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CESARO PARANORMED SEQUENCE SPACE BASED
INTUITIONISTIC FUZZY DISTANCE MEASURE

MOHD SHOAIB KHAN, MEENAKSHI KAUSHAL, Q.M. DANISH LOHANI

ABSTRACT. In machine learning, distance measure plays an important role in
defining the similarity between two data-items. In the paper, we discuss some
of the drawbacks of distance measures (metrics) with their possibly induced
clustering algorithms. Further, to overcome the drawbacks, we propose a novel
intuitionistic fuzzy distance measure associated with generalized cesdro para-
normed sequence space Cesg (F). We also discuss some geometric properties
of Cesg(]: ). Moreover, the proposed distance measure is utilized in k-mean
clustering algorithm to propose fuzzy c-mean clustering algorithm for Cesg (F).

1. INTRODUCTION

Clustering is a widely used technique of organizing data objects into different
groups known as clusters, such that elements of a group are similar to each other
and are dissimilar to others. It is a phenomenon that often arises in machine learn-
ing and computational intelligence. It is utilized in various fields such as supply
chain management, image processing, artificial intelligence, reliability engineering,
data mining, pattern recognition, etc. The clustering technique is mainly classi-
fied into two approaches: (i) hierarchical and (ii) non-hierarchical (partitioning)
approach. A tree-shaped structure is employed in hierarchical clustering to arrange
data-set into nested clusters by using the dendrogram tree. On the other hand, the
division of data-set into & number of non-overlapping clusters such that each data
object is in exactly one group is known as a non-hierarchical or partitional cluster-
ing approach. The main difference between these two clustering approaches is that
k is unknown in the hierarchical approach however is known in the partitioning
approach.

The widely known and fastest partitional clustering technique is a k-means clus-
tering algorithm. The k-means clustering algorithm is a fundamental task in un-
supervised machine learning with very diverse scientific and industrial applications
due to its easy implementation, efficiency, and empirical success. In general, for
the assigned input data X = {x1,29,...,2,} C R™, where n represents the to-
tal amount of objects and n is the attribute value or dimensions. The classical
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k-means clustering algorithm classifies the given data points X into & number of
distinct clusters ci,ca,...,cx such that ¢; N¢; = ¢, 1 <4 # j < k. The objective
of the k-means clustering is to minimize the sum of squared error (SSE) function.
In other words, the algorithm iteratively forming the clusters with the data points
until the minimum SSE criterion cannot be achieved. The SSE criterion function
is mathematically calculated through the metric space, particularity Euclidean dis-
tance measure among the data points and their respective cluster centroids. Drineas
et al. [42] proved that determining a suitable choice of initial seeds and distance
measure for the k-means clustering algorithm belongs to an NP-hard class. There-
fore, it requires an appropriate selection technique of seeding and measure function.
Several variants of the k-means algorithm were proposed and in almost all the vari-
ants, seeding are randomly chosen. Moreover, the clusters induced by the k-means
algorithm vary on the variation of distance measure. To date, there is no robust
procedure to evaluate optimal seeds and distance measure as per the clustering
requirement of datasets.

In literature, various distance measures were used to introduce different variants
of clustering algorithm. One of the most commonly uses measure is [, — metric (see
[43],144]),[45],[46] ). A spherical or ball-shaped geometry is formed around the clus-
ters when Euclidean distance measure is used. The topology of boundary around
a cluster source plays a crucial role in enhancing clustering results. Each distance
measure has a well defined geometrical structure, so rigidity is found in the shape of
clusters. In order to reduce rigidity in the shape of the clusters, adaptive distance
measure are incorporated for clustering. The adaptive distance measures only mod-
ifies the size of clusters without changing their original shape. If length of a point
equals to zero, it does not imply that the point itself is zero. In such case, normed
space becomes a paranormed space (see Def. 1.1). The flexibility in the paranorm
can be efficiently used to modify the shape of the clusters as per requirement of the
dataset.

