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CERTAIN FUNCTIONAL INEQUALITIES FOR THE
T-HYPERGEOMETRIC FUNCTIONS

DEEPAK BANSAL, KHALED MEHREZ, AND RAVINDER KRISHNA RAINA*

ABSTRACT. In this paper we establish some Turdn type inequalities for the
T-hypergeometric functions. We further prove the monotonicity of ratios of
the 7-hypergeometric functions and it is depicted how our results are closely
connected with certain Turdan type inequalities. Additionally, we prove some
results which correspond to the sub-additivity properties of the 7-Gauss hy-
pergeometric functions. We also present an open problem which may be of
interest for further investigation.

1. INTRODUCTION AND PRELIMINARIES

In recent works, authors in [15] and [16] have studied certain functional inequali-
ties and geometric properties for some special functions like, the classical Gauss and
Kummer hypergeometric functions. Similar characterizations are investigated for
the generalized hypergeometric functions ([3, [5 [6]) as well as for the classical and
generalized Mittag-leffler functions [7], the Mathieu-type series and Volterra func-
tion [8], the Wright function [9] and the Fox-Wright function [10]. In the present
investigation, our aim is to obtain some mean value inequalities (like Turdn and
Lazarevié¢ type inequalities) for the generalized hypergeometric functions.

The 7-Kummer hypergeometric ¢” and 7-Gauss hypergeometric 2] was intro-
duced by Virchenko et al. in [I7, [I8]. It is known that the series representations of
the functions ¢7 (b, ¢, z) and 297 (b, ¢, z) are defined, respectively, by

I'(c) = T(b+ kr) 2*
Z T(c+ kr) k!

@ (b,c,z) = c>b>0,7>0,]z] <1. (1.1)

k=0

and

[(a+ kT)T(b+ k7) 2*
[(c+ kT) -

2(,071—(66,177 () Z) = F(E)(;)(b) Z (12)

k=0

(a,bye > 0,7 > 0,]z| < 1)
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The Euler-type integral representation for the 7-Gauss hypergeometric is given by
([8, Eq. (6), p.91])

1 1
207 (a,b,¢,2) = m/o 71— 1)o7 — )t (1.3)

(1>0,|larg(l —2))| < mc>b>0)
and one can find related properties, various other integral representations, differ-
entiation formulae, Mellin transform, recurrence relations and summation formulas
of the function defined by (2.1) in [I8].

In a recent paper [10], the author has presented new properties for the Fox-
Wright functions, new integral representation via the H-function and G-Mejer’s
functions, completely monotonicity and log-convexity properties. More precisely,
the 7-Kummer hypergeometric function possesses the following integral represen-

tation ([10]):
F(C) 1 1.0 1 dt
(b, z) = “ard () 5 14
¥ ( c Z) Tr(b) /O e 1,1 |b t ( )
where Gg:g(—) is a particular form of the G-Mejer’s function. It is easy to observe
that [I0, Theorem 2, p. 656] (for the case when p = ¢ = 1) yields the properties that
the function z — 7 (b, ¢, —z) is completely monotonic on (0,00) and the function
z = ¢" (b, ¢, —2) is log-convex on (0,00), and further satisfies the following Turan
type inequality:

907([)3 &) _Z)SDTJrz(b, & _Z) - QDTJrl(b, ¢, _Z)2 > 0. (15)

Moreover, [10, Theorem 3] (for the case p = ¢ = 1) gives the result that the function
7 (b, c,z71) possesses a Laplace integral representation which is given by

I'(c) [ T'(b
o7 (byc,z7h) = I‘Ebg/o e *t <1\I'2 [Eii::g&l)“} + I‘Ec§60> dt, (1.6)
where 1 Wy (—) is the Fox-Wright function and dq is the Dirac measure with mass 1
concentrated at zero. Motivated by the works in [10] and [I1], we establish in this
paper some additional new properties for the special functions defined by and
2.

This paper is organized as follows: In section 2, we derive some Turan type
inequalities and sub-additivity property for the 7—Kummer hypergeometric func-
tions. In section 3, we find some Turan type inequalities for the 7-Gauss hyperge-
ometric function including the result that a —2 ¢](a,c — a,c, —z) is sub-additive.
Some of the main results may find applications in the areas of orthogonal poly-
nomials and familiar special functions like the generalized Mittag-Leffler function,
modified Sturve function, modified Lommel function and modified Bessel function.
Lastly, we pose an open problem at the end of this paper. For geometric properties
of 7-confluent hypergeometric function one can see [IJ.

