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ON g-MELLIN TRANSFORM: CONSTRUCTION, CONVEXITY

AND APPLICATIONS

PANKAJ JAIN, CHANDRANI BASU, VIVEK PANWAR

Abstract. In the framework of g-calculus, the Mellin transform has been
defined and studied. For the new g-Mellin transform, the appropriate convo-

lution is defined and its connection with the Hausdorff operator is pointed out.

The notion of pseudo-logarithmic convexity (concavity) has been introduced
and it is proved that the g-Mellin transform is pseudo-logarithmically convex

(concave) for a suitable pseudo-exponential function. This leads to defining
the g-gamma function. Finally, certain applications of g-Mellin transform are

provided, namely, solving integral equations and a Titchmarsh type theorem.

1. Introduction

The theory of pseudo-calculus or more commonly known as g-calculus is well
established now. The motivation of this notion arose as a result of the work of
Sugeno [35] who developed the theory of fuzzy measures having monotonicity prop-
erty instead of additivity. We refer to [8, 14, 15, 22, 24, 36, 37, 38] and references
therein for more such work.

In a series of papers [27, 28, 29, 30, 31, 33, 34], Pap initiated the so called
⊕-decomposable measures and as a consequence the pseudo-algebraic operations,
pseudo-derivative and pseudo-integral were defined. Since the pseudo-operations
involve a generator function, usually denoted by g, the corresponding notions are
also referred to as g-addition, g-multiplication, g-derivative, g-integral etc. The
“g-theory” has been growing rapidly and getting much attention during the recent
past. In [2, 16, 32, 34], the authors have considered famous classical inequalities
like Young’s, Hölder’s , Minkowski’s and Jensen’s and in [23, 25], double g-integral
has been considered.

The Mellin transform (see [9]) is an important integral transform given by

(Mf)(s) =

∫ ∞
0

xs−1f(x) dx, s ∈ C. (1.1)

The Mellin transform along with the related Fourier transform, Laplace transform
etc. have wide range of applications not only in mathematical sciences but also
in physical sciences and engineering. A lot of text is available on this subject.
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Among properties of Mellin transform, let us mention that it is a linear operator
and possesses the scaling and shifting properties. The corresponding convolution
is defined by

(f ∗M h)(x) =

∫ ∞
0

f(
x

t
)
h(t)

t
dt

so that the convolution equality

M(f ∗M h) = (Mf) · (Mh)

holds. From the Mellin transform, the function f can be recovered by using the
inversion formula

(M−1F )(x) =
1

2πi

∫ c+i∞

c−i∞
x−sF (s) ds.

The classical theory of Mellin transform is very rich, a huge literature is available
on this subject. Yet there has been a continued interest in the theory of Mellin
transform. It has been studied (and going on) in different frameworks too, e.g.,
people have made a lot of contribution by studying it in quantum calculus, see
[4, 5, 6, 11, 26], a very recent paper of the present authors [17] and references
therein.

In [10], the authors have considered g-Mellin transform defined by

(M⊕f)(s) =

∫ g

R+

g−1(xs−1)⊗ f(x)⊗ dx, s ∈ R (1.2)

In the present paper, we reinvestigate the g-Mellin transform (1.2), prove its
various properties, provide an appropriate convolution and give the inversion for-
mula. Most of the properties that we prove here were not considered in [10]. It
is known that for f(x) = e−x, the Mellin transform (1.1) is the Gamma function
Γ(s) and that it is logarithmically convex with respect to s. Here, we define the no-
tion of pseudo-logarithmic convexity (concavity) and prove that the g-Mellin trans-
form (1.2) is pseudo-logarithmically convex (concave) for f replaced by a suitable
pseudo-exponential function. This motivates us to define the g-gamma function.
As applications, we demonstrate the use of g-Mellin transform in solving integral
equations and also a Titchmarsh type theorem is proved.

