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REDUCED (p, q)-DIFFERENTIAL TRANSFORM METHOD AND

APPLICATIONS

PANKAJ JAIN, CHANDRANI BASU AND VIVEK PANWAR

Abstract. In this paper, Reduced Differential Transformmethod in the frame-
work of (p, q)-calculus, denoted by Rp,qDT , has been introduced and applied
in solving a variety of differential equations such as diffusion equation, 2D-
wave equation, K-dV equation, Burgers equations and Ito system. While the
diffusion equation has been studied for the special case p = 1, i.e., in the
framework of q-calculus, the other equations have not been studied even in
q-calculus.

1. Introduction

Differential equations (ordinary as well as partial) are important ingredients in
all branches of science and engineering since most of the phenomenon occurring in
nature can be modelled in terms of differential equations. A lot of new and efficient
methods keep arising to solve variety of differential equations, both analytically as
well as numerically. In the present paper, we are concerned with the Differential
Transform Method (DTM) which is a semi-analytical method proposed by Zhou
[22] to solve linear and non-linear initial value problems in electric circuit analysis.
Since its introduction, DTM has been applied successfully in a variety of linear and
non-linear differential equations.

As a generalization of DTM, Keskin and Oturance [14, 15, 16, 17] proposed the
so called Reduced Differential Transform Method (RDTM) and immediately it got
much attention and applied effectively to number of differential equations, initial
value problems and boundary value problems.

During the last two decades, tremendous work has been done using quantum cal-
culus or q-calculus which sometimes is called calculus without limits. It has been
applied to several areas including differential equations, operator theory, inequal-
ities, integral transforms, linear algebra etc. Although the idea of q-calculus was
initiated by Jackson [6] but its much usage is no more than a couple of decades old.
For some basics of q-calculus and certain applications, one may refer to the books
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[4, 10]. The q-calculus has been applied for RTDM to solve certain differential
equations [7].

The quantum calculus has been generalized to post-quantum calculus, commonly
known as (p, q)-calculus, [2, 3, 19]. Very recently, in [8, 9], the present authors have
also contributed in the study of integral transforms in the (p, q)-framework.

The aim of the present paper is to develop RTDM in the framework of (p, q)-
calculus and apply it to solve partial differential equations and initial value prob-
lems. In particular, we consider the following:

(i) Diffusion equation
(ii) 2D-Wave equation
(iii) K-dV equation
(iv) Burgers equation
(v) Ito system.

We point out that in the framework of q-calculus, diffusion equation was con-
sidered in [20]. To the best of our knowledge, the other equations and Ito system
mentioned above have not been considered even in q-calculus.

The paper is organized as follows: Section 2 is preliminaries where we collect
some basic notions of q and (p, q) calculus. Moreover, q-analogue of the reduced
differential transform method has also been discussed here. In Section 3, we intro-
duce and study the (p,q)-analogue of the reduced differential transform method.
Applications of the results proved in Section 3 in solving diffusion equation, 2D-
wave equation, K-dV equation and Burgers equation have been given in Section 4
whereas application for solving Ito system has been provided in Section 5. Finally,
in Section 6, some concluding remarks have been provided.

2. Preliminaries

2.1. q-Calculus. Throughout this paper, we shall take q ∈ (0, 1). Here we shall
give some basic notions and notations used in q-calculus. Let x ∈ C, and n ∈ N.

The q-analogue of x and q-factorial of n are defined, respectively, by

[x]q =
1− qx

1− q
,

and

[n]q! = [1]q[2]q . . . [n]q, [0]q! = 1.

For n, k ∈ N, we shall be using the notation
(
n

k

)

q

:=
[n]q!

[n− k]q![k]q!
.

The q-derivatives Dqf of a function at x 6= 0 is given by

Dqf(x) =
f(x)− f(qx)

(1− q)x
.

For two functions f and g, the q-analogue of Leibnitz formula [10] is given by

Dn
q

(
f(t)g(t)

)
=

n∑

k=0

(
n

k

)

q

Dk
q f(tq

n−k)Dn−k
q g(t).

If f is differentiable, then Dqf(x) becomes the classical derivative f
′

(x) as q → 1.
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The q-Taylor formula [10] of f in some neighbourhood of a point a is given by

f(x) =

∞∑

k=0

(x− a)kqD
k
q f(a)

[k]q!
,

where

(x− a)kq = (x− a)(x− qa)(x − q2x) . . . (x− qk−1a).

