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CERTAIN FUNCTIONAL INEQUALITIES FOR THE

τ-HYPERGEOMETRIC FUNCTIONS

DEEPAK BANSAL, KHALED MEHREZ, AND RAVINDER KRISHNA RAINA∗

Abstract. In this paper we establish some Turán type inequalities for the

τ -hypergeometric functions. We further prove the monotonicity of ratios of

the τ -hypergeometric functions and it is depicted how our results are closely
connected with certain Turán type inequalities. Additionally, we prove some

results which correspond to the sub-additivity properties of the τ -Gauss hy-

pergeometric functions. We also present an open problem which may be of
interest for further investigation.

1. Introduction and preliminaries

In recent works, authors in [15] and [16] have studied certain functional inequali-
ties and geometric properties for some special functions like, the classical Gauss and
Kummer hypergeometric functions. Similar characterizations are investigated for
the generalized hypergeometric functions ([3, 5, 6]) as well as for the classical and
generalized Mittag-leffler functions [7], the Mathieu-type series and Volterra func-
tion [8], the Wright function [9] and the Fox-Wright function [10]. In the present
investigation, our aim is to obtain some mean value inequalities (like Turán and
Lazarević type inequalities) for the generalized hypergeometric functions.
The τ -Kummer hypergeometric ϕτ and τ -Gauss hypergeometric 2ϕ

τ
1 was intro-

duced by Virchenko et al. in [17, 18]. It is known that the series representations of
the functions ϕτ (b, c, z) and 2ϕ

τ
1(b, c, z) are defined, respectively, by

ϕτ (b, c, z) =
Γ(c)

Γ(b)

∞∑
k=0

Γ(b+ kτ)

Γ(c+ kτ)

zk

k!
, c > b > 0, τ > 0, |z| < 1. (1.1)

and

2ϕ
τ
1(a, b, c, z) =

Γ(c)

Γ(a)Γ(b)

∞∑
k=0

Γ(a+ kτ)Γ(b+ kτ)

Γ(c+ kτ)

zk

k!
. (1.2)

(a, b, c > 0, τ > 0, |z| < 1)
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The Euler-type integral representation for the τ -Gauss hypergeometric is given by
([18, Eq. (6), p.91])

2ϕ
τ
1(a, b, c, z) =

1

B(b, c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− ztτ )−adt, (1.3)

(τ > 0, |arg(1− z))| < π, c > b > 0)

and one can find related properties, various other integral representations, differ-
entiation formulae, Mellin transform, recurrence relations and summation formulas
of the function defined by (2.1) in [18].

In a recent paper [10], the author has presented new properties for the Fox-
Wright functions, new integral representation via the H-function and G-Mejer’s
functions, completely monotonicity and log-convexity properties. More precisely,
the τ -Kummer hypergeometric function possesses the following integral represen-
tation ([10]):

ϕτ (b, c, z) =
Γ(c)

τΓ(b)

∫ 1

0

eztG1,0
1,1

(
t

1
τ |cb
) dt
t
, (1.4)

where Gp,qp,0(−) is a particular form of the G-Mejer’s function. It is easy to observe

that [10, Theorem 2, p. 656] (for the case when p = q = 1 ) yields the properties that
the function z → ϕτ (b, c,−z) is completely monotonic on (0,∞) and the function
z → ϕτ (b, c,−z) is log-convex on (0,∞), and further satisfies the following Turán
type inequality:

ϕτ (b, c,−z)ϕτ+2(b, c,−z)− ϕτ+1(b, c,−z)2 ≥ 0. (1.5)

Moreover, [10, Theorem 3] (for the case p = q = 1) gives the result that the function
ϕτ (b, c, z−1) possesses a Laplace integral representation which is given by

ϕτ (b, c, z−1) =
Γ(c)

Γ(b)

∫ ∞
0

e−zt
(

1Ψ2

[
(b+τ,τ)
(c+τ,τ),(2,1)|t

]
+

Γ(b)

Γ(c)
δ0

)
dt, (1.6)

where 1Ψ2(−) is the Fox-Wright function and δ0 is the Dirac measure with mass 1
concentrated at zero. Motivated by the works in [10] and [11], we establish in this
paper some additional new properties for the special functions defined by (1.1) and
(1.2).

