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GENERALIZATIONS OF SOME CLASSICAL INTEGRAL
INEQUALITIES CONTAINING EXTENDED MITTAG-LEFFLER
FUNCTION IN THE KERNEL

MAJA ANDRIC, GHULAM FARID, JOSIP PECARIC, MUHAMMAD USAMA SIDDIQUE

ABSTRACT. Several classical integral inequalities have been proved in more
general settings using fractional integral operator containing an extended Mittag-
Leffler function in the kernel. A number of corollaries and consequences of the
main results are also presented.

1. INTRODUCTION AND PRELIMINARY RESULTS

In this paper we continue our research on classical integral inequalities, recently
given in the paper [2], where we proved several fractional generalizations and exten-
sions of known integral inequalities, obtained with an extended generalized Mittag-
Leffler function and its fractional integral operator from [IJ.

Our motivation is the paper by W. Liu et al. [6] from which we point out, as an
example, the following inequality:

Theorem 1.1. [6l Theorem 4] Let f,g be positive continuous functions on [a,b]
such that f is decreasing and g is increasing. Then the following inequality

o [ e o
[ roa [

[ raa [ ewrod
holds for every a > 0 and 8 >~ > 0. If f is increasing, then (L.1)) is reverse.

We want to prove such inequalities in more general settings using fractional
calculus, the theory of differential and integral operators of non-integer order (more
about fractional calculus can be found in the monographs [5l [7]). This calculus has
made a significant impact in numerical analysis by providing important applications
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in various fields of physics and engineering. Therefore, new forms of fractional
integral operators are constantly being explored, but all of them, in a special case,
are reduced to the left-sided Riemann-Liowville fractional integral JZ, f of order o
defined as in [B] [7] for f € Li[a,b] by

g 1 * g—
T2t = o [ =0 v e (1.2)
Of course, we have also the right-sided Riemann-Liouville fractional integral

1
(o)
For ¢ = n € N, these fractional integrals are actually n-folds integrals. Using
this, Z. Dahmani made the following fractional extension and generalization of the

inequality (L.1):

Theorem 1.2. [3| Theorem 3.6] Let (f;)i=1,2..n and g be positive continuous
functions on [a,b] such that (f;)i=1,2,..n are decreasing and g is increasing. Then
the following inequality

Ig [ £ 12@) 2, [0 @) Ty £ @)
Jg 97 @) T 1712 @) 2, [ TTi, 17 @)

holds for everya < x <b, 0 >0, a >0, 8> >0, where s is a fixed integer in
{1,2,...,n}.

The Mittag-Leffler function E, is defined for z € C and R(p) > 0 by the power
series using the gamma function I’

b
J7 f(z) = /(t—x)v—lf(t)dt, z € [a,b).

(1.3)

E,(z) = ,;m (1.4)

Since this function with its generalizations appear as a solution of fractional order
differential or integral equations, in [I] we presented more extended and generalized

version Eg’f;qf(z; p) as follows:

Definition 1.3. Let p,0,7,0,¢c € C, R(p), R(c), R(7) > 0, R(c) > R(§) > 0 with
p>0,7>0and 0<q<r+R(p). Then ESS97(2;p) is defined by

p,o,T

2 B,(6 +ng,c—98) () z
ESCDT( 5 p) = § P ) q )
pio (4:P) B(6,c—68) T(pn+0o) (T)ar

n

(1.5)
n=0

T'(c+nq) and

Recall that (¢),q denotes the generalized Pochhammer symbol (¢),q = 0]

for R(z), R(y), R(p) > 0, B, is an extension of the beta function

1
B, (2, 1) :/ =1(1 — )v-lem T g,
0

As proved in [1], the series (1.5) is absolutely convergent for all values of z provided
that ¢ < r + R(p). Moreover, if ¢ = r + R(p), then Eg:ﬁ:’#r(z;p) converges for
R (p) )

2l < —
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Remark. Notice,
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We will use all these calculations in the proof of our results.

