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NEW UPPER BOUNDS RELATED TO THE BEREZIN NUMBER
INEQUALITIES
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ABSTRACT. The Berezin symbol A of an operator A on the reproducing kernel
Hilbert space H (2) over some set Q with the reproducing kernel K is defined
by

Kx Ky

A(,\):<A ,—>,>\GQ.
1AL AL

The Berezin number of an operator A is defined by
ber(A) := sup ’g(k)‘ .
AEQ

We study some problems of operator theory by using this bounded function

A, including estimates for upper bounds for the Berezin numbers of some
operators. We also establish some inequalities involving of the Berezin number
inequalities.

1. INTRODUCTION

Recall that a reproducing kernel Hilbert space (shortly, RKHS) is the Hilbert
space H = H (Q) of complex-valued functions on some set €2 such that the evalu-
ation functionals @y (f) = f(A), A € Q, are continuous on H. Then, by the Riesz
representation theorem, for each A € Q there exists a unique function Ky € H
such that f(X) = (f,KCy) for all f € H. The family {Ky : A € Q} is called the
reproducing kernel of the space H. The prototypical RKHSs are the Hardy space
H?(D), where D = {z € C : |z| < 1} is the unit disc, the Bergman space L2 (D),
the Dirichlet space D?(D) and the Fock space F(C). A detailed presentation of the
theory of RKHSs and reproducing kernels is given, for instance, in Aronzajn [I],
Bergman [7] and Saitoh and Sawano [29]. It is well known that (see Aronzajn [I])

Kx(z) = en(Nen (2)
n=0

for any orthonormal basis {e,, (2)},,5 of the space H ().
For A a bounded linear operator on H (i.e., for A € B(H), the Banach algebra
of all bounded linear operators on ), its Berezin symbol (also called Berezin
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transform) A is defined on Q by (see Berezin [5, 6], and also Englis [11])
A = <AI€A,I€A> (A eQ),

where K A= H)’g—iu is the normalized reproducing kernel of the space H and the inner
product < , > is taken in the space H. It is obvious that the Berezin symbol Ais

a bounded function on © and sup,cq ‘g(/\) , which is called the Berezin number of

operator A (see Karaev [20] 21]), does not exceed ||A]|, i.e.,
ber(A) := sup ‘E(A)) < |4].
AEQ

The Berezin number of an operator A satisfies the following properties:

(a) ber («A) = |a| ber (A4), for all a € C;

(b) ber (A+ B) < ber (A) + ber (B) for all A,B € B(H).

It is also clear from the definition of Berezin symbol that the range of the Berezin
symbol A, which is called the Berezin set of operator A (see Karaev [20] 21]), lies
in the numerical range W (A) of operator A, i.e.,

Ber (A) := Range (A) = {E(/\) NS Q} CW(A):={{Az,z): x € H and |z| = 1}

which implies that ber(A4) < w (A) := sup, =1 [(Az, z)| (numerical radius of oper-
ator A) (for more information, see [8, [10, 18, 24, 25| 26l 27]). So, many questions,
which are well studied for the numerical radius w(A) of operator A, can be natu-
rally asked for the Berezin number ber(A) of operator A. For example, is it true,
or under which additional conditions the following are true:

(i) ber (4) > L 4]

(ii) ber (A™) < ber (A)" for any integer n > 1; more generally, if A is not
nilpotent, then

Ciber (A)" < ber (A™) < Caber (A)"

for some constants C1,Cy > 0;
(iii) ber (AB) < ber (A) ber(B), where A, B € B(H).

If A = cI with ¢ # 0, then obviously ber (4) = |¢| >

known that in general the above inequality (i) is not satisfied (see Karaev [22]).
Berezin set and Berezin number of operators are new numerical characteristics
of operators on the RKHS which are introduced by Karaev in [20]. For the basic
properties and facts on these new concepts, see [2], 3] (4 22| 28, [30].
It is well-known that

A
M = u However, it is

ber (4) < w(4) < 4] (1.1)
and

1
5 Al = w(4) < 4] (1.2)
for any A € B (H) .Also, Berezin number inequalities were given by using the other
inequalities in [12, (13 (14} 15, 6] 07, 09, BI, B2, 33

We also define the following so-called Berezin norm of operators A € B (H) :

| Aler = sup || AR
AEQ
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It is easy to see that actually ||Al|g,, determines a new operator norm in B (H (©2))
(since the set of reproducing kernels {KCy : A € Q} span the space H (£2)). It is also
trivial that ber (4) < ||4|lg., < ||A].