This paper is organized as follows: In section 2, we derive some Turán type
inequalities and sub-additivity property for the τ−Kummer hypergeometric func-
tions. In section 3, we find some Turán type inequalities for the τ -Gauss hyperge-
ometric function including the result that a →2 ϕ

τ
1(a, c − a, c,−z) is sub-additive.

Some of the main results may find applications in the areas of orthogonal poly-
nomials and familiar special functions like the generalized Mittag-Leffler function,
modified Sturve function, modified Lommel function and modified Bessel function.
Lastly, we pose an open problem at the end of this paper. For geometric properties
of τ -confluent hypergeometric function one can see [1].

2. Functional Inequalities for the τ-Kummer hypergeometric
functions

2.1. Turán type inequalities for the τ-Kummer hypergeometric functions.

Theorem 2.1. Let c > b > 0, 0 < z < 1 and fτb,c(z) = Γ(b)
Γ(c)ϕ

τ (b, c, z), then the

following Turán type inequalities involving the τ−Kummer hypergeometric function
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(1.1) hold true:
(a)

fτb,c(z)f
τ
b+2,c+2(z)− (fτb+1,c+1(z))2 ≥ 0. (2.1)

(b)
fτb,c(z)f

τ
b+2,c(z)− (fτb+1,c(z))

2 ≥ 0 (2.2)

and
fτb,c+1(z)fτb,c(z)− (fτb,c+2(z))2 ≥ 0. (2.3)

(c) The function z → ϕτ (b, c, z) is log-convex on (0, 1). Furthermore, the following
Turán type inequality

ϕτ (b, c, z)ϕτ (b+ 2τ, c+ 2τ, z)− Γ(c)Γ2(b+ τ)Γ(c+ 2τ)

Γ(b)Γ(b+ 2τ)Γ2(c+ τ)
(ϕτ (b+ τ, c+ τ, z))2 (2.4)

≥ 0,

holds true for all c > b > 0 and 0 < z < 1.
(d) The function c → ϕτ (b, c, z) is log convex in (0,∞), and the Turán type in-
equality

ϕτ (b, c, z)ϕτ (b, c+ 2, z)− ϕτ (b, c+ 1, z)2 ≥ 0 (2.5)

is valid for each c > b > 0 and 0 < z < 1.

Proof. (a). We first introduce the following notations:

F τn (b, c, z) =

n∑
k=0

Ωk(b, c, τ)zk (2.6)

where

Ωk(b, c, τ) =
Γ(b+ kτ)

k!Γ(c+ kτ)
, k ∈ {0, 1, ..., n}.

Using Cauchy-Buniakowsky-Schwarz’s inequality [2], we have

F τn (b, c, z)F τn (b+ 2, c+ 2, z) =

(
n∑
k=0

Ωk(b, c, τ)zk

)(
n∑
k=0

Ωk(b+ 2, c+ 2, τ)zk

)

≥

[
n∑
k=0

(Ωk(b, c, τ)Ωk(b+ 2, c+ 2, τ))
1/2
zk

]2

. (2.7)

In order to prove that the inequality

F τn (b, c, z)F τn (b+ 2, c+ 2, z) ≥ [F τn (b+ 1, c+ 1, z)]2 (2.8)

holds true, we need to show that

Ωk(b, c, τ)Ωk(b+ 2, c+ 2, τ) ≥ [Ωk(b+ 1, c+ 1, τ)]2, (2.9)

for all k ∈ 0, 1, ..., n. Observe that (2.9) is equivalent to the inequality

Γ(b+ kτ)Γ(b+ kτ + 2)