This extended Mittag-Leffler function is contained in the kernel of the following
fractional integral operator (also defined in [I]):

Definition 1.4. Let w, p,0,7,0,c € C, R(p), R(c), R(7) > 0, R(c) > RN(5) > 0 with
p>0,r>0and0< q<r+R(p). Let f € L1]a,b] and x € [a,b]. Then the

generalized fractional integral operator s;”f’lf’g’: f is defined by

(cutears) @n) = [ =07 Bt e —0np . (19

Considering Remark [1] if we set p =0 and 0 =7 =7 = ¢ =0 = 1 in Definition
then (1.5 reduces to the Mittag-Leffler function , and setting p =w =10
in Definition reduces to the Riemann-Liouville fractional integral J7, f of
order o, as defined in . More details on how to derive the known generaliza-
tions of the Mittag-LefHler function and its fractional integral operator from
and can be seen in [I].

We give in [4] a further generalization of the fractional integral operator:
Definition 1.5. Let w,o,7,0,c € C, ®(o), R(7) > 0, R(c) > R(§) > 0 with p > 0,
p,r>0and0< qg<r+p. Let f € L1]a,b], 0 < a <b < o0, be a positive function.
Let h: [a,b] = R be a differentiable function, strictly increasing. Also let x — 2@
be an increasing function on [a,00) and x € [a,b]. Then the generalized fractional
integral operator ; ¢ pwd.e.q, " f is defined by

at,p,o,1
w,d,¢,q,T
(fFa+,,,,£T f) (z;p)
“o(h(x) —h(t)) s /
—————F = FE0T (w(h(x) — h(t))?;p)h (t) f(t)dt.
| s i e (wlh(a) = () s (1))

For the purpose of this paper, we will need a special case of the above operator,
obtained for ¢(z) = 27, o > 0, in real domain. This operator we denote hTZﬁ’r‘s’;’g’:f
and define as follows:

Definition 1.6. Let w € R, p,o,7,7>0,¢c>d >0 withp >0 and 0 < g <7+ p.

Let f € L1[a,b] be a positive function and h : [a,b] — R be a differentiable function,

strictly increasing. Then for x € [a,b] the generalized fractional integral operator
Tg;éi’g’:f is defined by

,0,¢,4,
(wrters) aip)

= /m(h(ﬂf)*h(t))"’lEﬁ’,i’fi””(w(h(@*h(t))";p)h'(t)f(t)dt- (L.7)
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The fractional integral operator can be obtained from the above if the
function h is the identity function. On the other hand, if we set p = w = 0 in this
definition, then reduces to the left-sided Riemann-Liouville fractional integral
of a function f with respect to another function h of order o (|5, [7]):

1 x
Tl @) = 55 [ @ = WO e el

The aim of this paper is to present several classical integral inequalities for a
generalized fractional integral operator , Y;>“%" f containing an extended Mittag-

,
at,p,0,7
Leffler function Eg:gqu in the kernel.

We emphasize that the right-sided versions of all inequalities in this paper can
be established using

(hTy5e8r f) sp)
b
= [ (ht) = b)) BT (wlh(e) ~ @) oI ()£ 0)de

and proved analogously. Also, for the reader’s convenience we will use a simplified
notation

. . 0,C,q,7 (.
E(zp) = EpgL (),
. w,6,¢,q,7 .
WEf)(wsp) = (WTL000f) (i),
2. FRACTIONAL INTEGRAL INEQUALITIES CONTAINING THE MITTAG-LEFFLER
FUNCTION IN THE KERNEL

To generalize Theorem and Theorem using fractional calculus, we sup-
plement methods from [3] [6] with the necessary steps.