The paper is organized as follows. In Section 2, we collect basic notations, ter-
minology and the structure of pseudo-operations and g-calculus which is required
throughout the paper. The construction of g-Mellin transform is given in Section
3 where along with its several basic properties, the appropriate convolution is de-
fined and its connection with the Hausdorff operator is pointed out. In Section
4, the notion of pseudo-logarithmic convexity (concavity) is given and proved its
relation with the classical logarithmic convexity (concavity) which provides a nice
tool to construct, in a natural way, the examples and counter examples of pseudo-
logarithmically convex (concave) functions. Also, in this section, we prove that the
g-Mellin transform (1.2) is pseudo-logarithmically convex (concave) for f replaced
by a suitable pseudo-exponential function and as a result define the g-gamma func-
tion. Finally, in Section 5, some applications of g-Mellin transform are provided,
namely, solving integral equations and a Titchmarsh type theorem.
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2. Preliminaries

In this section, we collect some basic algebraic operations, elementary functions,
derivative and integral in the framework of pseudo-algebra that is required through-
out the paper.

The pseudo-addition is a function ⊕ : R×R→ R which is commutative, nonde-
creasing in each component, associative and has a zero element. We shall assume
that ⊕ is strict pseudo-addition which means that ⊕ is strictly increasing in each
component and continuous. Consequently, Aczel’s Theorem [21] guarantees that
there exists a monotone function g (called the generator for ⊕), g : R → R+ such
that

x⊕ y = g−1 (g(x) + g(y)) .

Similarly, we denote by⊗, the pseudo-multiplication which is a function⊗ : R×R→
R which is commutative, nondecreasing in each component, associative and has a
unit element. The operation ⊗ is defined, in terms of a monotone generator g, by

x⊗ y = g−1 (g(x) · g(y)) .

We shall denote by Rg, the set R equipped with the pseudo-operations ⊕ and ⊗
with the corresponding generator g. The zero and the unit elements of Rg will be
denoted, respectively, by 0g and 1g.

In [3], the authors considered that the generator function g : Rg → R is strictly
monotone (either strictly increasing or strictly decreasing), onto, g(0g) = 0, g′(x) 6=
0, for all x, g ∈ C2 and g−1 ∈ C2. Using this map, the following well defined
operations have been defined:

x	 y = g−1 (g(x)− g(y)) , x⊗−1 y = g−1
(
g(x)

g(y)

)
, provided y 6= 0g.

The order relation in Rg, denoted by ≤g, satisfies the following:

x ≤g y ⇐⇒ x	 y ≤ 0g.

If x ≤g y, we can also write it as y ≥g x. If x ≤g y and x 6= y, we shall write it
as x <g y, or equivalently, y >g x. A number x ∈ Rg is said to be finite, written
x <g ∞, if there exists b ∈ Rg such that x <g b.

In order to make Rg a linear space over the field R, we define the pseudo-scalar
product:

n� x = g−1(ng(x)), x ∈ Rg, n ∈ R.
It was pointed out in [3] that the operations � and ⊗ are different. There was a
need to define the scalar product � since the compatibility condition 1� x = x is
not satisfied by ⊗.

Remark 2.1. (Rg,⊕,⊗,≤g) is an ordered and complete algebra.

The pseudo-derivative or more commonly called g-derivative of a suitable func-
tion f : [a, b] ⊆ R→ Rg is defined by

Dgf(x) :=
dgf(x)

dx
= g−1 ((g ◦ f)′(x)) .

while the pseudo-integral or the g-integral is defined by∫ g

[a,b]

f(t)⊗ dt = g−1

(∫ b

a

(g ◦ f)(x) dx

)
.
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Some of the properties of g-integral are mentioned below:

(a)

∫ g

[a,b]

(f ⊕ h)⊗ dt =

∫ g

[a,b]

f ⊗ dt⊕
∫ g

[a,b]

h⊗ dt

(b)

∫ g

[a,b]