Γ(c+ kτ)Γ(c+ kτ + 2)
≥
[

Γ(b+ kτ + 1)

Γ(c+ kτ + 1)

]2

, (2.10)

which can be easily proved from the simple relation: Γ(x + 1) = xΓ(x) and c > b.
Thus, if n tends to infinity in (2.8), then we obtain the required inequality (2.1).
b. In view of the Cauchy product of summations, we have

(fτb+1,c(z))
2 =

∞∑
k=0

k∑
j=0

Γ(b+ jτ + 1)Γ(b+ (k − j)τ + 1)

Γ(c+ jτ)Γ(c+ (k − j)τ)

zk

j!(k − j)!
, (2.11)
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and

fτb,c(z)f
τ
b+2,c(z) =

∞∑
k=0

k∑
j=0

Γ(b+ jτ)Γ(b+ (k − j)τ + 2)

Γ(c+ jτ)Γ(c+ (k − j)τ)

zk

j!(k − j)!
. (2.12)

Then

fτb,c(z)f
τ
b+2,c(z)−(fτb+1,c(z))

2 =

∞∑
k=0

k∑
j=0

T τj,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)

zk

j!(k − j)!
, (2.13)

where T τj,k(b) = ((k − 2j)τ + 1)Γ(b+ jτ)Γ(b+ (k − j)τ + 1). If k is even, then

k∑
j=0

T τj,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!
=

k/2−1∑
j=0

T τj,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!

+

k∑
j=k/2+1

T τj,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!
+

Γ(b+ k
2 τ)Γ(b+ k

2 τ + 1)

(k2 !)Γ2(c+ k
2 τ)

(2.14)

=

[ k−1
2 ]∑
j=0

T τj,k(b) + +T τk−j,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!
+

Γ(b+ k
2 τ)Γ(b+ k

2 τ + 1)

(k2 !)Γ2(c+ k
2 τ)

,

where [−] denotes the greatest integer function. Similarly, if k is odd, then

k∑
j=0

T τj,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!
=

[ k−1
2 ]∑
j=0

T τj,k(b) + T τk−j,k(b)

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!

+
Γ(b+ k

2 τ)Γ(b+ k
2 τ + 1)

(k2 !)Γ2(c+ k
2 τ)

. (2.15)

After elementary simplifications, we find that

T τj,k(b) + T τk−j,k(b) = ((k − 2j)2 + 2b+ kτ)Γ(b+ jτ)Γ(b+ (k − j)τ) ≥ 0. (2.16)

Hence, in view of (2.13), (2.14), (2.15) and (2.16) we deduce that the Turán in-
equality (2.2) holds true. By repeating the similar calculations as above for the
inequality (2.2), we can establish the other inequality (2.3).
(c). Let us recall the Rogers-Holder-Riesz inequality [12], that is∫ b

a

|f(t)g(t)|dt ≤

[∫ b

a

|f(t)|pdt

]1/p [∫ b

a

|g(t)|qdt

]1/q

, (2.17)

where p ≥ 1, 1
p + 1

q = 1, f and g are real functions defined on (a, b) and |f |p, |g|q
are integrable functions on (a, b). From the Rogers-Holder-Riesz inequality again
and integral representation (1.4), for z1, z2 ∈ (0, 1) and λ ∈ [0, 1], we easily get

ϕτ (b, c, λz1 + (1− λ)z2) =
Γ(c)

Γ(b)

∫ 1

0

e(λz1+(1−λ)z2)tτG1,0
1,1

(
t

1
τ |cb
) dt
t

=

∫ 1

0

[
Γ(c)

Γ(b)

ez1t
τ

t
G1,0

1,1

(
t

1
τ |cb
)]λ [Γ(c)

Γ(b)

ez2t
τ

t
G1,0

1,1

(
t

1
τ |cb
)](1−λ)

dt

≤
[

Γ(c)

