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NEW OPTIMAL BOUNDS FOR LOGARITHMIC AND
EXPONENTIAL FUNCTIONS

LAZHAR BOUGOFFA, PANAGIOTIS T. KRASOPOULOS

ABSTRACT. We present new lower and upper bounds for the logarithmic func-
tion In(1+ z). These bounds involve a parameter m and they become optimal
as m — 0. Moreover, by using these bounds we also present new optimal
bounds for the exponential function e*. We compare our bounds with other
known bounds from the literature and we support their optimum performance.

1. INTRODUCTION

Upper and lower bounds for the logarithmic function In(1 4+ z) have been ex-
tensively presented in the literature. The most famous and simplest bounds for
In(1 + x) are given by (see e.g. [1]),

x

<In(1 <z, > 1.
1—|—x*n( +z)<z T

If we restrict our interest to positive real numbers, then the above bounds become
strict, i.e.

Hix <Ih(l+z)<z, x>0 (1.1)

In [7], a better lower bound which is a refinement of (1.1f) was proved:

x
<In(1+ x), x> 0.
1+%x ( )

Later, (see [8] and the references therein) another refinement of (1.1) was also
presented:

(14 %z)
(I+xz)(1+ éx)

More upper bounds (already known or new ones) for In(1 + z) were also proved in
[10], specifically:

z(1+ )

< In(1 <
n( +x) 1—|—%x

, z > 0.

, > -1,
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In(1+42) < x> —1, (1.2)

x
Vi+ta
Additionally in [I0], a methodology is described on how to construct new upper
and lower bounds for In(1 + z), which are fractions of polynomials of increasing
order (see also Table 1 in [10]).

Another interesting and different upper bound, which involves the arctan func-
tion, is given in [4]:

T+ 2(44 )z — 2(z + 2) arctan(v/z + 1)
ve+1 ’
A proof given in [6] (Theorem 1, page 292), supports the fact that the above
upper bound is always better than any other bound which is a polynomial fraction.

Another lower bound for In(1 + z), which involves a parameter k, was presented
in [5]:

In(1+2) < x> 0.

1—k+k(14+2)—(1+az)*
k(1 —k)x
where 0 < k£ < 1. Interestingly, this lower bound becomes better as k — 1.
Closely related to the bounds for the logarithmic function, are the bounds for
the exponential function e*. The following bounds are best possible in a certain
sense (see [I])

<In(l+ =), x>0,

T a(atz) T a(a+m)+ﬁ12
(1+2) <er<(142) ,
a a

where a > 0 and = > 0. The above lower bound was firstly proved in [3] and the
upper bound in this form was proved in [IJ.

Lastly, the book [9] devotes a whole section for inequalities involving exponential,
logarithmic and gamma functions (section 3.6, pages 266-289).

In this article we will present new lower and upper bounds for the logarithmic
function In(1+42) which involve a parameter m € (0,1), and we will prove that they
become optimal as m — 0. We will compare our bounds with other already known
bounds and we will support their optimum performance. As an application, we
will also present optimal bounds for the logarithmic mean. Moreover by using the
bounds for In(1 + z), we will find optimal bounds for the exponential function e*
and we will also compare them with other known bounds for e” from the literature.

2. NEW OPTIMAL BOUNDS FOR THE LOGARITHMIC FUNCTION In(1 + x)

In this section we will present and prove new bounds for the function In(1 + x)
and we will also prove results which indicate their optimum performance. Then,
we will compare our bounds with other known bounds from the literature. Let
us first present the well-known Chebyshev’s inequality for integrals (see [J]). Let
f,g: [a,b] = R be two integrable functions, which are both increasing or decreasing,
then

b b b
/a Pttt > = / f(t)dt / o(t)dt. (2.1)

Moreover, if one of the functions in (2.1]) is increasing and the other one is decreasing
the inequality is reversed. We also note that the equality holds if and only if one
of the functions f, g is a constant function (see [9], Theorem 10, page 40).
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Firstly, we will find a new upper bound for In(1+x). Let us use (2.1)) with a = 0,
b=1and f(t) = (1+at)™, g(t) = W, where z > 0 and 0 < m < 1 are fixed
real numbers. We observe that f, g are of opposite monotonicity and so we have

1 1 1 1 1
= dt< | Qtatymdt | ——dt
/O 1+ at) /0( +at) /0 1+ at)m1

where the strict inequality holds since f and g are not constant functions. By using
the substitution y = 1 + xt and after the calculations we easily get

m% [(A+2)™ "+ (1+2)™™ — (x+2)], (2.2)

In(1+2) <
which is a new upper bound for the logarithmic function In(1 4 z) for > 0. Let
us denote this upper bound as

1
VYm(x) = m(m+1)

where z > 0 and 0 < m < 1.