The q-analogue of exponential function [10] has two forms, given respectively by

exq =

∞∑

k=0

xk

[k]q!
and Ex

q =

∞∑

k=0

q(
k

2
)xk

[k]q!
.

The partial q-derivatives of a multi-variable function f(~x), ~x = (x1, x2 . . . xn)
with respect to a variable xi is defined by

Dq,xi
f(~x) =

f(x1, x2, . . . , qxi, . . . , xn)− f(x1, x2, . . . , xi, . . . , xn)

(q − 1)xi

.

2.2. (p, q)-Calculus. In this section, we give a brief introduction of (p, q)-calculus.
Throughout this paper we shall take 0 < q < p ≤ 1. Let x ∈ C, and n ∈ N. The
(p, q)-analogue of x and (p, q)-factorial of n are defined, respectively, by

[x]p,q =
px − qx

p− q
,

and

[n]p,q! =

n∏

k=1

[k]p,q, n ≥ 1, [0]p,q! = 1.

For n, k ∈ N, we shall be using the notation
[
n

k

]
=

[n]p,q!

[n− k]p,q![k]p,q!
.

The (p, q)-derivative of a function f is defined by

Dp,qf(x) =
f(px)− f(qx)

(p− q)x
.

For two functions f and g, the (p, q)-analogue of Leibnitz formula [2] is given by

Dn
p,q

(
f(x)g(x)

)
=

n∑

k=0

[
n

k

]
Dk

p,qf(xp
n−k)Dn−k

p,q g(xqk).

The (p, q)-Taylor formula [19] of degree N in some neighbourhood of a point a is
given by

f(x) =

N∑

k=0

p−(
k

2
)D

k
p,qf(ap

−k)

[k]p,q!
(x− a)kp,q,

where

(x− a)kp,q = (x− a)(px− qa) . . . (pk−1x− qk−1a).

The (p, q)-analogue of exponential function has three forms as given below:

exp,q =

∞∑

k=0

p(
k

2
)xk

[k]p,q!
, Ex

p,q =

∞∑

k=0

q(
k

2
)xk

[k]p,q!
and ẽxp,q = ẽp,q(x) =

∞∑

k=0

xk

[k]p,q!
.
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For various properties and relationships among the three exponential forms, one
may refer to [3].

The (p, q)-analogue of sinx and cosx [2] is given by:

s̃inp,q(x) =
ẽp,q(ix)− ẽp,q(ix)

2i
and c̃osp,q(x) =

ẽp,q(ix) + ẽp,q(ix)

2
. (2.1)

The following theorem was proved in [2].

Theorem A. Let f be (p, q)-differentiable of order n. Then

f(pnx) =

n∑

k=0

[
n

k

]
xkp(

k

2
)(p− q)kDk

p,qf(x). (2.2)

The partial (p, q)-derivatives of a multi-variable function f(x1, x2 . . . xn) with
respect to the variable xi is defined by

Dp,q,xi
f(~x) =

f(x1, x2, . . . , pxi, . . . , xn)− f(x1, x2, . . . , qxi, . . . , xn)

(p− q)xi

.

Note that when p = 1, the (p, q)-calculus reduces to the q-calculus. For more on
basic properties of (p, q)-calculus, one may refer to [2], [19].

2.3. Reduced q-differential Transforms. Here and throughout, we shall con-
sider all the functions of two variables to be of the product type, e.g., the function
u(x, t) is of the type u1(x)u2(t).

Suppose that all q-differentials of a function u(x, t) exist in some neighbourhood
of t = a. The reduced q-differential transform (RqDT) [7] of a function u(x, t) at a
point t = a is defined by

Uk(x) :=
1

[k]q!

[
Dk

q,tu(x, t)
]
t=a

so that the q-differential inverse transform of Uk(x) is given by

u(x, t) =

∞∑

k=0

Uk(x)(t− a)kq .

Some properties of RqDT are collected in the following table:

Function RqDT at t = 0

αu(x, t) ± v(x, t) αUk(x) ± Vk(x)

xmtn xmδ(k − n)

Dq,xu(x, t) DqUk(x)

Dr
q,tu(x, t) [k + 1]q[k + 2]q . . . [k + r]qUk+r(x)

u(x, t)v(x, t)
∑k

n=0 Uk−n(x)Vn(x)
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3. Reduced (p, q)-Differential Transforms

In this section, we introduce and study certain properties of reduced (p, q)-
differential transform (Rp,qDT).