(λ⊗ f)⊗ dt = λ⊗
∫ g

[a,b]

f ⊗ dt

(c)

∫ g

[a,b]

(λ� f)⊗ dt = λ�
∫ g

[a,b]

f ⊗ dt

(d) f ≤g h⇒
∫ g

[a,b]

f ⊗ dt ≤g
∫ g

[a,b]

h⊗ dt

The following version of the fundamental theorem of calculus holds [29]: If f :
[a, b] ⊆ R→ Rg is a continuous function, then for all x ∈ [a, b]

Dg

(∫ g

[a,x]

f(t)⊗ dt

)
= f(x). (2.1)

Define the set
R+
g = {x ∈ Rg : 0g ≤g x}.

In view of the operation ⊗, for x ∈ Rg and n ∈ N, we define

x(n) := x⊗ x⊗ . . .⊗ x︸ ︷︷ ︸
n−times

= g−1(gn(x)).

This notion of exponent can be extended for a general p ∈ (0,∞) which is defined
(see [2], [15]) for all x ∈ R+

g as

x(p) = g−1(gp(x)).

It can further be generalized to cover negative powers as well: For p ∈ (0,∞), we
define

x(−p) = 1g ⊗−1 x(p), x ∈ R+
g .

For p = 0, we define x(0) = 1g. It is easy to check that for p, q ∈ (0,∞) and x ∈ R+
g ,

the following laws of exponent hold [16]:

(i) x(p) ⊗ x(q) = x(p+q)

(ii)
(
x(p)

)(q)
= x(pq)

(iii) (x⊗ y)(p) = x(p) ⊗ y(p)
(iv) (x⊗−1 y)(p) = x(p) ⊗−1 y(p)
(v) (α� x)(p) = αp � x(p)

The g-exponential function for x ∈ Rg, as defined in [3], is given by

E(x) = g−1(eg(x)),

where eg(x) is the standard exponential function. The g-logarithm function defined
in [16] is given by

Lnx = g−1 (ln g(x)) ,

where ln g(x) is the standard logarithm function.

Remark 2.2. Unlike in the standard case, we may have that E(x) <g 0g. In fact,

if the generator g is monotonically decreasing, then for any x ∈ Rg, E(x) ≤g 0,
since g−1 is also monotonically decreasing. This suggests that in the pseudo case,
logarithm can be defined for ”negative” numbers, which in fact is true if, again, the
generator g is decreasing.
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The following proposition provides several properties of E(x) and Lnx:

Proposition A. [16] The following hold:

(i) E(x) ⊗ E(y) = E(x⊕y)

(ii) E(Ln x) = x
(iii) LnE(x) = x
(iv) Ln (x⊗ y) = Lnx⊕ Ln y

3. The g-Mellin transform

Let us write the operator M⊕ defined in (1.2) in a different way and call it Mg.
Precisely, we define the following:

Definition 3.1. The g-Mellin transform of a function f : R+ → R+
g is defined by

(Mgf)(s) =

∫ g

R+

(g−1(x))(s−1) ⊗ f(x)⊗ dx, s ∈ R

or, equivalently

(Mgf)(s) = g−1
(∫ ∞

0

xs−1g(f(x)) dx

)
, s ∈ R.

Note that the operator Mg is essentially the same as M⊕ defined in (1.2), their
classical integral representations being the same.