2. FUNCTIONAL INEQUALITIES FOR THE T-KUMMER HYPERGEOMETRIC
FUNCTIONS
2.1. Turan type inequalities for the 7-Kummer hypergeometric functions.

Theorem 2.1. Letc > b > 0,0 <z <1 and f].(2) = ggggf(b,c, z), then the

following Turdn type inequalities involving the T— Kummer hypergeometric function
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hold true:
(a)

fz:c(z)fg+2,c+2(z) - (fg+1,c+1(2))2 > 0. (2.1)

(b)
Fre() fi2,0(2) = (fli1,6(2))? > 0 (2.2)

and
fl;—,chl(Z)flz—,c(Z) - (be,chz(Z))z > 0. (23)

(c) The function z — o7 (b, ¢, z) is log-convex on (0,1). Furthermore, the following

Turdn type inequality

L(e)I2(b+7)T(c+ 27)

LT+ 27)T2(c+ 1)
>0,

holds true for allc >b >0 and 0 < z < 1.

(d) The function ¢ — ¢ (b,c,z) is log convez in (0,00), and the Turdn type in-

equality

o7 (b,c,z)p" (b+27,c+ 27, 2) — (" (b+T,c+ T, z))2 (2.4)

@7 (b,¢,2)¢" (b,e+2,2) — T (b,c+1,2) > 0 (2.5)
is valid for each ¢ >b >0 and 0 < z < 1.

Proof. (a). We first introduce the following notations:

(b, ¢, z) ZﬂkbCT (2.6)
where P (b4 k)
+ kT
Qr(b =—" k 1,... .
k( , G, T) k'F(C+ kT)’ € {Oa ) ,’I’L}

Using Cauchy-Buniakowsky-Schwarz’s inequality [2], we have

Er(byc,2)F;(b+2,c+2,2) = (ZkaCT ><Zﬂkb+2c+2r) )

k=0

n

2
> (b e, )b +2,c+ 2, T))l/QZk] L(2.7)
k=0

>

In order to prove that the inequality

FI(byc,2)FET(b+2,c+2,2) > [FI(b+1,c+1,2)]? (2.8)
holds true, we need to show that
Q. (b, e, U (D +2,¢4+2,7) > [Q(b+1,c+1,7)]%, (2.9)

for all k € 0,1,...,n. Observe that (2.9)) is equivalent to the inequality
L(b+k)D(b+ k7 +2) _ [T(b+kr+1) 2
T(c+kr)T(c+kr+2) — |[T(c+kr+1)]

which can be easily proved from the simple relation: I'(z + 1) = «I'(x) and ¢ > b.

Thus, if » tends to infinity in (2.8)), then we obtain the required inequality (2.1)).
b. In view of the Cauchy product of summations, we have

(2.10)

ZZ b+]T+1P(b+(/€—j)T+1) P (2.11)

(fo41,(2) T(c+ jr)T(c+ (k—7)7) JU k=)

k=0 j=0
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and
. = & L+ )T+ (k—j)r+2) 2F
fb,c( fb+2c ZZO C+]T ( +(k5*])7’) _]'(k*])' (212)
Then
_ S Tyfk(b) zF
fbc( )fb+2c( ) (fb+1c _kzojz:r C+]T)F(C+(k‘—j)7’)]'(k‘—j)" (213)

where 77, (b) = ((k — 2j)7 + 1)I'(b + j7)L'(b+ (k — j)7 + 1). If k is even, then

k T7,(b) g T7x(b)
Z)F(C+jT)F(C+(k‘—j)T)j!(k‘—j) Z T(e+jmn)T(c+ (k— 7)) (k — 7)!