Γ(b)

∫ 1

0

ez1t
τ

t
G1,0

1,1

(
t

1
τ |cb
)
dt

]λ [
Γ(c)

Γ(b)

∫ 1

0

ez2t
τ

t
G1,0

1,1

(
t

1
τ |cb
)
dt

](1−λ)
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= [ϕτ (b, c, z1)]
λ

[ϕτ (b, c, z1)]
1−λ

, (2.18)

which shows that the function z → ϕτ (b, c, z). Further, the log-convexity of the
function z → ϕτ (b, c, z) implies that

ϕτ (b, c, z)
d2

dz2
ϕτ (b, c, z)−

(
d

dz
ϕτ (b, c, z)

)2

≥ 0,

and therefore by using the derivative formula

dϕτ (b, c, z)

dz
=

Γ(c)Γ(b+ τ)

Γ(b)Γ(c+ τ)
ϕτ (b+ τ, c+ τ, z),

we get the desired result (2.4).
(d). If we rewrite the function ϕτ (b, c, z) as:

ϕτ (b, c, z) =

∞∑
k=0

δk(b, c, τ)
zk

k!
,

where

δk(b, c, τ) =
Γ(c)Γ(b+ kτ)

Γ(b)Γ(c+ kτ)
, k ≥ 0. (2.19)

It follows then that

∂2

∂c2
log δk(b, c, τ) = ψ′(c)− ψ′(c+ kτ), (2.20)

where ψ(z) = Γ′(z)
Γ(z) is the digamma function. The last expression in (2.20) is non-

negative since the function ψ′(z) is decreasing on (0,∞). Therefore, the function
c → ϕτ (b, c, z) is log-convex on (0,∞) for each 0 < z < 1 and c > b > 0. This
implies that for c1 > b > 0, c2 > b > 0 and t ∈ [0, 1], we have

ϕτ (b, tc1 + (1− t)c2, z) ≤ [ϕτ (b, c1, z)]
t[ϕτ (b, c2, z)]

1−t. (2.21)

Choosing c1 = c, c2 = c+ 2 and t = 1/2, the above inequality (2.21) reduces to the
Turán type inequality (2.5) which completes the proof of Theorem2.1. �

Recently, Mehrez and Sitnik ([7, 11]) obtained some Turán-type inequalities for
the Mittag-Leffler function by considering the monotonicity for special ratio of the
parts of the series defining these functions. In the course of their investigation,
they used a new method which we call the Mehrez- Sitnik method, see also ([3],
[6]) and the same method was then applied to the τ -hypergeometric function. We
shall need the following two lemmas for proving our next result ([4, 13]).

Lemma 2.2. Let (an)n≥0 and (bn)n≥0 be two sequences of real numbers. If bn > 0

for n ≥ 0 and if the sequence (an/bn) is increasing (decreasing), then
(
a1+...+an
b1+...+bn

)
n≥0

is increasing (decreasing).

Lemma 2.3. Let (an)n≥0 and (bn)n≥0 be two sequences of real numbers and let
the power series f(x) =

∑
n≥0 anx

n and g(x) =
∑
n≥0 bnx

n be convergent for all

|z| < r. If bn > 0 for n ≥ 0 and if the sequence (an/bn) is increasing (decreasing),
then the functionx→ f(x)/g(x) is increasing (decreasing) on (0, r).
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Theorem 2.4. Let b, c, µ, τ be real numbers such that c− µ > b > 0 and let

φτ (b, c, µ, z) =
ϕτ (b, c− µ, z)ϕτ (b, c+ µ, z)

ϕτ (b, c, z)2
(2.22)

Then, the function φτ (b, c, µ, z) is increasing on (0, 1). Moreover, the following
Turán type inequality

ϕτ (b, c− µ, z)ϕτ (b, c+ µ, z)− ϕτ (b, c, z)2 ≥ 0 (2.23)

holds true.