Remark 3.2. (i) From the definition of Mg, it follows that

(Mgf)(s) = g−1(M(g ◦ f))(s) = (g−1 ◦M ◦ g ◦ f)(s),

i.e., the connection between the g-Mellin and the Mellin transform is given
by

Mg = g−1 ◦M ◦ g.
(ii) In view of the existence of the classical Mellin transform, it is clear that

for the existence of the integral in the definition of Mg, we should have for
u > v

(g ◦ f)(x) = O0+(xu) and (g ◦ f)(x) = O+∞(xv),

3.1. Properties of g-Mellin transform. Various properties of Mg are proved
through the following theorem:

Theorem 3.3. Let f : R+ → R+
g and s ∈ R. The following hold:

(a) (Mg(λ⊗ f))(s) = λ⊗ (Mgf)(s), λ ∈ Rg.
(b) (Mg(f ⊕ h))(s) = (Mgf)(s)⊕ (Mgh)(s)
(c) (Mg(f(ax)))(s) = g−1(a−s)⊗ (Mgf)(s)

(d)
(
Mg
(

(g−1(x))(α) ⊗ f(x)
))

(s) = (Mgf)(s+ α)

(e) (Mg(f(xα)))(s) = g−1(1/α)⊗ (Mgf)(s/α)

(f)
(
Mg(Dgf)

)
(s) = (−1)(s− 1)� (Mgf)(s− 1). More generally,(

Mg(D(n)gf)
)

(s) = (−1)n
Γ(s)

Γ(s− n)
� (Mgf)(s− n),

where D(n)g denotes the nth g-derivative of f .
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(g)
(
Mg(x�Dgf)

)
(s) = (−1)(s)� (Mgf)(s). More generally,

(
Mg(xn �D(n)gf)

)
(s) = (−1)n

Γ(s+ n)

Γ(s)
� (Mgf)(s),

where D(n)g denotes the nth g-derivative of f .

(h)
(
Mg(x�Dg)2f

)
(s) = (−1)2s2 � (Mgf)(s). More generally,(

Mg(x�Dg)nf
)

(s) = (−1)nsn � (Mgf)(s),

where D(n)g denotes the nth g-derivative of f .
(i) Let f be continuous and F denote the definite g-integral of f , i.e., F (x) =∫ g

[0,x]

f(t)⊗ dt. Then

(MgF )(s) = (−1/s)� (Mgf)(s+ 1).

(j) Let f be continuous and F ∗(x) =

∫ g

[x,∞)

f(t)⊗ dt. Then

(MgF ∗)(s) = (1/s)� (Mgf)(s+ 1).

Proof. (a) We have

g ((Mg(λ⊗ f))(s)) =

∫ ∞
0

xs−1g(λ⊗ f(x)) dx

=

∫ ∞
0

xs−1g(λ)g(f(x)) dx

= g(λ)

∫ ∞
0

xs−1g(f(x)) dx

= g(λ) · g(Mgf)(s)

= g (λ⊗ (Mgf)(s))

and the assertion follows.

(b) This is straightforward by the definition of ⊕.

(c) By making variable substitution, we obtain

g ((Mg(f(ax)))(s)) =

∫ ∞
0

xs−1g(f(ax)) dx

= a−s
∫ ∞
0

ys−1g(f(y)) dy

= g(g−1(a−s)) · g((Mgf)(s))

and we are done.

(d) This is easily obtained just by using the definitions of Mg and various oper-
ations involved.

(e) This can be obtained by taking xα = y.
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(f) We have

g ((Mg(Dgf))(s)) =

∫ ∞
0

xs−1g(Dgf(x)) dx

=

∫ ∞
0

xs−1
d

dx
(g(f(x)) dx

=
[
xs−1g(f(x))

]∞
0
−
∫ ∞
0

(s− 1)xs−2g(f(x))dx

= (−1)(s− 1) · g ((Mgf)(s− 1))

= g ((−1)(s− 1)� (Mgf)(s− 1)) .

Similarly, putting Dg(f(x)) = h(x), we have

g
(

(Mg(D(2)gf))(s)
)

= g ((Mg(Dg(Dgf)))(s))

= g ((Mg(Dgh))(s))

= (−1)(s− 1) · g ((Mgh)(s− 1))

= (−1)(s− 1) · g ((Mg(Dgf))(s− 1))

= (−1)2(s− 1)(s− 2) · g ((Mgf)(s− 2))

= g
(
(−1)2(s− 1)(s− 2)� (Mgf)(s− 2)

)
= g

(
(−1)2

Γ(s)

Γ(s− 2)
� (Mgf)(s− 2)

)
.