The major contribution in the field of partitional clustering is due to introduc-
tion of k-means clustering algorithm by MacQueen [24]. The k-means clustering
algorithm was introduced by MacQueen [24]. Let {x1,z2,...} is a dataset to be
clustered into k different clusters (say Cy,,, m = 1,2,...,k). The k-means clustering
work as to determine the partition of the data in such a way that the squared error
between the empirical mean and points of the cluster is minimum. Suppose z,, is
the mean of the myy, cluster C,,, then, the squared error between z,, and points in
C,, is defined as

HCm) = T li =zl
z;€Cm
The main purpose of the k-means clustering algorithm is to minimize the overall
squared error for all clusters k, that is to minimize the following function (objective
function).
k

JC) =3 ¥ llwi—zml?

m=1xz;€Cp,
which is based on minimum distance of the points from the center (to know
more about k-mean and its variance, please see [8, 37, 6]). Thus, this algorithm
yields different results on varying distance measure, so clustering results obtained
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through it can be further enhanced by choosing an appropriate distance measure.
Therefore, distance measure has a vital role in the clustering process.

\\_]):OO j‘J=2

FIGURE 1. Geometry of [, distance measure.

Clustering process is usually carried out through lo distance measure [I5], but,
due to its trajectory some time it fails to offer good results. Suppose two points
x and y are selected on the boundary of the square (case p = 1) and let z be the
center (see Figure 1), then {; will fail to distinguish  and y, but; these points may
be distinguished by l5. If points x and y lie on the circumference of the circle. then
lo will fail to distinguish them. Moreover, I, (p > 1) distance measures are not
flexible, so, these can not be modified as per the need of the clustering problem.
Hence, clustering results derived through distance dependent algorithms basically
depend upon two properties of distance measure: (1) trajectory, (2) flexibility. Till
now, we have not come across to any distance measure which offers good result over
every kind of clustering problems. Thus other variants of [, distance measures can
also be used for the clustering. For example, the distance measure of sequence space
P4 1< p,q < oo introduced by Kellogg [20] and further studied by Jovanovic and
Rakocevic [18], Oscar and Carme [0] and Ivana et al. [12] offer more flexibility
in comparison to distance measure of [, due to involvement of one more parame-
ter ¢. In [32], Sencimen and Pehlivan discussed the boundedness of the sequence
in probabilistic norm space. Sargent [33] introduced another interesting sequence
spaces m(¢) and n(¢) closely related to l,. Some useful extensions of m(¢) and
n(¢) sequence spaces were proposed by Tripathy and Sen [36], Mursaleen [27], 28],
Vakeel [22] etc. Malkowsky et al. defined matrix mapping into strong cesaro se-
quence space [10] and studied modulus function [26]. Recently, Khan et al. [21]
have used distance measure of double sequence for first time to cluster the objects.
Basar and Sever [?], defined double sequence space £, which is a general form of
usual [, sequence space. In [I3], Esi and Hazarika proposed double sequence spaces
of interval numbers defined by Orlicz function. The Orlicz function was used by
Savas and Richard [34) [26] for proposing some double sequence spaces. The dou-
ble sequence spaces are also studied in fuzzy setting in [16] [35]. In this paper, we
proposed a new intuitionistic fuzzy distance measure associated with generalized
cesaro paranormed sequence space Cesf(F) in order to bring more flexibility.
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2. PRELIMINARIES

1.1. Intuitionistic Fuzzy Set (IFS) [I]

An Atanassov intuitionistic fuzzy set A in the universe of discourse X = {1, 29,...,2,}

is of the form
A= {{z, 1a(@),va(@)e € X} (2.1)
Here ppa: X — [0,1] and v4: X — [0,1] simultaneously assigns membership value
and non-membership value respectively to each element z € X with respect to A,
if
0<pa(z)+va(z)<1 (2.2)

Hence, the membership value lies in the interval [pa(z), pa(x) + wa(x)]. If
wa(x) =0, then va(x) =1 — pa(zr) and in this case, A reduces to fuzzy set (FS).

1.2. Paranorm [26] Let X be a vector space, a paranorm P is a function P : X —
R which satisfy the following property:
(i) P(0) 0.
(ii) P(x) >0V 2z € X.
(iif) P(—z) =P(x) Vo € X.
(iv) P(x+y) < P(x)+ P(y) Vz,y €X.
(v) let {a;} be a sequence of scalars such that a; — a and let z; be a sequence
of vectors with 11_1)120 P(z; —x) — 0, then 113& P(ax; — azx) — 0.

1.3. Modulus Function [30]: A function f : [0,00) — [0,0) is called a modulus
if

(i) f(z) =0 if and only if = 0.

(i) flz+y) < f(z)+ f(y) for all z > 0 and y > 0.

(iii) f is increasing.

(iv) f is continuous from the right of 0.