Proof. By using the Cauchy product, we have

φτ (b, c, µ, z) =
Γ(c− µ)Γ(c+ µ)

Γ2(c)

∑∞
k=0Akz

k∑∞
k=0Bkz

k
, (2.24)

where

Ak =

k∑
j=0

Γ(b+ jτ)Γ(b+ (k − j)τ)

Γ(c− µ+ jτ)Γ(c+ µ+ (k − j)τ)
(2.25)

and

Bk =

k∑
j=0

Γ(b+ jτ)Γ(b+ (k − j)τ)

Γ(c+ jτ)Γ(c+ (k − j)τ)
. (2.26)

Let the sequences (uk,j)j≥0 and (vk,j)j≥0 be, respectively, defined by

uk,j =
Γ(b+ jτ)Γ(b+ (k − j)τ)

Γ(c− µ+ jτ)Γ(c+ µ+ (k − j)τ)
(2.27)

and

vk,j =
Γ(b+ jτ)Γ(b+ (k − j)τ)

Γ(c+ jτ)Γ(c+ (k − j)τ)
. (2.28)

Also, let

wk,j =
uk,j
vk,j

=
Γ(c+ jτ)Γ(c+ (k − j)τ)

Γ(c− µ+ jτ)Γ(c+ µ+ (k − j)τ)
, (2.29)

then it follows that
wk,j+1

wk,j
=

uk,j+1vk,j
vk,j+1uk,j

=
Γ(c+ jτ + τ)Γ(c+ (k − j)τ − τ)Γ(c− µ+ jτ)Γ(c+ µ+ (k − j)τ)

Γ(c− µ+ jτ + τ)Γ(c+ µ+ (k − j)τ − τ)Γ(c+ jτ)Γ(c+ (k − j)τ)

=

[
Γ(c+ jτ + τ)Γ(c− µ+ jτ)

Γ(c+ jτ)Γ(c− µ+ jτ + τ)

]
Γ(c+ (k − j)τ − τ)Γ(c+ µ+ (k − j)τ)

Γ(c+ (k − j)τ)Γ(c+ µ+ (k − j)τ − τ)
. (2.30)

Since the function Γ(z) is log-convex on (0,∞), therefore the function Γ(z+a)
Γ(z) is

increasing and consequently, the following inequality

Γ(z + a+ b)Γ(z) ≥ Γ(z + a)Γ(z + b) (2.31)

is valid for all a, b > 0. Using the above inequality (2.31) for z = c− µ+ jτ, a = µ
and b = τ , we obtain

Γ(c+ jτ + τ)Γ(c− µ+ jτ)

Γ(c+ jτ)Γ(c− µ+ jτ + τ)
≥ 1. (2.32)
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On the other hand, if we set z = c + (k − j)τ − τ, a = τ and b = µ in (2.31), we
find that

Γ(c+ (k − j)τ − τ)Γ(c+ µ+ (k − j)τ)

Γ(c+ (k − j)τ)Γ(c+ µ+ (k − j)τ − τ)
≥ 1. (2.33)

Thus, combining (2.30), (2.32) and (2.33), we conclude that the sequence (wk,j)j≥0

is increasing and consequently the sequence (Ak/Bk)k≥0 is increasing in view of
Lemma2.3. Therefore, the function z → φτ (b, c, µ, z) is increasing on (0,∞) by
virtue of Lemma 2.3, which implies that

φτ (b, c, µ, z) ≥ φτ (b, c, µ, 0) = 1. (2.34)

This completes the proof of Theorem 2.4. �

2.2. Sub-additivity properties for the τ−Kummer hypergeometric func-
tions. We now state a lemma which we apply to establish our next result.

Lemma 2.5. Let f : (0,∞)→ R be a function. If f(x)/x is decreasing, then f is
sub-additive.