Definition 3.1. Suppose that all (p, q)-differentials of u(x, t) exist in some neigh-
borhood of t = ap−k. The Rp,qDT of u(x, t) at a point t = ap−k is defined by

Uk(x) =
1

[k]p,q!

[
Dk

p,q,tu(x, t)
]
t=ap−k

(3.1)

so that the (p, q)-differential inverse transform of Uk(x) is given by

u(x, t) =
∞∑

k=0

Uk(x)(t − ap−k)kp,qp
−(k

2
). (3.2)

Note. If there is no ambiguity likely to occur we are using the same symbol Uk(x)
to denote the RqDT as well as Rp,qDT. Even in the literature, the same symbol
has been used to denote the classical reduced differential transform (RDT). The
usage will be clear according to the context.

Remark. When a = 0, the (p, q)-differential inverse transform of Uk(x) given in
(3.2) has a simplified expression. Indeed, we have

u(x, t) =

∞∑

k=0

Uk(x)(t − ap−k)kp,qp
−(k

2
)

=

∞∑

k=0

Uk(x)t
kp(

k

2
)p−(

k

2
)

=

∞∑

k=0

Uk(x)t
k. (3.3)

Throughout, Rp,qDT will be considered at a = 0. As an example, we obtain the
Rp,qDT of a specific function in the following theorem:

Theorem 3.2. If w(x, t) = xmtn then the corresponding Rp,qDT is given by

Wk(x) = xmδ(n− k),

where

δ(k) =

{
1, if k = 0

0, if k 6= 0.
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Proof. From the definition, we have

Wk(x) =
1

[k]p,q!

[
Dk

p,q,t(x
mtn)

]
t=0

=
xm

[k]p,q!

[
Dk

p,q,t(t
n)
]
t=0

=





xm [k]p,q!

[k]p,q!
, k = n

xm[n]p,q[n− 1]p,q . . . [n− k − 1]p,qt
n−k, k < n

0, k > n

= xmδ(n− k)

and we are done. �

In the following theorem, we provide some of the properties of Rp,qDT:

Theorem 3.3. (a) If w(x, t) = Dp,q,xu(x, t) then Wk(x) = Dp,qUk(x).
(b) If w(x, t) = Dr

p,q,tu(x, t) then

Wk(x) = [k + 1]p,q[k + 2]p,q . . . [k + r]p,qUk+r(x).

(c) If w(x, t) = u(x, t)v(x, t) then Wk(x) =
∑k

n=0 Uk−n(x)Vn(x).
(d) If w(x, t) = αu(x, t)± v(x, t) then Wk(x) = αUk(x) ± Vk(x).

Proof. (a) We have

Wk(x) =
1

[k]p,q!

[
Dk

p,q,t(Dp,q,xu(x, t))
]
t=0

=
1

[k]p,q!

[
Dp,q,x(D

k
p,q,tu(x, t))

]
t=0

= Dp,q,x

[ 1

[k]p,q!
Dk

p,q,tu(x, t)
]
t=0

= Dp,qUk(x).

(b) We have

Wk(x) =
1

[k]p,q!

[
Dk

p,q,t(D
r
p,q,tu(x, t))

]
t=0

=
[k + r]p,q !

[k]p,q!

1

[k + r]p,q!

[
(Dk+r

p,q,tu(x, t))
]
t=0

= [k + r]p,q . . . [k + 1]p,qUk+r(x).
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(c) We have, in view of Theorem A

Wk(x) =
1

[k]p,q!

[
Dk

p,q,t

(
u(x, t)v(x, t)

)]
t=0

=
1

[k]p,q!

k∑

n=0

[
k

n

]
[
Dn

p,q,tu(x, tp
k−n)Dk−n

p,q,tv(x, q
nt)
]
t=0

=

k∑

n=0

1

[k − n]p,q![n]p,q!

[( k−n∑

i=0

[
k − n

i

]
tip(

i

2
)(p− q)iDn+i

p,q,tu(x, t)
)

×
( n∑

j=0

(−1)j

[
n

j

]
tjq(

j

2
)(p− q)jDk−n+j

p,q,t v(x, t)
)]

t=0

.