Kittaneh [24] 25] improved on the inequality (1.1), to prove that

1 1
7 1ar + 147 | < w? ) < 5 14 + 147 (13)

1 =
w(4) < 5 H|A\2 | (1.4)
In the present paper, we study some problems of operator theory by using this
bounded function A, including estimates for upper bounds for the Berezin numbers
of some operators. We also establish some inequalities involving of the Berezin
inequalities.

2. KNOWN LEMMAS

Recall that an operator A € B (H) is called positive if (Az,z) > 0 for all z € H.
In this case we will write A > 0. The classical operator Jensen inequality for the
positive operators S € B (H) is

(Sz,z)" < (>)(S"z,x), r>1 (0<r<1). (1.5)

Kittaneh [23] obtained the following result which is a generalized mixed Cauchy-
Schwartz.

Lemma 2.1. Let S € B(H). Let f and g be a nonnegative functions on [0, 0]
which are continous and satisfy the relation f (t) g (¢) =1t for all t € [0, ).

(S, y)| < IF (SD Mg (1S™D vl (1.6)
forall x,y € H.

The following result [34] is a consequence of the convexity the function f (t) = t",
r>1.

Lemma 2.2. Ifa;, i =1, 2, ..., n, are positive real numbers, then

n r n
<Z ai) <n! Zaf (1.7)
i=1 i=1
forr>1.
3. THE MAIN RESULTS

Our first result is an improvement of the inequalities (1.2).

Theorem 3.1. Let H =H () be a RKHS. If A€ B(H), then
1 1
1 |A* A+ AA*|| < (ber (A))* < 5 |A*A+ AA™||. (2.1)

Proof. Let A = B+ iC be the Cartesian decomposition of A. Then B and C are
self-adjoint, and A*A+ AA* = 2 (B? + C?). Let x be any vector in H. From ([25],
Theorem 1), then, by the convexity of the function f () = ¢, we get

sup |(Az, z)[* > % H(BiC H
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for z € H and ||z| = 1. Let K be a normalized reproducing kernel. Putting z = K
in the above inequality, we have

(ber (A))% = sup ’<AI€A,I€A>‘2 > % H(B + 0)2H .
Thus,
2(ver (4 2 5 (B + 7] + B~ 07)
> % |B+0y +m-0y| =B+
. % JA*A 1 AA*|
and hence

(ber (4))? > i |A*A 4+ AA*|.

On the other hand, for every normalized reproducing kernel IEA, by the Cauchy-
Schwarz inequality, we get

(AR R = (BRARS) + (CRARS)
<88+ o
= (B2, K )+ (€, Ky ) = (B> +C?) Ry, Ky )
and
sup ‘<AI€)\;I€)\>‘2 < sup <(B2 +C?) l€A7I€A>
which is equivalent to
(ber (4))* < | B? + €7 = L | 4"A+ A7)
and completes the proof of the theorem. O
We now present the second inequality.

Theorem 3.2. Let H =H () be a RKHS. If A € B(H), then for every r > 1

T 1 T * T 1 * | T T
(ber (A))*" < 7 [|lAP" + 147" + Sber (14°[|AT) (2.2)

Proof. Let Ky be a reproducing kernel of space H (Q2). Considering f (t))g (t) = v/t
in inequality (1.6) we have that

= [{aR0 )| < (1U1R0 R ) (1471 R R )
By inequality (1.5), we get
[(ARA )| < (147 R R ) (147 R R ) = (14717 R R ) (R 14T K.

(2.3)
The following refinement of the Cauchy-Schwarz inequality proved by Buzano [9]:

Izl lyll = [z, y) = (z, ) (e, y)| + [(z, €) (e, )| = [z, y)], (2.4)

‘Z )

:
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for all z,y,e € H and ||| = 1. From inequality (2.4), we conclude that

%(lel 1yl + [z, 9)]) = [(z, €) (e, )] - (2:5)

Putting e = Ky, z = |A*|" K and y = |A|" K, in the above inequality and using
(2.3), we have
2r

‘fl(A) < <|A*\TI€A,I€A> </€A, |A|TI€A>
< i (HlA*’“/EAHQ + H|A|T/€AH2> + % [jar 147 R, )|
= 2 (AP R R ) + (141 R R )) + | (141 147 R, R )|
= L AP R R )+ 21T 14 R )|
and
sup [4.(3) = iigg (1P +14P7) Ry K ) + %i‘éﬁ 14T T4 )

which is equivalent to

g 1 T * | 4T 1 * |7 s
ber?” (4) < ¢ [[[AP" + 147 P7|| + Sper (14*[74").

The following corollary is an immediate consequence of Theorem 3.2.

Corollary 3.3. Let H =H (2) be a« RKHS. If A € B(H), then
1 * 1 *
(ber (A))? < 1 |14 + 14* || + Sber (147]4]).