Jj=C

77, (b T+ E5nTh+Er+1
3 I Jéz( e
J=k/2+1 Pletgmlie+ (k= 5)m)itk = j)! (2% (e +37)
_ Z 7 (0) + T 1.(b) C(b+ 5N+ Er+1)
c+]T (c+ (k—5)1)j/(k — j)! (5)I2(c+ &7) ’
where [—] denotes the greatest integer function. Similarly, if & is odd, then
S 77, (0) _ [i] T7,(6) + Ty (0)
= Tlc+jr)T(c+ (k—5)m)jil(k — 7)! Tlc+jr)T(c+ (k—5)m)jil(k — 7)!
b b 1
N F(b+ &P+ &7+ ) (2.15)

(5H02(c+ T)
After elementary simplifications, we find that
TE) + T (b) = ((k — 25)2 + 204+ k7))L (b + §7)L(b+ (k — j)7) > 0. (2.16)

Hence, in view of (2.13), (2.14), (2.15) and (2.16) we deduce that the Turdn in-
equality (2.2) holds true. By repeating the similar calculations as above for the
inequalit7 we can establish the other inequality .

(c). Let us recall the Rogers-Holder-Riesz inequality [12], that is

b b 1 1/q
/If(t)g(t)ldté V |f(t)[Pdt

L
V |g(t)|th] , (2.17)

where p > 1, % + % =1, f and g are real functions defined on (a,b) and |f|?, |g|?
are integrable functions on (a,b). From the Rogers-Holder-Riesz inequality again
and integral representation (1.4)), for 21,29 € (0,1) and A € [0, 1], we easily get

r 1 , dt

gaf(b,c,Azﬁ(lA)zQ)FEg/ eRatI=N=IT G (13 )5) =
0

L F(c)e“tT 1 1. A I’(c)ez’“f 10 /,L ¢ (1=3)

/0 {r(b) P (“'bﬂ [r(b) P (“'bﬂ dt

< [H9 e () al [H9 [ () a

0
1

1=X
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= [‘p‘r(bv ¢, Zl)]A [‘p‘r(bv Cy Zl)]l_A ’ (218)

which shows that the function z — ¢7(b, ¢, z). Further, the log-convexity of the
function z — 7 (b, ¢, z) implies that
&? d 2
¥ (ba ¢, Z)@@ (b,C,Z) - (dz(p (b,C,Z)) > 07

and therefore by using the derivative formula
de(b,¢,z) _ T(L(b+7)
dz  T(B)T(c+71)

we get the desired result (2.4]).
(d). If we rewrite the function ¢7 (b, ¢, 2) as:

e"(b+T1c+T,2),

> k
r z
¥ (baCVZ) = E 5k(b7ca7—)ﬁa
k=0

where
L(c)T'(b+ kT)
= — > . .
Or(b,c,7) T (et hr)’ k>0 (2.19)
It follows then that
2
O log (b e.7) = ¥/() — (e + r), (2.20)

where ¥(z) = 1;((5)) is the digamma function. The last expression in is non-
negative since the function ¢’(z) is decreasing on (0,00). Therefore, the function
¢ = ¢"(b,c,z) is log-convex on (0,00) for each 0 < z < 1 and ¢ > b > 0. This
implies that for ¢; > b >0, co2 > b > 0 and ¢t € [0, 1], we have

@7 (byte; + (1 —t)ea, 2) < [@7 (b, cr, 2)] @7 (b, o, 2)] (2.21)

Choosing ¢ = ¢, ¢ca = ¢+ 2 and ¢t = 1/2, the above inequality (2.21)) reduces to the
Turan type inequality (2.5) which completes the proof of Theore O

Recently, Mehrez and Sitnik ([7), TT]) obtained some Turén-type inequalities for
the Mittag-LefHler function by considering the monotonicity for special ratio of the
parts of the series defining these functions. In the course of their investigation,
they used a new method which we call the Mehrez- Sitnik method, see also ([3],
[6]) and the same method was then applied to the T-hypergeometric function. We
shall need the following two lemmas for proving our next result ([4], [13]).

Lemma 2.2. Let (ap)n>0 and (bp)n>0 be two sequences of real numbers. If b, > 0

forn > 0 and if the sequence (ay,/by) is increasing (decreasing), then (%)n>0

is increasing (decreasing).

Lemma 2.3. Let (an)n>0 and (by)n>0 be two sequences of real numbers and let
the power series f(x) = > <oans™ and g(x) = Y, <o bnx™ be convergent for all
|z| <r. Ifb, >0 forn >0 and if the sequence (a,/b,) is increasing (decreasing),
then the functionz — f(x)/g(x) is increasing (decreasing) on (0,7r).
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Theorem 2.4. Let b, c, i, 7 be real numbers such that ¢ — p > b > 0 and let

QOT(bv ) Z)¢T(b7 ctpu, Z)
7 (b, ¢, 2)?