Theorem 2.6. Let c > b > 0, then the function c → ϕτ (b+τ,c,z)
ϕτ (b,c,z) is decreasing and

sub-additive. Moreover, the following inequality

ϕτ (b+ τ, c1 + c2, z)

ϕτ (b, c1 + c2, z)
≤ ϕτ (b+ τ, c1, z)

ϕτ (b, c1, z)
+
ϕτ (b+ τ, c2, z)

ϕτ (b, c2, z)
(2.35)

holds true.

Proof. Suppose that 0 < z < 1 and let c and b be positive real numbers such that
c > b. Let us consider an auxiliary function f(c) which is defined by

f(c) =
ϕτ (b+ τ, c, z)

ϕτ (b, c, z)
. (2.36)

The Cauchy product rule then gives

ϕτ (b, c, z)2 ∂f(c)

∂c
= ϕτ (b, c, z)

∂ϕτ (b+ τ, c, z)

∂c
− ϕτ (b+ τ, c, z)

∂ϕτ (b, c, z)

∂c

=

( ∞∑
k=0

Γ(b+ kτ)

Γ(c+ kτ)

zk

k!

)(
−
∞∑
k=0

Γ(b+ kτ + τ)ψ(c+ kτ)

Γ(c+ kτ)

zk

k!

)

+

( ∞∑
k=0

Γ(b+ kτ + τ)

Γ(c+ kτ)

zk

k!

)( ∞∑
k=0

Γ(b+ kτ)ψ(c+ kτ)

Γ(c+ kτ)

zk

k!

)

=
Γ(b)

Γ(b+ τ)

 ∞∑
k=0

k∑
j=0

Γ(b+ jτ + τ)Γ(b+ (k − j)τ)ψ(c+ (k − j)τ)

Γ(c+ jτ)Γ(c+ (k − j)τ)

zk

j!(k − j)!


− Γ(b)

Γ(b+ τ)

 ∞∑
k=0

k∑
j=0

Γ(b+ (k − j)τ + τ)Γ(b+ jτ)ψ(c+ (k − j)τ)

Γ(c+ jτ)Γ(c+ (k − j)τ)

zk

j!(k − j)!


=

Γ(b)

Γ(b+ τ)

∞∑
k=0

k∑
j=0

T τ,1k,j z
k

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!

=
Γ(b)

Γ(b+ τ)

∞∑
k=0

[ k−1
2 ]∑
j=0

(T τ,1k,j + T τ,1k,k−j)z
k

Γ(c+ jτ)Γ(c+ (k − j)τ)j!(k − j)!
, (2.37)
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where

T τ,1k,j = ψ(c+(k−j)τ) [Γ(b+ jτ + τ)Γ(b+ (k − j)τ)− Γ(b+ (k − j)τ + τ)Γ(b+ jτ)] ,

and some elementary simplification gives then

T τ,1k,j + T τ,1k,k−j = (ψ(c+ (k − j)τ)− ψ(c+ jτ)) (2.38)

× [Γ(b+ jτ + τ)Γ(b+ (k − j)τ)− Γ(b+ (k − j)τ + τ)Γ(b+ jτ)] .

For k−j > j, i.e. (for [k−1
2 ] ≥ j) and noting that the digamma function is increasing

on (0,∞), we have

(ψ(c+ (k − j)τ)− ψ(c+ jτ)) ≥ 0. (2.39)

On the other hand, letting z = b+ jτ , a = τ and b = (k − 2j)τ in (2.31), we infer
that

Γ(b+ (k − j)τ + τ)Γ(b+ jτ) ≥ Γ(b+ jτ + τ)Γ(b+ (k − j)τ). (2.40)

In view of (2.37),(2.38), (2.39) and (2.40), we deduce that the functions f(c) is
decreasing, i.e.

c→ ϕτ (b+ τ, c, z)

ϕτ (b, c, z)

is decreasing, and therefore

c→ ϕτ (b+ τ, c, z)

c ϕτ (b, c, z)

is decreasing (being a product of two positive decreasing functions). Finally, ap-
plying Lemma 2.5, the proof is complete. �

Remark 2.7. For c > b > 0, the function c → 1F1(b+1,c,z)

1F1(b,c,z) is decreasing and sub-

additive.