Next, as we have promised, we will prove a result which indicates the fact that
the upper bound v,,(x) is optimal as we let m — 0. Thus, for the upper bound
Ym(x) we can also prove that for a fixed « > 0 it holds

JLiglO Ym(x) =1n(1 4 ). (2.4)

% [(A+2)™ T+ (1+2)" = (2+2)], (2.3)

The above can be easily proved by using I.” Hospital’s rule. To see this let us rewrite
Ym(x) as
(1 + m)m-‘rl + (1 + x)—nL _ (37 + 2)

m(m+ 1)z '

"/Jm(x) =

Let a fixed z > 0, then for m — 0 the above is of the form %. Thus, calculating the
derivatives with respect to m of the numerator and of the denominator we have

lim ¥, (z) = lim (1+2)""In(1+2)— (1+z)""In(l +z)
m—0 m—0 (Qm—i—l)x

= In(1 + z).

So, the upper bound in is optimal in the sense that as m becomes smaller,
Pm(x) is getting closer to the best possible approximation from above of In(1 + z).
The approximation is characterized as the best possible since holds, i.e. the
limit of ¥y, (x) as m — 0 for a given x > 0, is the logarithmic function In(1 + z)
itself.

Let us now compare our upper bound with the upper bound obtained in
[]:

T+ 14+ m)z — 2(z + 2) arctan (v + 1)
vz +1 ’

Let us remember from the introduction that the above bound h(x) is better than any
other bound which is a polynomial fraction ([6]). By numerical experimentation we
discovered that even if the upper bound h(x) may be better than ), (z) for small
values of z > 0, our upper bound ¥,,(x) for 0 < m < 1/2 becomes better as x
increases. The fact that our upper bound is better for large values of z > 0, will
be rigorously proved.

x> 0.

In(1+2) < h(x) =
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So, we can prove that by choosing an m < 1/2, our upper bound ,,(z)
is better than the upper bound h(z) for large enough = > 0. In fact, since
lim,_ o arctan (\/x + 1) = m/2, it can be seen that

lim h(z) 4-m
Moreover for a fixed m € (O, l), we also have

2
lim Ym (@) = ! .
z—o0 g™ m(m+ 1)

From the above two limits we can get

lim ¢m($)$%_m = 2

>0,

and since £~ — 0o as x — oo (remember that we have chosen an m < 1/2), it
holds that

L (@)

im

T—00 h(aj)
Thus, there is an M > 0 such that for > M it holds ¢, (z) < h(zr) and so our
upper bound is sharper for large values of x.

Let us next investigate and find a new sharp lower bound for In(1 + z). Let us
use again with a = 0, b =1 and f(t) = ﬁ, g(t) = (1 + xt)™ for a fixed
x > 0 and a real number m € (0,1). We observe that f and g are of opposite
monotonicity and they are not constant functions. Thus becomes

1 1 1
1
(1+xt)m*1dt</ 7dt/ (14 xt)™dt.
/0 o (I+at) Jo

After the calculations (using the substitution y = 1+ at) we get the following lower
bound

=0.

m-i—l[ ((1+x)m—1

1+m)m+1—1] <In(1+ ).

m
We denote this lower bound as

SDm(x) = (25)

m-l—l[ 14+z)™-1 ]

Moy —1
For the lower bound ¢,,(z) we can also prove that for a fixed = > 0 it holds

lim ., () =In(1 + ).
m—0

The above limit can be easily proved by using again I’ Hospital’s rule. So, the
lower bound ¢,,(x) is also optimal in the sense that for a given x > 0, as m — 0
the bound ¢,,(x) is getting closer to the best possible approximation from below
of In(1 + z), i.e. is getting closer to In(1 + z) itself.

Another interesting lower bound from the literature for the logarithmic function
In(1 + z), which also involves a parameter k, is given in [5]:

Cl—k+k(1+2z)—(1+a)*
N k(1 —Fk)x

where 0 < k£ < 1. This bound will be used to check the performance of our bound.
We can observe that v;(z) becomes better as k¥ — 1 (remember that our bound

Vi (x) <In(1+z), x>0,
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(2.5) becomes better as m — 0). It can be easily proved by using L’Hospital’s rule
that for a fixed z > 0,

In(1+ 2
L ora)

lim v (z) = =1+ In(1 + )
k—1

We can now compare the two bounds and prove that the bound 7 (x) at the limit
is not as good as our bound ¢,,(z) at the limit. So, we want to prove that for a
given x > 0 it holds