At t = 0, all the terms of the inner series vanish except for i = 0 and j = 0 so that
we have

Wk(x) =

k∑

n=0

1

[k − n]p,q![n]p,q!
Dk−n

p,q,tu(x, t)D
n
p,q,tv(x, t)

=

k∑

n=0

Uk−n(x)Vn(x).

(d) Straight forward. �

4. Applications to (p, q)-partial differential equations

We solve some (p, q)-partial differential equations using Rp,qDT. In particular
we solve (p, q)-diffusion equation, (p, q)-wave equations, (p, q)-KdV equation and
(p, q)-Burgers equation as test problems.

Example 4.1. (p, q)-Diffusion Equation: Consider the (p, q)-diffusion equation

Dp,q,tu(x, t) = D2
p,q,xu(x, t), (4.1)

subject to the initial condition

u(x, 0) = ẽp,q(x). (4.2)

Applying Rp,qDT to (4.1), we get

[k + 1]p,qUk+1(x) = D2
p,qUk(x) k = 0, 1, 2, . . . . (4.3)

Also, the initial condition (4.2), gives

U0(x) = ẽp,q(x). (4.4)
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For k = 0, 1, 2 . . . , we obtain from (4.3) and (4.4) successively the following:

U1(x) =
1

[1]p,q!
ẽp,q(x)

U2(x) =
1

[2]p,q
U1(x) =

1

[1]p,q[2]p,q
ẽp,q(x) =

1

[2]p,q!
ẽp,q(x)

U3(x) =
1

[3]p,q
U2(x) =

1

[3]p,q!
ẽp,q(x)

...

Uk(x) =
1

[k]p,q!
ẽp,q(x)

...

Now, applying the inverse transform (3.3), we get

u(x, t) =

∞∑

k=0

1

[k]p,q!
ẽp,q(x)t

k = ẽp,q(x)ẽp,q(t) (4.5)

which is the required solution of the given diffusion equation.
In Figures 1 and 2, we plot the graphs of the solution (4.5). In Figure 1, we take

p = 1, q = 0.3 and k = 20 which corresponds to the case of q-calculus. This has
been compared with (p, q)-analogue by taking p = 0.8, q = 0.6 and k = 20 in Figure
2.

Figure 1. Graph of (4.5) for p = 1, q = 0.3, k = 20
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Figure 2. Graph of (4.5) for p = 0.8, q = 0.6, k = 20

Example 4.2. Consider the following nonlinear (p, q)-partial differential equation

Dp,q,tu(x, t) = u2(x, t) +Dp,q,xu(x, t), (4.6)

subject to the initial condition

u(x, 0) = a+ bx. (4.7)

Applying Rp,qDT to (4.6), we have for k = 0, 1, 2, . . .

[k + 1]p,qUk+1(x) =

k∑

r=0

Uk−r(x)Ur(x) +Dp,qUk(x). (4.8)

From the initial condition (4.7), we have

U0(x) = a+ bx. (4.9)

Solving Equation (4.8) with initial condition (4.9), we successively get values of
Uk(x) as follows: For k = 0,

[1]p,qU1(x) = U2
0 (x) +Dp,qU0(x)

which gives

U1(x) = a2 + 2abx+ b2x2 + b.

For k = 1

[2]p,qU2(x) = 2U0(x)U1(x) +Dp,qU1(x)

so that

U2(x) =
1

[1]p,q[2]p,q

(
2a3 + 6a2bx+ 6ab2x2 + 2b3x3 + 2b2x+ [2]p,qb

2x+ 4ab
)

and so on. The inverse transform (3.3) gives the solution of (4.6) as

u(x, t) = a+ bx+
(
a2 + 2abx+ b2x2 + b

)
t+

1

[2]p,q!

(
2a3 + 6a2bx+ 6ab2x2 + 2b2x

+ [2]p,qb
2x+ 2b3x3 + 4ab

)
t2 + . . .

Example 4.3. Consider the following nonlinear (p, q)-partial differential equation

Dp,q,tu(x, t) = D2
p,q,xu(x, t) +Dp,q,x

(
xu(x, t)

)
(4.10)

subject to the initial condition

u(x, 0) = x2.
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Applying Rp,qDT to (4.10), we have for k = 0, 1, 2, ...