Then, the function ¢7(b,c,u,z) is increasing on (0,1). Moreover, the following
Turan type inequality

@T(b7c—u,z)4p7(b,c+,u,z) - @T(bv = Z)2 >0 (2'23)

o7 (b,c,p, 2) =

(2.22)

holds true.

Proof. By using the Cauchy product, we have
T(c — w)T(c+ p) Yoo Ax?

4 = 2.24
where
5 T+ Tb+ (k- j)7)
Z : (2.25)
= C*uHT)F(cﬂH (k—J4)T)
and
k
Z L+ j7)T b + (k- )T) (2.26)
2 T jr)T(e+ (= 4)7)
Let the sequences (ug,;)j>0 and (Uk,j)jzo be, respectively, defined by
Lo+ )L+ (k—j)7)
L= 2.27
"9 = T g et pt (b)) 220
and
L+ )b+ (k—j)r)
i = . 2.2
"3 = Nt e+ ()7 (229
Also, let
wyy = W —__Dletirllet (k= j)7) (2.29)

vkj  Dle—p+ir)T(c+p+(k—j)r)’
then it follows that
Wk,j+1  Uk,j+1Vk,j
Wi, 5 B Uk, j+1Uk,j
Tlc+jr+1)Te+ (k=) —7)T(c— p+37)T(c+ p+ (k—5)7)
Lle—p+jr+7m)(c+p+ (k—j)r—7)l(c+jm)T(c+ (k—j)7)

T(e+ 47+ 1)0(c —p+j)] Tle + (k= j)r = (e + p+ (k— j)r
D(c+ jr)T(c—p+jm+7)) Tle+ (k= j)nT(c+ p+ (k—jjr —7

;. (2.30)

Since the function I'(z) is log-convex on (0,00), therefore the function % is

increasing and consequently, the following inequality

I'(z+a+bl(z) >T(z+a)l'(z+b) (2.31)

is valid for all a,b > 0. Using the above inequality (2.31)) for z=c—pu+ jr,a=p
and b = 7, we obtain

I(c+j7+7)(c — p+37)

e+ jr)l(c—p+jm+7)

> 1. (2.32)
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On the other hand, if we set z = c+ (k— j)7 —7,a = 7 and b = p in (2.31)), we

find that
Tle+ (k=T —71)T(c+ p+ (k—j)7)
L+ (BE—g)r)l(c+p+(k—j)T—7)
Thus, combining ([2.30), (2.32)) and (2.33)), we conclude that the sequence (wg ;);>0
is increasing and consequently the sequence (Ax/By)i>o is increasing in view of
Lemma. Therefore the function z — ¢7(b, ¢, i, z) is increasing on (0, 00) by
virtue of Lemma [2.3] which implies that

&7 (b,c, 11, 2) = 67 (b, 1,0) = 1. (2.34)
This completes the proof of Theorem [2.4] O

> 1. (2.33)

2.2. Sub-additivity properties for the 7—Kummer hypergeometric func-
tions. We now state a lemma which we apply to establish our next result.

Lemma 2.5. Let f: (0,00) — R be a function. If f(x)/x is decreasing, then f is
sub-additive.
Theorem 2.6. Let ¢ > b > 0, then the function ¢ — % 1s decreasing and
sub-additive. Moreover, the following inequality
O (b+ 7,01+ ¢o,2) < eT(b+T1,c1,2) @ (b+T,c2,2)
oT(byc1+c2,2) T 9T(bc1,2) ¢7(b,c2,2)

(2.35)

holds true.

Proof. Suppose that 0 < z < 1 and let ¢ and b be positive real numbers such that
¢ > b. Let us consider an auxiliary function f(c¢) which is defined by

_ @ (b+T062)
flo) = e (2.36)
The Cauchy product rule then gives
af(c) 0" (b+T,¢,2) 07 (b, c, 2)
T 2 YJ\M) — T Y\ <)
7 (be,2)” =5 o7 (b, 2) ———F——— ac pT(b+ T 6 2) =5
_ Lo+ kr) 2 7zr(b+k7+r)w(c+k7)ﬁ
B k ‘ T(c+kr) k! prd T(c+kT) E!
N b+/<;7'+7') i L(b+ kr)(c + k) 2*
C(c+kr) K pars I(c+ k1) k!