In(l14+2)>—-1+In(l+2z)+ M7
or v
x> 1In(1+ ),
which is true (see (L.I)) for z > 0. So, our bound at the limit is better. This
means that as m — 0 our bound ¢,,(x) becomes sharper than the bound ~(x)
when k£ — 1.
To sum up, we have found new optimal bounds for the logarithmic function

In(1 + z) for > 0. These bounds are given in (2.3 and (2.5) and so
om(r) <In(l+ ) < (),

for a real number m € (0,1). We also proved that our bounds as m — 0 become
optimal in the sense that for a fixed > 0 we have

lim ¢, () = lim ¢, (z) = In(1l + ).
m—0 m—0

From the above it is clear that as m — 0 the logarithmic function In(1 + z) is
squeezed from below and above by the bounds ¢, (z) and ., (x) respectively. So,
if we consider In(1 4+ z) to be defined in a closed interval [a,b] C (0,00) we can
approximate it as good as we want by letting m — 0, i.e. by choosing a small
enough m > 0.

The following Theorem summarizes our results of this section.

Theorem 2.1. Let z > 0 and let a parameter m € (0, 1), then the following bounds
for the logarithmic function In(1 + z) hold:

em(x) <In(l+ z) < ¥, (x),

where
m+1 I+z)m™ -1

m (1+z)ymtt —1]7

om(T) =

" (4™ 4 (1)~ (@ +2)
1+z)" " +(14+2) ™™ —(x+2
UV () = .
m(m+ 1)z
Moreover, these bounds are optimal in the following sense:

lim ¢, () = lim ¢, (z) = In(1 + z),
m—0 m—0

for a given x > 0.

We end up this section by presenting an application of Theorem [2.1] We will use
it to find bounds for the logarithmic mean. The logarithmic mean of two positive
real numbers, which has applications in physics (see [2]), is defined as

b—a

Inb—1na’

L(a,b) =
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where a,b > 0 and a # b. For the trivial case a = b, the logarithmic mean becomes
L(a,a) = a. Our interest here is only in the non-trivial case and so from now on
we assume that a # b. We also note that the logarithmic mean is symmetric, i.e.
L(a,b) = L(b,a). Let us first assume that b > a (as we will see later this condition
is not necessary) and let us define x = "?Ta > 0. By applying Theorem for

x = %=2 > 0 we have

_ 1 m __ m
Inb—Ina > om (ba“) _mtl [(b_a)ba]’

m bm+1 _ am+1

and

b—a 1 a [(b\" b\ b+a
nb—1 . _ b LAY
" na<y ( a ) m(m—i—l)b—al(a) +<a) a

Thus, the above two inequalities become

b—a m bl — gmtl

Hab) =1 e “ma1 b —am
and
L(ab) = —=% 5 mm+ Db—a)?® _ mm+Daz-17>
" Ib—Ina " a[(Z)mH 4 (5T =B () ()T - 2 -1

Now, we can easily observe that the above upper bound is always positive for
a # b. Moreover, the lower bound is also always positive for a # b. This is true
since the numerator is positive and the denominator is also positive (the function
FO) = A"t x=m — X —1 >0 for A >0 and A # 1). This was expected since,
as we have noted, L(a,b) is symmetric and so the bounds should be also true for
L(b,a). Thus we have found the following bounds for the logarithmic mean

m(m + 1)a(2 — 1) pmtl _ gmt1
5 ( 3 e b) < L(a,b) < i 2
(E)m+1+(a)7m*571 m+1 pm — qm
for a,b > 0, a # band m € (0,1). We can also see that the bounds ({2.6)) are optimal
as m — 0, since it holds
1 b _1)2 pm+l _ gmtl
m(m + Da(z — 1) = lim a = L(a,b).

m=0 (Lymt1l 4 (by=m 21 moom+1 b —am

; (2.6)

3. NEW OPTIMAL BOUNDS FOR THE EXPONENTIAL FUNCTION e*

In this section, we will use Theorem [2.1] to find optimal bounds for the exponen-
tial function e” for x > 0. Moreover, we will support the fact that our bounds are,
in a sense, sharper than other known bounds for the exponential function. As we
saw in the introduction the following bounds are in a way best possible (see [I]):

(1 T v a(a+z) T \/a(a+x)+ﬁr2
+2) )

<et < (1 +2 : (3.1)
a a
for x > 0 and a > 0. These bounds (3.1} will be used to check the performance of
our new bounds.
First, we will find a new optimal upper bound by using the lower bound that we

have found for the logarithmic function In(1+x). Thus, from Theorem [2.1] we have
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xr <

m [(1+z)mH -1
m+1| (14+x2)m -1
By replacing z > 0 with £ > 0 (a > 0) in the above inequality, we get

m  [(a+2x)mtt —gmt! x
z < In (1 + —) .
m+1 (a+z)m —am a

]m(l + ).