[k + 1]p,qUk+1(x) = D2
p,qUk(x) +Dp,q

(
xUk(x)

)
, (4.11)

where

U0(x) = x2.

Solving (4.11), we successively get the value of Uk(x) as follows:

U1(x) =
[2]p,q + [3]p,qx

2

[1]p,q
,

U2(x) =
[3]p,q[2]p,q + [2]p,q + [3]p,q[3]p,qx

2

[1]p,q[2]p,q

...

Substituting all Uk(x) in (3.3), we obtain the series solution as

u(x, t) = x2 + ([2]p,q + [3]p,qx
2)

t

[1]p,q
+

[3]p,q[2]p,q + [2]p,q + [3]p,q[3]p,qx
2

[1]p,q[2]p,q
t2 + . . .

Example 4.4. (p, q)-2D-Wave Equation: Here we consider the following (p, q)-
version of the 2D-wave equation given by

D2
p,q,tu(x, t) = D2

p,q,xu(x, t)− 3u(x, t), 0 < x < π, t > 0 (4.12)

with boundary and initial conditions

u(0, t) = s̃inp,q(2t), u(π, t) = c̃osp,q(π)s̃inp,q(2t)

u(x, 0) = 0, Dp,q,tu(x, 0) = 2 c̃osp,q(x). (4.13)

Applying Rp,qDT to (4.12), we have

[k + 1]p,q[k + 2]p,qUk+2(x) = D2
p,qUk(x) − 3Uk(x). (4.14)

From initial conditions (4.13), we have

U0(x) = 0, U1(x) = 2 c̃osp,q(x)

so that the values of Uk(x) from (4.14) are obtained successively as follows:

U2(x) = 0, U3(x) =
−8 c̃osp,q(x)

[3]p,q!
, U4(x) = 0, U5(x) =

32 c̃osp,q(x)

[5]p,q!

U6(x) = 0, U7(x) =
−128 c̃osp,q(x)

[7]p,q!
, . . . .

In general,

Uk(x) =





(−1)
k−1

2 2k c̃osp,q(x)

[k]p,q!
, for k is odd

0, for k is even.

Now, applying, the inverse transform, we obtain the solution of (4.12) as

u(x, t) = c̃osp,q(x)
∞∑

k=0

(−1)k22k+1t2k+1

[2k + 1]p,q!
= c̃osp,q(x) s̃inp,q(2t). (4.15)
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In Figure 3 and 4, we plot the graphs of the solution (4.15). Figure 3 corresponds
to q analogue solution where we have p = 1, q = 0.3 and k = 20 while in Figure 4,
we have taken p = 0.8, q = 0.6 and k = 20.

Figure 3. Graph of (4.15) for p = 1, q = 0.3, k = 20

Figure 4. Graph of (4.15) for p = 0.8, q = 0.6, k = 20

Example 4.5. (p, q)-K-dV Equation: A variant of the wave equation, the so
called Korteweg-de Vries (K-dV) equation [14] (see also [13, 18]) is the following:

ut(x, t) + (m+ 1)(m+ 2)ux(x, t)u
m(x, t) + uxxx(x, t) = g(x, t).

We discuss the (p, q)-version of the above equation. For simplicity we take m = 1
and g(x, t) = x2t2, i.e., we consider the equation

Dp,q,tu(x, t) + 6u(x, t)Dp,q,xu(x, t) +D3
p,q,xu(x, t) = x2t2 (4.16)

with the initial condition

u(x, 0) = 1. (4.17)

Applying Rp,qDT to (4.16), we have

[k + 1]p,qUk+1(x) = −6

k∑

r=0

Ur(x)Dp,qUk−r(x)−D3
p,qUk(x) + δ(k − 2)x2, (4.18)

where the initial condition (4.17) gives

U0(x) = 1.
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Now, solving (4.18), we successively get the value of Uk(x) as follows:

U1(x) = 0, U2(x) = 0, U3(x) =
x2

[3]p,q
,

U4(x) = −6
[2]p,qx

[3]p,q[4]p,q
, U5(x) = 36

[2]p,q
[3]p,q[4]p,q[5]p,q

, U6(x) = 0,

U7(x) = −6
[2]p,qx

4

[3]p,q[3]p,q[7]p,q
, . . .