3. Turán type inequalities and sub-additivity properties for the
τ-Gauss hypergeometric functions

In this section we give some Turán type inequalities for τ -Gauss hypergeometric
functions. We use the methods of Theorem 2.1 to deduce the following results and
we omit the details of their derivations.

Theorem 3.1. Let c > b, a > 0 and 0 < z < 1, then the following assertions hold
true:
(a) For the function gτa,b,c(z) = Γ(a)Γ(b)

Γ(c) 2ϕ
τ
1(a, b, c, z), we have the Turán type in-

equality

gτa,b,c(z)g
τ
a+2,b+2,c+2(z)− (gτa+1,b+1,c+1(z))2 ≥ 0. (3.1)

(b) Also, we have the following Turán type inequalities:

gτa,b,c(z)g
τ
a,b+2,c(z)− (gτa,b+1,c(z))

2 ≥ 0, (3.2)

gτa,b,c(z)g
τ
a+2,b,c(z)− (gτa+1,b,c(z))

2 ≥ 0, (3.3)

and

gτa,b,c(z)g
τ
a,b,c+2(z)− (gτa,b,c+1(z))2 ≥ 0, (3.4)
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.
(c). The function z → 2ϕ

τ
1(a, b, c, z) is log-convex on (0, 1). Furthermore, we have

the following Turán type inequality:

2ϕ
τ
1(a, b, c, z)2ϕ

τ
1(a+ 2, b+ 2τ, c+ 2τ, z)− Γ(c)Γ2(a+ 1)Γ2(b+ τ)Γ(c+ 2τ)

Γ(a)Γ(a+ 2)Γ(b)Γ(b+ 2τ)Γ2(c+ τ)

×(2ϕ
τ
1(a+ 1, b+ τ, c+ τ, z))2 ≥ 0, (3.5)

for all c > b, a > 0, and 0 < z < 1.

The proof of the following theorem is similar to the proof of Theorem 2.4.

Theorem 3.2. Let a, b, c, µ, τ be real numbers such that c > b, µ > 0, τ > 0 and
let

Φ(a, b, c, µ, z) =
2ϕ

τ
1(a, b, c− µ, z)2ϕ

τ
1(a, b, c+ µ, z)

2ϕτ1(a+ 1, b+ τ, c+ τ, z)2
. (3.6)

Then, the function Φ(a, b, c, µ, z) is increasing on (0, 1). Moreover, the following
Turán type inequality

2ϕ
τ
1(a, b, c− µ, z)2ϕ

τ
1(a, b, c+ µ, z)− 2ϕ

τ
1(a, b, c, z)2 ≥ 0 (3.7)

holds true.

Theorem 3.3. Let c > b > 0, a, τ > 0. Then, the functions g(c) and h(c) defined,
respectively, by

g(c) =
2ϕ

τ
1(a+ τ, b, c, z)

2ϕτ1(a, b, c, z)
and h(c) =

2ϕ
τ
1(a, b+ τ, c, z)

2ϕτ1(a, b, c, z)
, 0 < z < 1 (3.8)

are sub-additive.

Proof. The proof is similar to the proof of Theorem 2.6 and we omit its details
here. �

Theorem 3.4. Let 0 < a < c; τ ≥ 1 and 0 < z < 1. Then, the function
a→ ϕτ1(a, c− a, c, z) is sub-additive. In particular, for all a1, a2 ∈ (0, c), τ ≥ 1 and
0 < z < 1, we have

2ϕ
τ
1(a1 + a2, c− a1 − a2, c, z) ≤ 2ϕ

τ
1(a1, c− a1, c, z)2ϕ

τ
1(a2, c− a2, c, z). (3.9)