Theorem 2.1. Let w € R, p,o, 7,7 >0,¢>0 >0 withp >0 and 0 < g <71+ p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B>7v>0fori=1,2,...,n and let x € [a,b]. Let (fi)i=1,2,..n and g be positive
continuous functions, such that (f;)i=1,2,.. n are decreasing and g is increasing with
(fi)i=1,2,..n € Lgla,b] and g € Ly[a,b]. Then for the fized integer s € {1,2,...,n}
the following inequality holds

(w0 (T 7 82)) i) (0 (0 T 17 07) ) o0)
WY (ITZ 7)) (@sp) = WY (9 TLis, £79) (wsp)
If (fi)i=1,2,...n are increasing and g is decreasing, then the inequality also

holds.
If all functions are monotonic in the same sense, then the inequality (2.1)) is reverse.

(2.1)

Proof. Let u,v € [a,x]. Let (f;)i=1,2....n be decreasing and g increasing, all positive
and continuous. Let s € {1,2,3,...,n}. Then

[(g(u)® = (9())*] [(fs(©))"77% = (fs(u))? ] >0, (2.2)
hence
(g(w)* (fs ()77 + (g(0)* (fs(u))P
> (g)*(fo(u)? 77 + (g(0)* (fo(v)) .
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Multiplying both sides of the above inequality by

(h(z) = h(v)” ' E (w(h(z) — h(v))";p) [[(fi(0) "1 (v) (2.3)

i=1
and integrating on [a, x| with respect to the variable v, we get

n

()™ | WX [ T1 /71 ) | (@ip)
i#£s

+<fs<u>>ﬁ%<r<ga_ 1 ><w »)

> (g() (fs(w)’ hr I ))

=1

+ 1 aT ga A
i#£S
Further multiplying by
(h(2) = h(u))" ' E (w(h(z) = h(w))*;p) [ T(fi(w)) 1 (u) (2.4)
i=1

and then integrating on [a, 2] with respect to the variable u, we have

<hT <g"‘Hf3">>(x;p) WX (T2 ) | (@p)

i=1 its

n n
> | WX [ []57#) | (5p) <hT (Hf")) (D).
i#£s i=1
from which follows ([2.1)).
Analogously we can prove the case when (f;)i=1,2..n are increasing and g is de-

creasing, and obtain reversed inequality if all functions are monotonic in the same
sense. 0

Remark. If the function h is the identity function, then we obtain an inequality
; ; 18,50,
for the generalized fractional operator 5:+pc;’:f defined by (1.6)):
16,60, i . ,6,¢,0, i .
(oo (i 12012)) i) (e (07 T 247 ) (i)
,6,¢,0, i . - g i '
(2Penn (T 7)) (i) (22enr (9 Ty £79)) ()
This inequality is given in [2, Theorem 3.1]. All other corresponding inequalities
from [2] follow from this paper setting h to be the identity function.
Also, as mentioned in the introductory section, if the h is the identity function
andp = w = 0, then we obtain the left-sided Riemann-Liouville fraction integral JZ,
of order o (1.2)), i.e. a special case of Mittag-Leffler function and its corresponding

generalized fractional integral operator. Therefore, Theorem [2.1] generalizes Theo-

rem 1.2
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The conditions under which inequality (2.1)) and reverse inequality hold are com-
plemented by the remaining cases of monotonicity of functions in the theorem.

Next inequality follows by setting g(z) = x — a and it is a generalization of [3]
Theorem 3.1].

Corollary 2.2. Letw € R, p,o, 7,7 >0,¢c>d >0 withp>0and 0< q <71+ p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B> >0 fori=12,...,n and let x € (a,b]. Let (fi)i=1,2.....n be positive
continuous decreasing functions with (fi)i=1,2,..n € Lgla,b]. Then for the fized
integer s € {1,2,...,n} the following inequality holds

(w0 (M 7 22)) @) (W0 (0= 0TI £ 17) ) i)
WY (T2 £7) (@sp) -~ GY (@ —a)* [, 7)) (ip)
If (fi)i=1,2,...n are increasing, then the inequality s reverse.