Finally, applying the inverse transform (3.3), we obtain the solution of (4.16) as

u(x, t) = 1 +
x2

[3]p,q
t3 − 6

[2]p,qx

[3]p,q[4]p,q
t4 + 36

[2]p,q
[3]p,q[4]p,q[5]p,q

t5 + . . .

Example 4.6. (p, q)-Burgers equation: Consider the (n+1) dimensional (p, q)-
Burgers equation

Dp,q,tu(~x, t) = D2
p,q,x1

u(~x, t)+D2
p,q,x2

u(~x, t)+· · ·+D2
p,q,xn

u(~x, t)+u(~x, t)Dp,q,x1
u(~x, t)
(4.19)

with initial condition

u(~x, 0) = u(x1, x2, . . . xn, 0) = x1 + x2 + · · ·+ xn. (4.20)

Applying Rp,qDT to (4.19), we have for k = 0, 1, 2, . . .

[k + 1]p,qUk+1(~x) =

n∑

i=1

D2
p,q,xi

Uk(~x) +

k∑

r=0

Ur(~x)Dp,q,x1
Uk−r(~x). (4.21)

Now, using (4.20), we obtain

U0(~x) =

n∑

i=1

xi.

Using which in (4.21) we successively get the values of Uk(~x) as follows

U1(~x) =

n∑

i=1

xi

U2(~x) =
2

[2]p,q

n∑

i=1

xi

U3(~x) =
4 + [2]p,q
[2]p,q[3]p,q

n∑

i=1

xi

U4(~x) =
8 + 2[2]p,q + 4[3]p,q
[2]p,q[3]p,q[4]p,q

n∑

i=1

xi

...

Finally, applying the inverse transform, we get the solution of (4.19) as

u(~x, t) =
n∑

i=1

xi +
n∑

i=1

xit+
2

[2]p,q

n∑

i=1

xit
2 +

4 + [2]p,q
[2]p,q[3]p,q

n∑

i=1

xit
3 + . . . .
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5. Application to (p, q)-Ito system

In this section, for the sake of simplicity, we shall write u, v, w, z for respectively,
u(x, t), v(x, t), w(x, t), z(x, t).

Ito [5] considered the following system of PDE

ut = vx

vt = −2vxxx − 6(uv)x

}
(5.1)

which is now-a-days usually referred to as Ito system. Many people have contributed
in this direction giving various generalizations of it. There are several methods to
solve this system and its variants. One may refer to [11], [12], [21] in this direction.
In [11], the so called coupled system has been considered which is given by

ut = vx

vt = −2vxxx − 6(uv)x − 12wwx

wt = wxxx + 3uwx





(5.2)

and in [12], the following generalized Ito system has been considered.

ut = vx

vt = −2vxxx − 6(uv)x + awwx + bzwx

+ cwzx + dzzx + fwx + gzx

wt = wxxx + 3uwx

zt = zxxx + 3uzx,





(5.3)

where a, b, c, d, f and g are arbitrary constants. Al-Sawoor and Al-Amr [1] used the
RDT method to (5.3). In this section, we consider the (p, q)-version of the system
(5.2) and (5.3), and solve them using Rp,qDT method.

Example 5.1. Consider the following coupled (p, q)-Ito system

Dp,q,tu = Dp,q,xv

Dp,q,tv = −2D3
p,q,xv − 6Dp,q,x(uv)− 12wDp,q,xw

Dp,q,tw = D3
p,q,xw + 3uDp,q,xw





(5.4)

with initial conditions

u(x, 0) =
ax

3c
, v(x, 0) =

−a2x2

2c2
, w(x, 0) = 0. (5.5)

Applying the Rp,qDT to the system (5.4), we have

[k + 1]p,qUk+1(x) = Dp,qVk(x)

[k + 1]p,qVk+1(x) = D3
p,qVk(x)− 6Dp,q

(
k∑

r=0

Ur(x)Vk−r(x)

)

− 12

k∑

r=0

Wr(x)Dp,qWk−r(x)

[k + 1]p,qWk+1(x) = D3
p,qWk(x) + 3

k∑

r=0

Ur(x)Dp,qWk−r(x),





(5.6)
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where the initial conditions (5.5) gives

U0(x) =
ax

3c
, V0(x) =

−a2x2

2c2
, W0(x) = 0

using which we successively get the values of Uk(x), Vk(x) and Wk(x) in (5.6) as
follow:

U1(x) =
−[2]p,qa

2x

2c2
, V1(x) =

[3]p,qa
3x2

c3
, W1(x) = 0.