By induction, it can be shown that

(
Mg(D(n)gf)

)
(s) = (−1)n

Γ(s)

Γ(s− n)
� (Mgf)(s− n).

(g) We have

g ((Mg(x�Dgf(x)))(s)) =

∫ ∞
0

xs−1 · xg(Dgf(x)) dx

=

∫ ∞
0

xs
d

dx
(g(f(x)) dx

=
[
xsg(f(x))

]∞
0
−
∫ ∞
0

sxs−1g(f(x))dx

= (−1)s · g ((Mgf)(s))

= g ((−1)s� (Mgf)(s)) ,
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Similarly, putting Dg(f(x)) = h(x), we have

g
(

(Mg(x2 �D(2)gf(x)))(s)
)

= g
(
(Mg(x2 �Dg(Dgf(x))))(s)

)
= g

(
(Mg(x2 �Dgh(x)))(s)

)
=

∫ ∞
0

xs+1 d

dx
(g(h(x)) dx

= −
∫ ∞
0

(s+ 1)xs(g(h(x)) dx

= −
∫ ∞
0

(s+ 1)xs
d

dx
(g(f(x)) dx

= (−1)2(s+ 1)s · g ((Mgf)(s))

= g
(
(−1)2(s+ 1)s� (Mgf)(s)

)
= g

(
(−1)2

Γ(s+ 2)

Γ(s)
� (Mgf)(s)

)
.

More generally, by induction, it can be shown that(
Mg(xn �D(n)gf)

)
(s) = (−1)n

Γ(s+ n)

Γ(s)
� (Mgf)(s).

(h) We have

(x�Dg)2f(x) = (x�Dg)(x�Dgf(x))

= (x�Dgf(x))⊕ (x2 �D(2)gf(x)).

Hence

g
((
Mg(x�Dg)2f(x)

)
(s)
)

= g
((
Mg(x�Dgf(x))

)
(s)⊕

(
Mg(x2 �D(2)gf(x))

)
(s)
)

= g
((
Mg(x�Dgf(x))

)
(s)
)

+ g
((
Mg(x2 �D(2)gf(x))

)
(s)
)

= (−s) · g ((Mgf)(s)) + (s+ 1)s · g ((Mgf)(s))

= s2 · g ((Mgf)(s))

= g
(
(−1)2s2 � (Mgf)(s)

)
.

More generally, it follows by induction that(
Mg(x�Dg)nf

)
(s) = (−1)nsn � (Mgf)(s).

(i) Let F (x) =

∫ g

[0,x]

f(t) ⊗ dt. Then, by fundamental theorem of g-calculus

(2.1), DgF (x) = f(x). Consequently, we apply part (f) above for f and s replaced,
respectively, by F and s+ 1, and obtain

g ((Mg(f(x)))(s+ 1)) = (−1)s · g

(
Mg

(∫ g

[0,x]

f(t)⊗ dt

)
(s)

)
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so that

g

(
Mg

(∫ g

[0,x]

f(t)⊗ dt

)
(s)

)
=

(−1)

s
· g ((Mg(f(x)))(s+ 1))

= g

(
(−1)

s
� (Mg(f(x)))(s+ 1)

)
.

(j) As a consequence of the fundamental theorem of classical calculus, we know
that for any function h defined on (0,∞)

d

dx

(∫ ∞
x

h(t) dt

)
= −h(x)

using which we obtain

DgF ∗(x) = Dg

(
g−1

(∫ ∞
x

(g ◦ f)(t) dt

))
= g−1

(
d

dx
g

(
g−1

(∫ ∞
x

(g ◦ f)(t) dt

)))
= g−1

(
d

dx

(∫ ∞
x

(g ◦ f)(t) dt

))
= g−1(−(g ◦ f)(x))

= (−1)� f(x).

