g ou(z,t), (4.6)
subject to the initial condition
u(z,0) = a+ bx. (4.7)
Applying R, DT to (4.6), we have for k=0,1,2,...

k
b+ 1p.gUir1(z) = Y U (2)Un(x) + Dy gUs(). (4.8)
r=0

From the initial condition (4.7), we have
Uo(z) = a + bz. (4.9)

Solving Equation (4.8) with initial condition (4.9), we successively get values of
Ui(x) as follows: For k =0,

[Up.qU1(x) = U§ (2) + DygUo(z)

which gives
Ui(x) = a* + 2abx + b*2° 4 b.

Fork=1
[2]p,qU2(x) = 2Uo(2)U1(2) + Dp,qUs ()
so that
1
Us(z) = ——7— (2(13 + 6a%bx + 6ab’z? + 2b%2° + 2b%x + [2], Pz + 4ab)
(Up.al2lp.q

and so on. The inverse transform (3.3) gives the solution of (4.6) as

u(z,t) = a+ bz + (a® + 2abx + b*z® + b)t + (2a® + 6a”bx + 6ab’z? + 2b°x

1
2lp.q!
+ [2]p,gb%x + 26°2% + 4ab)t® + ...

Example 4.3. Consider the following nonlinear (p, q)partial differential equation
Dy giu(z,t) = D2 u(x,t) + Dy gu (zu(z,t)) (4.10)

D¢,
subject to the initial condition
u(z,0) = 22
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Applying Ry, (DT to (4.10), we have for k=0,1,2, ...
[k + 1pqUst1(2) = D}, ,Ui(x) + Dy q (2Us()), (4.11)
where
Up(x) = 2.
Solving (4.11), we successively get the value of Uy (x) as follows:
2 2
Ul(l’) _ [ ]p,q + [3]1’an ,
(Up.q

_ [3p,a[2]p,q + [2lp,q + [3]p,q[3]p,q$2
Uale) = ol Z

Substituting all Up(x) in (3.3), we obtain the series solution as

’U,(I, t) — $2 + ([2];07(1 + [S]p,qx2) [l]tp ; + [3]11,(1[2]10,(] 4_[1[]2;32,[(]2]—: 53]10,(1[3]1?an

2+

Example 4.4. (p,qF2D-Wave Equation: Here we consider the following (p,q)

version of the 2D-wave equation given by
D? , u(w,t) = D?,,q,xu(ac, t) — 3u(z, t), O<z<m t>0 (4.12)

with boundary and initial conditions

w(0, 1) = sing,q(2t), u(m, t) = 08p,q(7)sing, ¢(2¢)

u(z,0) =0, Dy gru(x,0) =2cosp q(x). (4.13)
Applying Ry, (DT to (4.12), we have
[k + p.qlk + 2]p.gUkt2(x) = D2 Uk(x) — 3Uk(x). (4.14)

From initial conditions (4.13), we have
Uo(z) =0, Ur(x) = 2¢osp,q(2)

so that the values of U (x) from (4.14) are obtained successively as follows:

—8¢osp.q(x 32 o8 (x
Ualw) =0, Us(z) = [3]7”.() Us(x) = 0, Us(x) = ﬁq'()
Pq- pg!
—128 cos, o (x
Us(x) = 0, Us(x) = T'() -
P.q-
In general,
(_1)%% Co8p,q(7) .
’ , fork is odd
Uk(w) = ! f
0, for k is even.

Now, applying, the inverse transform, we obtain the solution of (4.12) as
et (_1)k22k+1t2k+1

u(z,t) = cosp q(x)
P k; 2k + 1],,4!

= COSp,q(7) SAi;lp,q(Qt)- (4.15)
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In Figure 3 and 4, we plot the graphs of the solution (4.15). Figure 3 corresponds
to ¢ analogue solution where we have p =1, ¢ = 0.3 and k£ = 20 while in Figure 4,
we have taken p = 0.8, ¢ = 0.6 and k = 20.