U2(x) =
[3]p,qa

3x

c3
V2(x) =

−a4x2[3]p,q
[2]p,q2c4

(
4[3]p,q + 3[2]p,q

)
, W2(x) = 0 . . . .

Finally, applying the inverse transform (3.3) we obtain the solution of (5.4)

u(x, t) =
ax

3c
−

[2]p,qa
2x

2c2
t+

[3]p,qa
3x

c3
t2 + . . .

v(x, t) =
−a2x2

2c2
+

[3]p,qa
3x2

c3
t−

a4x2[3]p,q
[2]p,q2c4

(
4[3]p,q + 3[2]p,q

)
t2 + ......

w(x, t) = 0.

Example 5.2. Consider the following generalized (p, q)-Ito system

Dp,q,tu = vx

Dp,q,tv = −2vxxx − 6(uv)x − 6zwx − 6wzx

Dp,q,tw = wxxx + 3uwx

Dp,q,tz = zxxx + 3uzx,





(5.7)

with initial conditions

u(x, 0) =
−b2 + 4µ4

6µ2
− 2µ2tanh2(µx)

v(x, 0) =
−b22 + 4f1t1µ

2 − 8b2µ
4

8µ4
+ b2tanh

2(µx)

w(x, 0) = −
f1t0

t1
+ f1tanh(µx)

z(x, 0) = t0 + t1tanh(µx)





(5.8)
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where µ, b2, t0, t1and f1 are arbitrary constants. Applying the Rp,qDT to the system
(5.7), we have

[k + 1]p,qUk+1(x) =V
′

k (x)

[k + 1]p,qVk+1(x) =− 2V
′′′

k (x)− 6

k∑

r=0

Ur(x)V
′

k−r(x)− 6

k∑

r=0

Vr(x)U
′

k−r(x)

− 6

k∑

r=0

Zr(x)W
′

k−r(x)− 6

k∑

r=0

Wr(x)Z
′

k−r(x)

[k + 1]p,qWk+1(x) =W
′′′

k (x) + 3

k∑

r=0

Ur(x)W
′

k−r(x)

[k + 1]p,qZk+1(x) =Z
′′′

k (x) + 3
k∑

r=0

Ur(x)Z
′

k−r(x).





(5.9)
Now, the initial condition (5.8), gives

U0(x) =
−b2 + 4µ4

6µ2
− 2µ2tanh2(µx)

V0(x) =
−b22 + 4f1t1µ

2 − 8b2µ
4

8µ4
+ b2tanh

2(µx)

W0(x) = −
f1t0

t1
+ f1tanh(µx)

Z0(x) = t0 + t1tanh(µx).





Using which we successively get the values of Uk(x), Vk(x), Wk(x) and Zk(x) in
(5.9) as

U1(x) = 2b2µ tanh(µx) sech2(µx), V1(x) = −
b22
µ

tanh(µx) sech2(µx),

W1(x) = −
b2f1

2µ2
sech2(µx), Z1(x) = −

b2t1

2µ
sech2(µx), . . .

Finally, applying the inverse transform (3.2) we obtain the solution of (5.7)

u(x, t) =
−b2 + 4µ4

6µ2
− 2µ2 tanh2(µx) + 2b2µ tanh(µx) sech2(µx)t + . . .

v(x, t) =
−b22 + 4f1t1µ

2 − 8b2µ
4

8µ4
+ b2tanh

2(µx)−
b22
µ

tanh(µx) sech2(µx)t + . . .

w(x, t) = −
f1t0

t1
+ f1tanh(µx)−

b2f1

2µ2
sech2(µx)t+ . . .

z(x, t) = t0 + t1tanh(µx)−
b2t1

2µ
sech2(µx)t+ . . .

6. Conclusion

In this paper, Reduced Differential Transform method in the framework of (p, q)-
calculus, denoted by Rp,qDT , has been introduced and applied in solving a variety of
partial differential equations and initial value problems. In particular, the following
have been considered:
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(i) Diffusion equation
(ii) 2D-Wave equation
(iii) K-dV equation
(iv) Burgers equation
(v) Ito system.

While the diffusion equation has been studied for the special case p = 1, i.e., in
the framework of q-calculus in [20], the other equations have not been studied even
in q-calculus.
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