T) | ST+ T+ (k- e+ (k—j)7) 2
B ;Z L(c+ jr)T(c+ (k —j)7) g1k —j)!

T izk: C(b+ (k— )1 +7)Tb+jr)(c+ (k—j)r) 2

Lo+ 5= D(c+jn)(c+ (k= j)7) k=)
_ Tk 2 & T,:)’jlzk
IRYCEES kzzogo T(c+ jr)D(c+ (k — j)m)j!(k — j)!
e} [E] T, 1 7,1 k
I'(b) 2 (T + T )2
TG 2 2 Ter e Gt
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where
T,:;jl =Y(c+(k—j)T) [T+ jr+7)T(b+ (k—j)7) = T(b+ (k— )7+ 7)['(b+ j7)],
and some elementary simplification gives then
T+ Ty = @Wlet (k=) = (e +ir) (2.38)
x [b+jr+7)0b+ (k—5)71) T+ (k—75)7+7)T(b+57)].
k—1

For k—j > j,i.e. (for [*5=] > j) and noting that the digamma function is increasing
on (0, 00), we have

(Y(c+ (k—j)7) —¢(c+j7)) = 0. (2.39)

On the other hand, letting z = b+ j7, a = 7 and b = (k — 2j)7 in (2.31)), we infer
that

P+ (k—j)r+1)Tb+j7) >Tb+jr+ 1)L+ (k—j5)7). (2.40)

In view of (2.37),(2.38), (2.39) and (2.40), we deduce that the functions f(c) is

decreasing, i.e.

N (b+7,¢,2)
©7(b,c, 2)
is decreasing, and therefore
eT(b+T1,¢2)
s LT 5 )
cpT(b,c, z2)

is decreasing (being a product of two positive decreasing functions). Finally, ap-
plying Lemma the proof is complete. (I

1F1(b+1,c,2)

Remark 2.7. For ¢ > b > 0, the function ¢ — =
’ 1 1(b,c,z)

additive.

is decreasing and sub-

3. TURAN TYPE INEQUALITIES AND SUB-ADDITIVITY PROPERTIES FOR THE
7-GAUSS HYPERGEOMETRIC FUNCTIONS

In this section we give some Turan type inequalities for 7-Gauss hypergeometric
functions. We use the methods of Theorem [2:I] to deduce the following results and
we omit the details of their derivations.

Theorem 3.1. Let ¢ >b, a >0 and 0 < z < 1, then the following assertions hold
true:

a) For the function g7, (2) = F(a)r(b)g T(a,b,c,z), we have the Turdn type in-
a,b,c T'(c) ©1
equality
g;,b,c(z)g;+2,b+2,c+2(z) - (95+1,b+17c+1(2))2 > 0. (3.1)
(b) Also, we have the following Turdn type inequalities:
Jabe(2) 90 b42.0(2) = (9 p41.6(2))* 2 0, (3.2)
g;—,b,c<z)g;—+2,b,c(z) - (g;Jrl,b,c(Z))Q > 07 (33)
and

i e(Dap.er2(2) = (90 p.e11(2))* 20, (3-4)
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(c). The function z — 297 (a,b, ¢, z) is log-convex on (0,1). Furthermore, we have
the following Turdn type inequality:

P(eF(a + DI(b+ 7)l(e + 27)
T(a@)T(a+2)L ()b + 212 (c+ 1)
X(2pT(a+1,b+7c+7,2)?>0, (3.5

2(101—(0’7 ba c, 2)2901—(0’ + 2a b + 27—70 + 27—a Z) -

forallc>b,a>0, and 0 <z <1.
The proof of the following theorem is similar to the proof of Theorem

Theorem 3.2. Let a,b,c,u, 7 be real numbers such that ¢ > b, p > 0, 7 > 0 and
let

29071—(047 bu cC— W, 2)290{(&7 b7 c+ M, Z)

2pT(a+1,b+T7,c+T,2)2 '
Then, the function ®(a,b,c, u, z) is increasing on (0,1). Moreover, the following
Turan type inequality

®(a,b,c,p,2) = (3.6)

280‘{((% b,c—p, 2)29071—(0’7 b,c+ u, Z) - 2()071—(@7 b, c, Z)2 >0 (37)
holds true.
Theorem 3.3. Let ¢ > b > 0,a,7 > 0. Then, the functions g(c) and h(c) defined,

respectively, by
QSOT(a + 7, b7 C, Z)
gle) = =~
21 (a‘7 ba ¢, Z)

are sub-additive.