(2.5)

For the next result we set n = 1 in Theorem 211

Corollary 2.3. Let w € R, p,o, 7,7 >0,¢c>6 >0 withp>0and 0< qg<r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B>~>0and x € [a,b]. Let f,g be positive conlinuous functions, monotonic in
the opposite sense with f € Lgla,b] and g € Ly[a,b]. Then the following inequality
holds

(WYF%) (@ip) (WY fP)) (i)
WYf) (z;p) — WY(g>f")) (x5p)

If f and g are monotonic functions in the same sense, then the inequality (2.6) is
reverse.

(2.6)

If additionally ¢g(z) = x — a, then the following corollary holds.

Corollary 2.4. Let w € R, p,o, 7,7 >0,¢c>6 >0 withp >0 and 0 < g <r+ p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B >v>0and x € (a,b]. Let f € Lgla,b] be a positive continuous decreasing
function. Then the following inequality holds

(W XF7) (@ip) _ (WY(x = a)*f7)) (3 )
WY f) (zp) — (Y ((x—a)*f7)) (z:p)
If f is increasing, then the inequality s reverse.

2.7)

Remark. If the function h is the identity function, p = w = 0 and 0 = 1, then
inequalities and imply Theorem and [6l, Theorem 3], respectively.

Further, from the condition with n =1 (i.e. we have only one function f)
and for u,v € [a, x] we obtain

[(g(u))* = (9())] [(f())"77 = (f(u))" ] > 0.

Now it is easy to see that although Theorem s stated only for the case of
decreasing function f and increasing function g, inequality remains valid even
if f is increasing and g is decreasing function g, hence monotone functions in the
opposite sense.
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Theorem 2.5. Letw € R, p,o, 7,7 >0,¢>§ >0 withp >0 and0 < g < r+p. Let
h: [a,b] = R be a differentiable, strictly increasing function. Let o > 0, 8 > v; > 0
fori=1,2,....n and let x € [a,b]. Let (f;)i=1,2,...n and g be positive continuous
functions, (fi)i=1,2,...n € La+sla,b] and g € Lyfa,b]. Let s € {1,2,...,n} be fized
integer and for u,v € [a,x] let

[(g(u)* (fs()* = (g(W)* (fs ()] [(fs(©)"77 = (fo(u)’ ] > 0. (2.8)
Then the following inequality holds
(T (I, 17 127) ) (i) . (w1 (o H%s f?iff)) (z:p)
(hT (H;;S 1 er%)) (z;p) B (WY (9 TLiZ; 7)) (@)
If the condition is reverse, then the inequality 18 reverse.
Proof. From the we obtain
(g(w)* (fs ()77 4 (g(0)* (fi(u))* 7%
> (g(w)* (fs (W)™ (s ()P 77 + (g(0))* (fs () (fs(0))" .

Multiplying both sides of the above inequality by (2.3) and integrating on [a, ]
with respect to the variable v, we get

(2.9)

n

()™ | wX [ JT£7 1) | (@ip)
i#£Ss

+ (folu) P (hT <ga Hf?)) (;p)

i=1

> (g(w)*(fo()? 7 (WX | [T 7 £2 | | (sp)
i#Ss
+ (L) (WX { g T]F 0| ) @)
i#s
Further multiplying the above by (2.4) and then integrating on [a, ] with respect
to the variable u, we obtain

(hT (g" 11 fﬂi>) (@ p) [ WX ([T ] ) (@ip)

i=1 its

n n

> AW o[£ ) @p) [ oY [ TTH7 ) | @ip).
i#s i#£s

from which follows ([2.9)).
If the condition (2.8]) is reverse, then the reverse inequality of (2.9) can be proved
analogously. O