Now the assertion follows as in part (i) above.
�

3.2. The inversion formula. Here, we recall the g-Mellin inversion through that
of classical Mellin transform M [10]:

An operator (Mg)−1, which satisfies the equation

(Mg)−1 ◦ (Mgf) = f,

is considered as the g-Mellin inverse transform. In view of Remark 3.2 and writing
Mgf = F, we find that

f(x) = (Mg)−1(F )

= (g−1 ◦M ◦ g)−1(F )

= (g−1 ◦M−1 ◦ g)(F )

= g−1 ◦M−1(g(F ))(s).

3.3. Convolution. Now, we define the appropriate convolution for g-Mellin trans-
form.

Definition 3.4. The g-Mellin convolution product of two functions f and h is
defined by

(f ∗M h)(x) =

∫ g

R+

1g ⊗−1 g−1(t)⊗ f(t)⊗ h
(x
t

)
⊗ dt.
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Remark 3.5. Let us rewrite the g-Mellin convolution as the following operator

(Hg
φh)(x) =

∫ g

R+

1g ⊗−1 g−1(t)⊗ φ(t)⊗ h
(x
t

)
⊗ dt. (3.1)

In the classical case the above operator becomes

(Hφh)(x) =

∫
R+

φ(t)

t
h
(x
t

)
dt

which is the well known Hausdorff operator. The boundedness of Hφ between
various function spaces has been obtained in [1, 7, 12, 13, 18, 19, 20]. Thus (3.1)
represents the g-analogue of the Hausdorff operator.

In the following, we give an equivalent form of (3.1).

Proposition 3.6. The operator Hg
φ is equivalent to

(Ggψh)(x) = (1g ⊗−1 g−1(x))⊗
∫ g

R+

ψ
( z
x

)
⊗ h(z)⊗ dz.

Proof. In (3.1), make the following replacement

φ(t) = (1g ⊗−1 g−1t)⊗ ψ
(1

t

)
so that Hg

φ becomes

(Ggψh)(x) =

∫ g

R+

(1g ⊗−1 g−1(t))⊗ (1g ⊗−1 g−1(t))⊗ ψ
(1

t

)
⊗ h
(x
t

)
⊗ dt

which implies

g((Ggψh)(x)) =

∫ ∞
0

g(1g)

t

g(1g)

t
g
(
ψ
(1

t

))
g
(
h
(x
t

))
dt

=

∫ ∞
0

z

x
g(1g)

z

x
g(1g)g

(
ψ
( z
x

))
g(h(z))

x

z2
dz

=

∫ ∞
0

g(1g)

x
g
(
ψ
( z
x

))
g(h(z)) dz

=
g(1g)

x

∫ ∞
0

g
(
ψ
( z
x

))
g(h(z)) dz

= g(1g ⊗−1 g−1(x)) · g
(∫ g

R+

ψ
( z
x

)
⊗ h(z)⊗ dz

)
Thus

(Ggψh)(x) = (1g ⊗−1 g−1(x))⊗
∫ g

R+

ψ
( z
x

)
⊗ h(z)⊗ dz.

and we are done. �

We prove below some of the properties of the convolution defined above:

Theorem 3.7. (i) (f ∗M h)(x) = (h ∗M f)(x).
(ii) ((f ∗M h) ∗M k)(x) = (f ∗M (h ∗M k))(x).