Remark. (i) If |A*||A] = 0, then (ber (4))? < 1 H|A|2 + |A*|2H .

(i) The inequality in Corollary 3.3 developes into the right hand inequality in
(2.1). Clearly, ber (|A||A*|) < |||A] |A*||| = ||A?|| . Therefore,

1
ber? (4) < 7 [[|A + A" || + Sber (|47[ |A])

1

< Z|IAP + 14| + 3 |42

1
< 1 [[1ar + 14| + 7 1P + 140

<

N R N e

A + (A"
On the other hand, we get

ber? (4) < i H\A|2 + |A*|2H + %ber(\/ﬂ |A*))

IN

il e+ 547

1 1 o1/2)°
(3041+ 5 141")

IN
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Next we obtain the following inequality for Berezin number of the sum of n
operators which generalizes Theorem 3.2.

Theorem 3.4. Let H =H () be a RKHS. If A; € B(H), i =1,2,...,n, then

n r n2r—1 n2r=1 [
ber ZAi < 1 +T Zber(lAilr\AE‘IT) ’
i=1

i=1
for allr > 1.

n

> 1A+ 1477

i=1

Proof. Let K » be a normalized reproducing kernel. Then we get

(5]
((e)ee)
S I
< (Z (AR ) )
< p2r1 (Zn:i (((1a + 147 7) R, R )) + % [(ZHEEHeN I@>]>

i=1

2r

2r

(by the inequalities (2.3) and (2.4))
2r—1 2r

S () B ) + B S ar £ )|

By taking the supremum over A\ € {2 above inequality, we have
2r

sup (i Ai> N < nQZI ;ggi (<<|Ai‘2r + |Afl2r) /@,I@»
=1

i=1

n2r—1 n —
+ su ’AfrAir)\‘
s 3 [T O

which clearly implies that

n r p2r—1
ber Z A; < 1
i=1

The next result gives as follows.

Theorem 3.5. Let H =H () be a RKHS and A, B € B (H) selfadjoint. Then

n2r71

5 (Z ber (| Ai]" IAIIT)> -
i=1

O

+

S IA 447
=1

A+ B < \/ber2 (A+iB) + [|A[[[[B]| + ber (BA) < [|A] + || B] -
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Proof. IE,\ be a normalized reproducing kernel. Then, we have,

|A+ B|* = ber? (A + B)

= iteng(A—i-B) I/C\)\JC)\>’
< s ({480 )+ (8. 1))
=sup ([(as ) (s )"+ 2| (480 )] [ ( B ) )
~ s ( (R0 ) i [(BRA R + 2| (aR5 RS \<;€A,B@>()
< sup ( ((a+iB R R +]|aks| |[BRA + <AI€A,BI€A>>
(by the inequality (2.5))

AEQ

< ber A +7’B) + ||A||Bcr ”BHBcr —|—ber (BA) .

= sup ( <(A—|—ZB) I/C\)\,E,\>’2 + HAI/C\)\ ’ HBI/C\)\H + <BAE)\,E)\>>
(
(A+iB)+ ||A|l||B]| + ber (BA).

< ber?

Hence,

| A+ BJ| < y/ber? (A+iB) + || All || Bl| + ber (BA).
On the other hand,

bert (4 +18) = sup ([{(4 41 B0, )

< sup <<|A—|—zB|/C>\JC>\ >

AEQ

<sop (474 2 55, £1)

< sup ‘<(A2 + B2 ’C,\,’C/\>‘ < HA2 +BQH
AEQ

Therefore, we have
. 2
ber® (A +iB) + || A|l | B]| + ber (BA) < (|All + || BI)".
This completes the proof. ([
Next we prove the following inequality.

Theorem 3.6. Let H = H () be a RKHS and A;,B;, X; € B(H),i=1,2,...,n
Let f and g be two nonnegative functions on [0, 00) which are continouns and satisfy
the relation f (t) g (t) =t for allt € [0,00). Then

(ber (ZA;XiBi>> < ”\/% ber (Z [Br f2(1X:]) Bi]" +1i [A; g2 (Xi)Ai]T>,

i=1 i=1

for allr > 1.
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Proof. IE,\ be a normalized reproducing kernel. Then, we have,

((snm) )

(Z‘ (4; XBIC,\,ICA>DT
< <§; (4: ;B8 K ) )

(by the inequality (1.7))