Remark. If the function h is the identity function and p = w = 0, then Theorem
generalizes [3, Theorem 3.10].
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Corollary 2.6. Letw € R, p,o, 7,7 >0,¢c>d >0 withp>0and0< q <71+ p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B> >0 fori=12...,n andlet x € (a,b]. Let (fi)i=1,2,..n € Latpla,b]
be positive continuous functions. Let s € {1,2,...,n} be fized integer and for
u,v € [a,x] let

[(w = a)*(fs () = (u =) (fs(w)] [(fs(0)777 = (fo(w))’~7] > 0. (2.10)
Then the following inequality holds
(w0 (M 7 577)) Gim) - (WY (2 = @) T 57 77)) i)
T (i 7)) o) X @ T ) )
If the condition is reverse, then the inequality s reverse.
If we set n =1 in Theorem then we obtain the following inequality.

(2.11)

Corollary 2.7. Let w € R, p,o, 7,7 >0,¢c>§ >0 withp>0and 0 < q <71+ p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B>~>0 and x € [a,b]. Let f,g be positive continuous functions, f € Lytgla,b],
g € Loa,b], such that for u,v € [a, x]
[(g(u)*(F ()™ = (g()*(F ()] [(f(@)"7 = (f(w)* ] = 0. (2.12)
Then the following inequality holds
(XF) wip) (W05 (i
WYX fot7) (wp) — WYX(g*f7)) (z:p )
If the condition (2.12)) is reverse, then the inequality - s reverse.
Corollary 2.8. Let w € R, p,o, 7,7 >0,¢>6 >0 withp>0and 0< qg<r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B>~>0and xz € (a,b]. Let f € Loygla,b] be positive continuous function such
that for u,v € [a, x|
[(w = a)*(f(0)* = (v = a)*(f(w)*] [(f())°~" = (f(w))*~7] > 0. (2.14)
Then the following inequality holds
(WYFHP) (@ip) (WX (@ = a)*fP)) ()
WLfer7) (zsp) — WY (2 —a)*f7)) (z;p)
If the condition (2.14)) is reverse, then the inequality (2.15) is reverse.

Remark. If the function h is the identity function, p = w = 0 and 0 = 1, then
inequalities (2.13) and (2.15) imply [6, Theorem 6] and [6, Theorem 5], respectively.

Theorem 2.9. Let w € R, p,o, 7,7 >0,¢>0 >0 withp>0and0< qg<r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let o > 0,
B>~ >0fori=1,2,...,n and let x € [a,b]. Let f,g,(¢i)i=12,...n € L1]a,b] be
positive continuous functions such that f/ps and g are monotonic in the opposite
sense, for s € {1,2,...,n}. Then the following inequality holds

(w0 (FTL0)) (wsp) (6T (0 T 00)) (i)
GT(Tiw)) @p) —  GY I, »)) @ip)

If f/¢s and g are monotonic in the same sense for s € {1,2,...,n}, the inequality

(2.16) is reverse.

(2.13)

(2.15)

(2.16)
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Proof. From hypotheses on functions, for u,v € [a, 2] we have

96 - gfo)] | L L0

ps(v)  ps(u)

|20

that is

f) fu) J)
90wy TV oy = I o T

Multiplying both sides of the above inequality by

f(v)
ps(v) '

g9(v)

n

(h(z) = h(0))”"E (w(h(z) — h(v))";p) [ ] i)' (v)

=1

and integrating on [a, x| with respect to the variable v, we get

g(u) [ nY fﬁw (a?p)+£< (gH%))

i#£S

o)L (ps < (Hw)) zip)+ [ aY ng% (3 p)-

i#£s
Again, multiplying the above by

(h(z) = h(w))"~ E (w(h(z) — h(u))";p) H pi(u)h' (u

and then integrating on [a, z] with respect to the variable u, we arrive at

<;.T<9H%>> zp) | Y fﬁ% (:p)

i#£s

> (;.T(sz)) z;p) | T ng% (23 p)-

i#£S
from which follows ([2.16)).