Since |f(z) — f(y)| < f(Jx—yl), it follows from condition (iv) that f is cotinuous

on [0,00). Furthermore, we have f(nx) < nf(z) for all n € N from condition (ii),
and so f(z) = f(nzl) < nf(z/n), hence

~f(@) < fa/n)

for all n € N. A modulus function may be bounded or unbounded. For example,
f(x) = 2P for 0 < p < 1 is unbounded, but f(z) = /(1 + z) is bounded. Now
for a sequence space w. The sequence space w(f) is defined as w(f) = {x = (zy) :
(f(|zk])) € w} for a modulus f [25] B1].

An extension of w(f) has been done in literature by considering the sequence of
modulus function F = (fx), i.e. w(F)= {x = (a) : (fr(lzk])) € w}.

1.4. Uniformly Convexity of paranorm [7]: A paranorm P is said to be

uniformly convexr (UC) if, for each € > 0, there exists § > 0 such that, for
z,y € S(X), P(x — y) > e implies

P(;(z+y)> <1-94
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1.5. e-separated sequence [19]: A sequence (x,,) is said to be e-separated sequence,
if for some € > 0,

sep(xy) = inf{P(xy, — Tm) : 1 # m} > €.

1.6. Property g [19]: A paranormed space X is said to have property 8 if and
only if, for every € > 0, there exists § > 0 such that, for each element z € B(X)
and each sequence (x,,) in B(X) with sep(x,) > €, there is an index k such that

P (x—;xk> >1—4, for some k € N.
In [19], a new geometric constant connected with the packing constant (see [23])
and with the Banach-Saks property was defined as follows:
C(X) = sup{A(x,) : (z,,) is a weakly null sequence in S(X)}.

where A(z,) = lim inf{P(x; + ;) :4,j > n,i # j} for a sequence (z,) C X.
n—oo -

3. GENERALIZED CESGRO PARANORMED SEQUENCE SPACE
In this section, we define generalized Cesdro paranormed space using sequence of
moduli (Ces}(F)) as follows:

Let p € [1,00) and ¢ = {gx} be a bounded sequence of positive real numbers such
that

Qn = Zn:qk, n € N,
k=0
Cesy) = {2 = (@) (f_oj(l iqui(mn)p)i o},

Theorem 3.1. Cesf(F) is a paranormed space with respect to paranorm.

1

Pla) = @(Q py qif¢<|xi|>)p> ;

Proof. By using the conditions of the paranormed and modulas function, it is easy
to verify that P satisfies all the conditions of Def. (1.2).

3.1. Some geometric properties of Ces?(F). Lemma 3.1. Let 2,y € Cesl(F).
Then for any € > 0 and L > 0, there exists § > 0 such that

|P(z+y) — Plx)] <e
whenever

P(z) < L and P(y) <.

Proof. For any fix € > 0 and L > 0, take 8 = 27 'L~ 'e and § = 27 'e. Then for
any x,y € Cesf(F) with P(z) < L and P(y) < J, we have
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Theorem 3.2. The space Ces{(F) satisfy the property 3.

Proof. Let if possible, Ces](F) does not have the property 3. Then there exists
€, > 0 such that, for any 6 € <0, (1-5-6227“))’ there is a sequence (z,,) C S(Cesi(F))

with sep(z,) > /P and an element z, € S(Cesi(F)) such that

P<$n;$o) >1—4, for any n € N.

Fix § € (O, (1+;‘;,+1)> We want to show that

+Z75

Jlgglosgp Z (Qn qufi lz%)) > <1 (3.1.a)

n=j+1 =1

Otherwise, without loss of generality, we can assume that there exists a sequence
(jk) such that jp — oo as k — oo and

- 214P§
Z (Qn Zqul |zt |) ) — for every k € N. (3.1.b)

n=jip+1 i=1

Let § > 0 be a real number corresponding to € = ¢ and L = 1 in Lemma 3.1. By
absolute continuity of the distance of x,, there exists a positive integer n; such that

oo
Poommimen = Y (g Lahielh) <6

n=ni+1 i=1

Choose k so large that ji > ni. By the Lemma 3.1 and (3.1.b), we have
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o0

1-6<

—~ qifi(Jzl + aL])\"
;3 )

n=

(.
i(@lquﬂ |z}, + @ I)) i <anZ":qu |$k+l’ol)>

n=ni+1 i=1
ni ni n p 0o
SQZ( Zquz 2 |) Z( S il |mk|) > (anqlﬁ 1) s
n=1 n o= n=1 noi—1 n=ni+1 i=1
=1 n=ni+1 =1
S () o z(z )