Hence
(ata)ymTl_gm+1

& < (eln(lJr;)>erl (atz)

and so we have proved the following new upper bound for e”:

)

m (ata)mHl_gm+l

e < (1 + f) mh (ebemmen (3.2)
a

where z > 0 and a > 0. We will next see that our upper bound (3.2)) is better than
the upper bound (3.1). So, we want to prove

9

atmymFl_gme1
z oy x\ Valata)+1522
(1 + 7) < (1 + )

a

for small values of m. What we really want to prove is that the above inequality is
true as m — 0. Equivalently, it is enough to prove that for the exponents it holds

m (CL + ZL’)erl _ am+1
m+1 (a+x)™—a™
for z,a > 0 and m € (0,1). Equivalently, we have
m_ (L+" -1 \/1+“””+ : (x>2
m+1 (1+2)m—1 a 12 '
For simplicity we define y = z/a > 0 and so

m (1+y)™t—1 1
<4/1 —y2.
mtl Qrgm-1 VYT RY

Now, by letting m — 0 and using L’ Hospital’s rule we find (for a fixed y > 0)
that

1
<tlala+z)+ Eﬁ,

oom (Ly)mtt—1 y
lim = .
maom+1 (1+y)m—1 In(1+y)
So, we have to prove that for y > 0 the following inequality is true
Y

1ty + Sy?

Interestingly, this inequality holds and it has already been proved in [I]. So, at the
limit m — 0 our upper bound becomes better. This was expected since we have
seen in Theorem that our bounds for In(1 + ) become optimal as m — 0.

Moreover, we can also use the sharp upper bound for In(1 + x) from Theorem
2.3 in order to find an optimal lower bound for e”. Thus

m% (I+2)" +(1+2)" = (z+2)].

(3.3)

In(1+y) >

In(1+2)<
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The inequality holds for > 0 and so we have
1 T
In(1 —— (1 m+1 1 m 2
n(l+o) < e G (049" 4 (L) - 4 2),
or

m(m + 1)x?
14+z)"H +(Q+z)"™—(x+2)
By replacing z > 0 with £ > 0 (a > 0) in the above inequality and after some
calculations we get

In(1+4z) < x.

1n('m+1).7;2

(1 I g) a,[(14—%)7”+1+(1+§)7m—(2+§)] < €x7 (3.4)

for z,a > 0 and m € (0, 1). This is a new lower bound for the exponential function.

Furthermore, we can prove that the lower bound ([3.4)) is better (as m — 0) than
the lower bound given in (3.1]). For the exponent of (1 + f) we have the following
limit

2
lim m(m + Dz - (3.5)

m=0g [(1 )" )T (24 g)] In(1+3)
So, by comparing the exponents, our bound (3.4) is better at the limit (m — 0)

provided that the next inequality holds
x

W> a(a+x)
or
x o
ln (1+ E) < ﬁ,

for £ > 0. Note that the above is the known inequality which holds strictly
for positive real numbers. So again our lower bound for e* is better as m — 0.

To sum up, we have found optimal bounds for the exponential function e* which
are given by

m(m+1)z? m (ataymTl_gm+l

(1+ 2T T e o (14 Z)FEITET (g

for z,a > 0 and m € (0,1). We can also support their optimum performance as
m — 0. Indeed, we have already proved the limits (3.5) and (3.3)) and so we can
easily deduce the following:

m(m+1)z?

iy (14 1) T 6] _ (14 2) )

m—0

and
(a+z)7n+1 7a7n+1

i (14 5) 7T (5
a a

m—0
So the limits, as it was expected, are identical and they are optimal because the

following is true
(1 + g) m(eg) — er.
a
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We have the same situation as in Theorem [2.I] and so the exponential function e”
can be approximated as good as we want by using (3.6) and by letting m — 0. For
convenience, our results of this section are summarized in the next theorem:

Theorem 3.1. Let x > 0, a > 0 and let a parameter m € (0, 1), then the following

bounds for the exponential function e hold:

m(m+1)z2 m (ataymtl_gml

(1+ g)a[(1+§)m+1+(1+§)_m—(2+§)] <t < (1_|_ §>m+1 (ata)m—amm

Moreover, these bounds are optimal in the following sense:

m(m+1)z? m (afz)mtl_gm+l

i (1 2) T8 TR Ly (14 )T
a a

m—0 m—0

I
)

for a given x > 0 and a > 0.
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