If f /s and g are monotonic in the same sense for s € {1,2,...,n}, then the reverse
inequality of (2.16]) can be proved analogously. |

Remark. If the function h is the identity function and p = w = 0, then Theorem
generalizes [3, Theorem 3.14].

If we set n = 1 in Theorem then we obtain the following generalization of
[6l Theorem 7].

Corollary 2.10. Letw € R, p,o, 7,7 >0,¢> >0 withp>0and 0 < q <r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let x € [a,b]. Let
fs9,¢ € Li|a,b] be positive continuous functions such that f/p and g are monotonic
in the opposite sense. Then the following inequality holds

wYf) (@:p) o Y(fg)) (z:p)
wY) (z:p) — (WY(pg)) (z;p)

If /¢ and g are monotonic in the same sense, then the inequality (2.17)) is reverse.

(2.17)
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Next is a counterpart of the previous result, where we assume f(z) < p(z).
Hence, inequality (2.17) remains satisfied if g is replaced by f@—1.

Theorem 2.11. Letw € R, p,o, 7,7 >0,¢>8 >0 withp >0 and 0 < g <r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function. Let « > 1 and
x € [a,b]. Let f,o € Ly[a,b] be positive continuous functions such that f/p and f
are monotonic in the opposite sense, with f(x) < ¢(x) on [a,b]. Then the following
inequality holds

WYf) (wip) o WYS?)(2;p)
wY) (z5p) — (WYLw*) (z;p)

If f /@ and f are monotonic functions in the same sense, then the inequality (2.18))
18 reverse.

(2.18)

Proof. Assume that f/¢ is a decreasing function and f an increasing one. Then
for a > 1 function f*~! is also increasing. By applying Corollary we obtain

WYf) (wip) Y(f?)) (z;p)
wYe) (@p) — WY(pf*"1) (z;p)
This together with the assumption f(z) < p(z) lead to . Analogously we

can prove the case when f/¢ is increasing and f decreasing, and obtain reversed
inequality if f/¢ and f are monotonic in the same sense. O

For the last theorem we involve a convex function in the inequality.

Theorem 2.12. Letw € R, p,o, 7,7 >0,¢>§ >0 withp >0 and 0 < g <r+p.
Let h : [a,b] — R be a differentiable, strictly increasing function and x € [a,b].
Let f, g, € Lila,b] be positive continuous functions such that f/¢ is decreasing
function and f,g are increasing, with f(x) < @(x) on [a,b]. Let ¢ be a convex
function on [0, 00] with $(0) = 0. Then the following inequality holds

GIH (@) WTO()9) (i)
WTo) @p) = WT6(e)g) @ p) (2.19)

Proof. The function @ is increasing since ¢ is a convex function on [0, co] with
#(0) = 0. From the assumption f(x) < p(z) with the positivity of f and ¢, we get
@) _ o)
flx) = plx)

Further, since f, g and @ are increasing then the following function

IN
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and by applying Corollary for f, ¢, @ g we obtain

(Y (o(f)g)) (x:p) (Y (f)) (z;p)
(Y (d()9)) (;p) (WY (#)) (z;p)

IN

O

Corollary 2.13. Letw € R, p,o,7,7>0,¢> >0 withp >0 and 0 < q <r—+p.
Let h : [a,b] — R be a differentiable, strictly increasing function and z € [a,b]. Let
fy € Lyla, bl be positive continuous functions such that f/p is decreasing function
and f is increasing, with f(z) < ¢(x) on [a,b]. Let ¢ be a convex function on [0, c0]
with ¢(0) = 0. Then the following inequality holds

WYS) (z5p) o WY(G()) (:p)
(wYp) (;0) — WY(d(0))) (z;p)

Remark. If the function h is the identity function, p = w = 0 and 0 = 1, then
Theorem Theorem and Corollary generalize Theorem 8, Theorem
10 and Theorem 9 from [6], respectively.

(2.20)
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