<1-20+6=1-9
That is a contradiction. Hence (3.1.a) must hold. Since
P ni 1
< Z%fz ‘mk| > Z( Z(hfz |xk| > <1
Qn, i=1 Q”i 1

we have ¢; fi(z%) < Qp, for k € N and 1,2,--- ,n;. Hence there is a subsequence
(zn) of (z,,) and a sequence (a,) of real numbers such that

lim qlfl(|z}€|) =aq;, fori=1,2,---,n1.
k— o0

Therefore,

ni p
Z(Q Z lgifi(|z2]) qul(zm|)> < 0 for n,m sufficiently large.

i=1
Consequently,
o0 1 n ) P
Pl =) =3 (- L lashllo) - afiz4))
n=1 Qn =1
ni 1 n oo 1 n P
- (@Z Sz — aifill) |) + 3 ( 2 lasfillakD) = i1z, |>>
n=1 -1 n=ni+1 i=
ni 1 n oo 1 n
<3 (g Sttt —aslail) 2 (3 (- asad) )
n=1 Qn i=1 n=ni+1 Qni 1
oo 1 n
+ > (Q > aifil Izm>
n=ni+1 noi=1

<6+ 2PT15 < e,

1
ie., sep(w,) < sep(zn) < €. This is a contradiction. Therefore Ces(Fy) must sat-
isfy the property (53).

Theorem 3.3. C(Ces](F)) = 25
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Proof. Let
K =sup{A(uy) : up = Z uje; € S(Ces?(F))},
i=ip_1+1
where
0=1i, <iy <ig<- Uy —0.

Then C(Cesi(F,)) > K. Moreover, for any ¢ > 0, there is a sequence (r,) C
S(Cesi(Fp)) with z,, % 0 such that

A(xn) + € > C(Ces}(Fy))-
By the definition of A(z,), there exists a subsequence (y,) of (x,) such that
P (Yn + ym) + 2¢ > C(Cesl(Fp)) (3.2.a)

for any n,m € N with m # n. Take v; = y;. Then, by the absolute continuity of
the paranorm of yy, there exists i; € N such that

o0
D (Z viel') < €.
i1+1

Putting 2y = Y /%, vje;, we have

P(z1+ym) =P (yl +m— vi@) P(y1 + ym) — € for any m > 1.
i1+1

Hence by (3.2.a), we have
P(z1 + ym) + 3e > C(Cesl(Fy)) for any m > 1.

Since y! — 0 for i = 1,2,--- , there exists ny € N with ny > n; such that

i1
P <Z yibez) < € whenever n > ns.

i=1
Define vy = yp,. Then there is 75 > 4; such that

P< i véei> <.

i=io+1

Taking zp = Y 2, | vhe;, we obtain
fe'e) i1 fo%e)
P(z1+2) =Py — g vie; + Yn, — E vhe; — g vse;
11+1 1=1 io+1

2 P(yl + ynz) — 3e.
Hence by (3.2.a), we immediately obtain

P(21 + 22) + 5¢ > C(Ces}(Fp))-

: : N k—1
Suppose that increasing sequences (i;);=;, (n;)j=; of natural numbers and a se-

quence (z])gtll of elements of C'(Cesf(Fy)) are already defined and

P(z1 + 22) + 6e > C(Ces](Fyp)) for m,n € {1,2,--- [k —1}, m #n.
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since y, — 0 for i = 1,2, -, there exists a natural number nj > nj_; such that

Tg—1

P (Z y;ei> <€

i=1
provided n > ng. Put v = y,, . Then there is ¢j > i1 such that

o0

P( Z v,@ei> <e.
i=ip+1

Defining 2z, = >_.*

iy, +1 V€i, we obtain

Tj—1 oo k-1

o— 00
P(zj +21) = P | yn, — E vie; — E vi€i + Yny, — ve; — E VL€
i=1 i1 i=1 it

> P(Yn; + Yn,) —4efor j=1,2,-- k—1.
Hence, by (3.2.a), we obtain
P(zj + zx) + 6e > C(Ces](Fp)) for j =1,2,--- bk —1.

Using the induction principle, we can find a sequence (z,,) satisfying the following
conditions:

(1) 2n = 2"ii, 41 0hei, where 0 =i, < iy <ig---;

(2) P(zn + zm) +6e > C(Cesf(Fp)) for m,n € N, m # n;
(3) P(zp) <lforn=1,2,--- and;

(4) z, 3 0asn— oo.