. <i <XiBi]€>\,Aiﬁ)\>‘r>

i=1

= (2”: [0 B Hg(lXé‘l)Az-’@HT>

i=1
(by the inequality (1.6))

et (Z (7 ) Bl i) (52 (171 Ai’EA’A’mg)

i=1

r

— (Z (B2 (1) B o ) (417 (|X;|)Ai/€>\,]€>\>g>

i=1

<nrt <Z<[Bff2 (1) B.) B R ) ([Arg? (X;‘|>AJT/€A,/€A>2>
i=1
(by the inequality (1.5))

< ”;—1 (iﬁ@ﬁ(l&)&]ﬁ@,lﬁg + <[Af92(|Xf)Ai]TI€,\,I€,\>>
< n:/; (Zi:@B;‘fQ (\XA)BJT/EAJEQ +i§;<[A;‘g2 (|XZ-*|)A2-]TI€A,I€A> >

(as |a+b] < V2|a+ib|, Va,b € R)

< n:/; <§: <<[B;f2(|Xi|)Bi]r +i[Afg? (|X§k|)Ai]r> ’E,\,’E,\> ) .
So,
<zn:A;‘XB > - ”;; <i<([3 F2OX:) B +i [Arg? (1X7]) Ad] )/ck,/ck>>
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and by taking supremum over A\ € €,

sup <Z A;‘XiBi> (\)

A€ |\
r—1 n o
<3 (;«[B?fz(l&l)&] +i [A7g? (1X7)) A )mm})

which is equivalent to

n

(ber (Z A;‘XZ-BZ)) < ”:/; ber <Z [Br f2(1X:]) Bi]" +i [Afg? (|X;‘)Ai]r>

i=1 =1

as required. [l

Considering f (t) = t* and g (¢t) = t!17%, 0 < a < 1 in Theorem 3.6, we get the
following corollary.
Corollary 3.7. Let H="H () be a RKHS and A;,B;,X; € B(H),i=1,2,...,n.
Then every r > 1.

n

<ber <Z AZ‘XZ-BZ)) < n\/; ber <Z (B f>* (\XA)BJ’” 4 [Ajf(l—a) (|Xi*|)AZ}T> )

i=1 i=1

From Theorem 3.6, we have the following corollary.

Corollary 3.8. Let H = H(Q) be a RKHS and X; € B(H), i = 1,2,...,n. Let
f and g be nonnegative functions on [0,00) which are continous and satisfy the
relation f (t) g (t) =t for allt € [0,00). Then

(ber (zx>> <t (Z (£ (1)) + g™ (X:D)) ,

i=1

for allr > 1.

In particular, taking n =1, 7 = 1 and f (t) = g (t) = t2 in Corollary 3.8 we get
the following inequality.

Corollary 3.9. Let H =H (2) be « RKHS. If A € B(H), then

ber (A4) < \%ber(|A| +ilAT]).

It is easy to observe that (ber (4))* < H |A] + |A*|2H Therefore

(ber (4))* < 5 (ber (|A] +i14°))° < 5 [[ (147 +i14) .

Hence, Corollary 3.9 is sharper than that in (2.1).
Next, we obtain an inequality which follows from Corollary 3.8.

Corollary 3.10. Let H =H () be a RKHS. If A,B € B(H), then

(ber (A*B))" < = (ber (|B]” +i]A[")*,

N =

for allr > 2.
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Theorem 3.11. Let H = H () be a RKHS. For A,B € B(H) andr > 1, we have
inequality:

T ]‘ r s
(ber (A*B)) §§H\B\2 s (2.6)

Proof. K A be a normalized reproducing kernel. By the Schwarz inequality, we have
562 = (560 462 < 5 |
~ \1/2, o\ 1/2
= (BRA, BRy) (AR, AKY)
~ o\ 1/2 o\ 1/2
- <B*BIC,\,IC,\> <A*AICA,ICA> . (2.7)

Applying again the AM-GM inequality and then the convexity of function f (¢) = t",
r>1, we get

<B*BI€A,IEA> + <A*Al@7l€x>

<B*BI€A,I€,\>1/2 <A*AI€A,I€A>1/2 < :
_((BBRR) + (arak R)
- 2
_((BERR) (AP R R\
- 2
(B RR + (14 R R
- 2
(by the inequality (1.5))
e e m Ay YT
(1B +14P7) B ) .

- 2

for all Ky € H. Now, on making use of the inequalities (2.7) and (2.8), we get the
inequality
By o] < 2 (1B +1477) Ra Ko
So, by taking supremum over A € €2, we get the desired result. O
The following is an immediate corollary of the inequality (2.6).

Corollary 3.12. Let H =H (Q) be a RKHS. For A,B € B(H) and r > 2, we get

1 1 .
(ber (A*B))" < 3 (ber (|B" +i|A")* < 2 |IB* + |4
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