FIGURE 3. Graph of (4.15) for p=1, ¢ =0.3, k =20

1.0
-1.0 1

FIGURE 4. Graph of (4.15) for p = 0.8, ¢ = 0.6, k = 20

Example 4.5. (p,qFK-dV Equation: A variant of the wave equation, the so
called Korteweg-de Vries (K-dV) equation [14] (see also [13, 18]) is the following:

ug(, t) + (m 4+ 1) (m + 2)ug(z, H)u™ (x,t) + Ugea(z, t) = g(a,t).

We discuss the (p, q)version of the above equation. For simplicity we take m = 1
and g(x,t) = 2%t?, i.e., we consider the equation

Dy g1u(z,t) 4 6u(x, t) Dy g 2u(z,t) + D

S gau(T,t) = 217 (4.16)

with the initial condition
u(z,0) = 1. (4.17)
Applying Ry, (DT to (4.16), we have

k
[k + 1pqUks1(x) = =6 Un(2) Dy gUk—r(z) — D Uk(x) + 5(k — 2)a®, (4.18)
r=0

where the initial condition (4.17) gives

Uo(z) =1.
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Now, solving (4.18), we successively get the value of Uk(x) as follows:

Ul(x) = O7 UQ(I) = O7 U3($) = [3];07(1,
Us(e) = —6-—oa® gy a6 Pla oy
[8]p,q[4lp.q” [3]p,a[4lp,a[5]p.q” ’
[2]p,q$4

Ur(x) = —6———t— ...
Blp.a[Blp.a[Tlp.q
Finally, applying the inverse transform (3.3), we obtain the solution of (4.16) as

2
T3 6 2]p,q@ #4136 2]p.q B

Blp.q Blp.a[4]p.q Blp.al4lp.al5lp.g

Example 4.6. (p,q)-Burgers equation: Consider the (n+ 1) dimensional (p,q)
Burgers equation

Dy qou(Z,t) = D2 u(Z, )+D§m( t)+-- +quxn (Z,t)+u(Z,t)Dp gz, u(T, )

u(z,t) =1+

p,q,T1
(4.19)

with nitial condition
w(Z,0) = u(ry, x2,...0,,0) =21 + 22 + -+ + Xpy. (4.20)

Applying R, (DT to (4.19), we have for k=0,1,2,...
k
[k + 1],.Ups1 (T Z D} 4o Us(&) + Y Up(#)Dyp .o, Up—r(£). (4.21)
=0

Now, using (4.20), we obtam

O(f) = le

Using which in (4.21) we successively get the values of Uy (&) as follows

1(5)12%
1=1
. 2
2"

i=1

B 4+
Ug(x): pq sz

pqil

. 78+2[ g+ 4Bl -
Uy(7) = 12]p.43]p.q[4]p.q ;Zz

Finally, applying the inverse transform, we get the solution of (4.19) as

sz—l—let—i— Z t2 %Xn:xlﬁ—i—
v " el &

i=1
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5. APPLICATION TO (p,q)}ITO SYSTEM

In this section, for the sake of simplicity, we shall write u, v, w, z for respectively,
u(z,t), v(z, t), w(x,t), z(x,t).
Ito [5] considered the following system of PDE

Ut = Vg }

UV = —2Uz02 — 6(uv),
which is now-a-days usually referred to as Ito system. Many people have contributed
in this direction giving various generalizations of it. There are several methods to

solve this system and its variants. One may refer to [11], [12], [21] in this direction.
In [11], the so called coupled system has been considered which is given by

(5.1)

Ut = Vg
Ut = —2Uz00 — 6(uv), — 120w, (5.2)
Wi = Waygy + SUW,
and in [12], the following generalized Ito system has been considered.
Up = Vg
Uy = =20, — 6(uv), + aww, + bzw,
+ cwzy + dzzy + fwg + g2y (5.3)
Wt = Wapre + SUW,
2t = Zzza + 3Uzs,
where a,b, ¢, d, f and g are arbitrary constants. Al-Sawoor and Al-Amr [1] used the
RDT method to (5.3). In this section, we consider the (p, ¢)}version of the system
(5.2) and (5.3), and solve them using R, ,DT method.
Example 5.1. Consider the following coupled (p,q)-Ito system

Dpgu = Dp g,z

Dy g.v = 2D2 gV — 6D, q,(uv) — 12wD,, ¢ ;w (5.4)
Dy 1w = Dz,q,xw + 3uDy g, 0w
with initial conditions
ax —a?z?
u(z,0) = 30 v(x,0) = IR w(z,0) = 0. (5.5)