Define u,, = z,/P(2y) for each n € N. Then every u,, € S(Cesf(F;)) and
Zn Zm

P(uy +um) =P (P(Zn) + P(Zm)) > P(zn + 2m) > C(Cesg(Fb)) — 6e

I
>

for any m,n € N, m # n. By the arbitrariness of ¢, we have C(Ces}(F}))
Let € > 0 be given. Take n. € N such that

> (&)<

k=in, +1

where

Tne

a= Z q fi(luy,.

i:in€71 +1

).

Hence for any m > n., we have
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Pl + iy = S (Qli i un5>)p+ 3 (Qlwzquz ) ))

k= 1W€_1+1 k=1m_1+1 =1
Zrn 1 1 k D oo 1 k p
> Y (guuatd)+ X (G i an))
k=in,_1+1 i=1 k=i _1+1 N YK =1
) 1 ' D 9] a P [e%S) 1 k . D
-y (Eywmn) S (&) (& Sw)
k=in, _14+1 N Yk i1 k=im_1+1 N OF k=im_1+1 N OF i1

>1l—e+1=2-—c¢
ie. Alu,) > (2—€) > (2 —¢€)/P.

On the other hand, for ¢ mentioned above, by Lemma 3.1, there exists § > 0 such
that

|P(x +vy) — P(x)] <e
whenever P(z) <1 and P(y) < . Take ns € N such that

ing

oo P
a .
E <> <0, and a = E Qifi(\UZ(;D-
L Qr . 4
=lng+1 =g —1

Hence for any m > ns, we have

Tm—1

Plugs +unP = 5 (C;ciqifxmm))ﬁ 3 (C;k<a+§jlqifi<|uzg|>>)p

k:in571+1 i=1 k=im—-1+1
00 1 k ) P
< Y (gXwrmn)+ X (o a+zquz i)’
k=ing 141~ 9K =1 k=im—1+1
. > 1 1 & C\? ,
—rwrs Y (4 a+2quz W) = Y (g Sl ) P
k=im_1+1 k=im_1+1 N YR =1
<2+4e€
ie. A((up)) < (2+€)'/P. O

4. CESGRO PARANORMED SEQUENCE SPACE ( Ces}(F)) BASED INTUITIONISTIC
FUZZY DISTANCE MEASURE

Obviously, C’esg(}" ) is a metric space with distance measure between two points x
and y defined as follows:

oo

d(z,y) = (Z(Ql S gt~ y>)) (4.1)

i=

In this distance measure, the new involved parameters p, ¢ and modulus functions
fi incorporate higher order flexibility in the measure, which help us to modify it as
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per need of the problems.

Cesaro Paranormed Sequence Space ( Ces}(F)) based Intuitionistic fuzzy distance
measure between two intuitionistic fuzzy sets A and B we define as;

deegin(a.8) = (3 (g S wsiles - ym)p); (12)

n=1 =1

where z; = (Ug,, Ve;) € A and y; = (uy,,vy,) € B are intuitionistic fuzzy numbers.

Application: In any c-means clustering algorithm, the Euclidean distance mea-
sure is exploited to compute the distances of cluster centers with each data-item.
Here, we define c-mean clustering algorithm using our proposed distance measure
deesa(r): (1) Select first k data points as cluster center zy = {x1, 22, , 2} (where
k is the number of cluster); (2) By using the proposed distance measure dcess (F)s
find distances between each data point and cluster center; (3) Put data point into
that cluster whose dgegs(r)-distance with its center is minimum; (4) Redefine clus-

ter centers for newly evolved clusters due to the above steps, the new cluster centers
ki

are computed as ¢; = ki > x;, where k; denote the number of points in the ith
]

cluster; (5) Repeat this process until the difference between two consecutive cluster

center becomes less than a desired small number. Similarly, various variants of

fuzzy c-means clustering algorithms can be modified using our proposed distance

measure.

5. CONCLUSION

In this paper, we have proposed a new intuitionistic fuzzy distance measure that
utilizes paranorm sequence space Cesf(F). We have also studied some geometric
properties of Ces{(F). The parameters p,q, f involved in Cesf(F) gives three de-
gree of freedom to proposed distance measure dgegs (7). The flexibility in distance
measure can be judiciously used for the clustering the real world data sets. Using
dcesg (F)» we have modified the standard c-mean clustering algorithm by replacing
the Euclidean distance measure with the proposed distance. In similar fashion,
other distance measure based clustering algorithms can also be modified. In the
future work, we will study the effectiveness of dgegs () in clustering the intuition-
istic fuzzy datasets.
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