Proof. Let us consider the sequence of functions

fτk (a) =
Γ(a+ k)Γ(c− a+ kτ)

Γ(a)Γ(c− a)
and gτk(a) =

fτk (a)

a
. (3.10)

To prove that the function 2ϕ
τ
1(a, c− a, c, z) is sub-additive, we need to show that

the function a → gτk(a) is decreasing on (0, c). The proof has two cases. Firstly,
suppose that a ∈ (0, c/2), then we have

∂

∂a
log gτk(a) = (ψ(c− a)− ψ(a+ 1)) + (ψ(a+ k)− ψ(c− a+ kτ)). (3.11)

By using the fact that the digamma function x→ ψ(x) is increasing on (0,∞), we
get

ψ(c− a)− ψ(a+ 1) ≤ 0, and ψ(a+ k)− ψ(c− a+ kτ) ≤ 0 (3.12)
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for all c−1
2 < a < c/2 and τ ≥ 1. This implies that the function a → gτk(a) is

decreasing on (0, c/2). Next, we assume that a ∈ (c/2, c). It follows that

∂

∂a
gτk(a) =

Γ′(a+ k)Γ(c− a+ kτ)− Γ(a+ k)Γ′(c− a+ kτ)

Γ(c− a)Γ(a+ 1)

+
Γ(a+ k)Γ(c− a+ kτ){Γ′(a+ 1)Γ(c− a)− Γ(a+ 1)Γ′(c− a)}

Γ2(c− a)Γ2(a+ 1)

= gτk(a)hτk(a), (3.13)

where hτk(a) is defined by

hτk(a) = ψ(a+ k)− ψ(a+ 1) + ψ(c− a)− ψ(c− a+ kτ). (3.14)

By using the following integral representation for the digamma function:

ψ(x) =

∫ ∞
0

(
e−t

t
− e−xt

1− e−t

)
dt, (x > 0), (3.15)

we find that

hτk(a) =

∫ ∞
0

δτa,c(t)

1− e−t
dt, (3.16)

where

δτa,c(t) = e−(a+1)t(1− e−(k−1)t) + e−(c−a)t(e−kτt − 1)

≤ (1− e−kτt)(e−(a+1)t − e−(c−a)t)

≤ 0, (3.17)

provided that 2a−c > 0. Therefore, the function a→ gτk(a) is decreasing on [c/2, c),

and consequently this function is decreasing on (0, c), i.e. the function a → fτk (a)
a

is decreasing on (0, c) for each k = 0, 1, ... . This implies that fτk (a) is sub-additive.
Hence, from this fact, we have for all a1, a2 ∈ (0, c) and z ∈ (0, 1):

2ϕ
τ
1(a1 + a2, c− a1 − a2, c, z) = Γ(c)

∞∑
k=0

fτk (a1 + a2)

k! Γ(c+ kτ)
zk

≤ Γ(c)

∞∑
k=0

fτk (a1)

k! Γ(c+ kτ)
zk + Γ(c)

∞∑
k=0

fτk (a2)

k! Γ(c+ kτ)
zk

= 2ϕ
τ
1(a1, c− a1, c, z) + 2ϕ

τ
1(a2, c− a2, c, z).

This completes the proof of Theorem 3.4. �

Remark 3.5. We note that by using formula that

1

gτk(a)

∂

∂a
gτk(a) = hτk(a)

, where gτk(a) and hτk(a) are defined by (3.10) and (3.14), we have

∂2

∂a2
log gτk(a) =

∂

∂a
hτk(a) = ψ′(a+ k)− ψ′(a+ 1) + ψ(c− a+ kτ)− ψ′(c− a) ≤ 0,

which implies that the function a → gτk(a) is log-concave and hence a → fτk (a) is
also log-concave.
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Finally, we state below an open problem.

Open Problem: Is the function a → 2ϕ
τ
1(a, c − a, c, z) log-concave (or concave)

on (0, c)?
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