24)071—(@7 b+ 7, C, Z)
29071—((1’ bv &) Z)

and h(c) = ,0<z<1 (3.8)

Proof. The proof is similar to the proof of Theorem [2.6] and we omit its details
here. g

Theorem 3.4. Let 0 < a < ¢; 7 > 1 and 0 < z < 1. Then, the function
a — pi(a,c—a,c,z) is sub-additive. In particular, for all a1,as € (0,¢), 7 > 1 and
0<z<1, we have
21 (a1 + ag,c —ap — ag, ¢, z) < 997 (a1, ¢ — ay, ¢, 2)a9] (az, ¢ — as, ¢, z).  (3.9)
Proof. Let us consider the sequence of functions
T(a+ k)T(c—a+k7) f7(a)
T = d g7 = . 3.10
fk (a’) F(G)F(C — (1) and g (a‘> a ( )

To prove that the function 297 (a, ¢ — a, ¢, z) is sub-additive, we need to show that
the function a — g7 (a) is decreasing on (0,¢). The proof has two cases. Firstly,
suppose that a € (0,¢/2), then we have

2 log gf(a) = ((e —a) ~ ¥la+ 1)) + (Wla+ k)~ vle—athr). (311

By using the fact that the digamma function x — ¥(x) is increasing on (0, c0), we
get
Ple—a)—YPla+1) <0, and(a+ k) —YP(c—a+kr) <0 (3.12)
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for all < a < ¢/2 and 7 > 1. This implies that the function a — g¢f(a) is
decreasing on (0, ¢/2). Next, we assume that a € (¢/2,¢). It follows that

9 @) = IMa+k)T(c—a+kr)—T(a+k)IV(c—a+ k)
da”* P(c—a)l'(a+1)
Pla+k)(c—a+kr){I"(a+ 1)(c—a) —T(a+ I"(c—a)}
I'2(c—a)l%(a+1)

c—1
2

= gr(a)hi(a), (3.13)
where h(a) is defined by
hi(a) =v(a+k)—Y(a+1)+(c—a)—P(c—a+ kT). (3.14)
By using the following integral representation for the digamma function:
* (et et
P(x) = /0 <t - 1—e—t> dt, (x> 0), (3.15)
we find that
r(a) = /0 f%gdt, (3.16)
where
5;)C(t) — e—(a+1)t(1 _ e—(k—l)t) + e—(c—a)t(e—k-rt _ 1)
< (1= e Frt)(em (et _ o= (ema)ty
< 0, (3.17)

provided that 2a—c > 0. Therefore, the function a — g7 (a) is decreasing on [¢/2, ¢),

and consequently this function is decreasing on (0, ¢), i.e. the function a — %@
is decreasing on (0, ¢) for each £ = 0,1, ... . This implies that f](a) is sub-additive.
Hence, from this fact, we have for all a;,as € (0,¢) and z € (0,1):

— fi(a1 +a2) 4

2p1(a1 +ag,c—ay —az,c,2) = F(C) < k! F(C—Hm')z
< A k
- Zk;'F +kT Zk'f‘c—I—kr
= opi(a1,c—ay, ¢ z) + 207 (az, ¢ — as, ¢, z).

This completes the proof of Theorem [3.4] O

Remark 3.5. We note that by using formula that
1 0
—— = gr(a) = hi(a
gk(a)aa k( ) k:( )

, where g7 (a) and h](a) are defined by and (3.14), we have
0? 0
O o g (@) = k() = v/ @+ K) ~ ¥/ a 1)+ vle —a+ kr) — (e @) <0,

which implies that the function a — g} (a) is log-concave and hence a — f7(a) is
also log-concave.

k:
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Finally, we state below an open problem.

Open Problem: Is the function a — 2¢](a,c — a,c¢, z) log-concave (or concave)
on (0,¢)?

(1]

[6]
[7]
(8]
(9]

(10]
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