Applying the R, (DT to the system (5.4), we have

[k + 1]p7qu+1(x) = Dpquk (ﬂf)

[k + 1)p.q Vi1 (z) = D3 Vi(z) — 6D q <ZU Wie—r( )

—122W 2)Dyp Wi ()

k
ke Uy Wiir () = D3, Wi(a) +3 3 Uy (@) Dy Wi (@),

r=0
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where the initial conditions (5.5) gives

Uo(l‘) = Vo(l‘) =

%a

using which we successively get the values of Ug(x), Vi () and Wi(x) in (5.6) as
follow:

— a2x a3x2
Ul(x):%, Vl(x):%7 Wi () = 0.
a’x —aty?
a(o) = L V(o) = R () +502D). Wala) 0.

Finally, applying the inverse transform (3.3) we obtain the solution of (5.4)

_ar 2]y’ Blp.ga’z 5
u(:v,t)—gc 52 t+ 3 4.
—a’z?  [3],40%2 a'z®[3]p,q
oot) = g+ SRt = e (4[3]p,q +3[2, q)t T
w(x,t) = 0.

Example 5.2. Consider the following generalized (p, q)-Ito system

Dy g,tu = vy

Dp g0 = =202 — G(U’U);c — bzw, — 6wz, (5 7)
DPaQatw = Waypy + 3UW, :
Dy gt2 = Zpge + 3Uuzg,
with initial conditions
—b 4 4
u(z,0) = % — 2p*tanh? (ux)
—b3 +4fit1p® — 8bout )
v(z,0) = 81 + botanh”(ux) (5.8)
 fito
w(z,0) = T + fitanh(ux)
1
z(x,0) = to + tytanh(ux)
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where 1, ba, to, t1and fi are arbitrary constants. Applying the R, (DT to the system
(5.7), we have

[k + 1], Ui1(2) =Vi ()
k
[k +1p,qVit1(z) = =2V, (z) -6 Z Ur(2)Vy_p () — 6 Z Ve (2)Up—p ()
r=0
k k
—6) Ze(x)Wy_, () =6 Wi(2)Z_, ()
r=0 r=0
[k 4 1]p,gWit1(z) = )+3 Z Un( Wk ()
[k + 1]p,g Zkt1(2) +3ZU Zk ().
(5.9)
Now, the initial condition (5.8), gives
—by 4 4p?
Up(z) = 26T2’u — 2ptanh? (px)
244 2 _ 4
Vo(z) = by + 4 /1t 7 — 8bap + botanh? (ux)
8ut
Wo(z) = ,M + fitanh(ux)
Zo(x) =to + tltanh(ux).

Using which we successively get the values of Uy(x), Vi(z), Wi(x) and Zy(z) in
(5.9) as

2
Uy (x) = 2byp tanh(px) sech?(px), Vi(z) = —b—: tanh(pux) sech? (pz),

N1 2 bat1 2
Wi(@) = — 2L seen Zy(x) = 2L sech®(ua), . .
1(2) 2.2 sech”(ux), 1(x) o sech”(ux),

Finally, applying the inverse transform (3.2) we obtain the solution of (5.7)
—by + 4@4
6>

b2 L Af it — Sbou? b2
2t flglli 2 4 bytanh? (px) — f tanh(ux) sech? (ux)t + ...
1

10 4 frtanh(pax) — i sech? ()t + .

u(z,t) = — 2% tanh? (px) 4 2bopu tanh(px) sech? (pa)t + . ..

v(x,t) =

w(x,t) = f

baty
z(x,t) = to + titanh(uz) — 22— sechQ(/wc)t +...
W

6. CONCLUSION

In this paper, Reduced Differential Transform method in the framework of (p, ¢)-
calculus, denoted by R, DT , has been introduced and applied in solving a variety of
partial differential equations and initial value problems. In particular, the following
have been considered:
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(i) Diffusion equation
(ii) 2D-Wave equation
(ili) K-dV equation
(iv) Burgers equation
(v) Tto system.

While the diffusion equation has been studied for the special case p =1, i.e., in

the framework of g-calculus in [20], the other equations have not been studied even
in g-calculus.
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