(iii) (Mg(f ∗M h))(s) = (Mgf)(s)⊗ (Mgh)(s).
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Proof. (i) We have

g ((f ∗M h)(x)) =

∫ ∞
0

g(1g)

t
g(f(t))g

(
h
(x
t

))
dt

=

∫ ∞
0

g(1g)

x/y
g
(
f
(x
y

))
g(h(y))

x

y2
dy

=

∫ ∞
0

g(1g)

y
g(h(y))g

(
f
(x
y

))
dy

= g ((h ∗M f)(x))

and the assertion follows.
(ii) We have

g (((f ∗M h) ∗M k)(x)) =

∫ ∞
0

g(1g)

t
g((f ∗M h)(t))g

(
k
(x
t

))
dt

=

∫ ∞
0

g(1g)

t

(∫ ∞
0

g(1g)

z
g(f(z))g

(
h
( t
z

))
dz

)
g
(
k
(x
t

))
dt

=

∫ ∞
0

g(1g)

z
g(f(z))

∫ ∞
0

g(1g)

t
g
(
h
( t
z

))
g
(
k
(x
t

))
dt dz

=

∫ ∞
0

g(1g)

z
g(f(z))

∫ ∞
0

g(1g)

uz
g(h(u))g

(
k
( x
zu

))
zdu dz

=

∫ ∞
0

g(1g)

z
g(f(z))g

(
(h ∗M k)

(x
z

))
dz

= g ((f ∗M (h ∗M k))(x))

and the assertion follows.
(iii) Here, we have

g ((Mg(f ∗M h))(s)) =

∫ ∞
0

xs−1g((f ∗M h)(x))dx

=

∫ ∞
0

xs−1
∫ ∞
0

g(1g)

t
g(f(t))g

(
h
(x
t

))
dt dx

=

∫ ∞
0

g(1g)

t
g(f(t))

∫ ∞
0

xs−1g
(
h
(x
t

))
dx dt

=

∫ ∞
0

g(1g)

t
g(f(t))

∫ ∞
0

(ty)s−1g(h(y))t dy dt

= g(1g)

∫ ∞
0

ts−1g(f(t)) dt

∫ ∞
0

ys−1g(h(y)) dy

= g(1g) · g ((Mgf)(s)) · g ((Mgh)(s))

= g (1g ⊗ (Mgf)(s)⊗ (Mgh)(s))

= g ((Mgf)(s)⊗ (Mgh)(s))

and we are done. �

4. Convexity

The following was defined in [16]:
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Definition 4.1. A function f : [a, b] ⊆ R → Rg is said to be pseudo-convex on
[a, b] if for all x, y ∈ [a, b] and all 0 ≤ λ ≤ 1

f(λx+ (1− λ)y) ≤g λ� f(x)⊕ (1− λ)� f(y)

and is said to be pseudo-concave if the last inequality holds in the reverse direction.

We prove the following:

Theorem 4.2. Let h : [a, b] ⊆ R → R be a given function and g : Rg → R be a
generator. Write f = g−1 ◦ h.

(a) If g is increasing then h is convex (concave) if and only if f is pseudo-convex
(pseudo-concave).

(b) If g is decreasing then h is convex (concave) if and only if f is pseudo-
concave (pseudo-convex).

Proof. We shall only prove (a) and that too for convexity only. Other considerations
can be proved similarly.

Since g : Rg → R is increasing, it follows that g−1 : R → Rg is so. Also note
that g ◦ f = h. Assume first that h is convex. We have

f(λx+ (1− λ)y) = g−1 (h(λx+ (1− λ)y))

≤g g−1 (λh(x) + (1− λ)h(y))

= g−1 (λg(f(x)) + (1− λ)g(f(y)))

= g−1 (g(λ� f(x)) + g((1− λ)� f(y)))

= λ� f(x)⊕ (1− λ)� f(y),

i.e., f is pseudo-convex. Assume, now, that f is pseudo-convex. We have

h(λx+ (1− λ)y) = g(f(λx+ (1− λ)y))

≤ g(λ� f(x)⊕ (1− λ)� f(y)).

Now,

λ� f(x) = g−1(λg(f(x))) = g−1(λh(x))

and similarly

(1− λ)� f(y) = g−1((1− λ)h(y))

so that

λ� f(x)⊕ (1− λ)� f(y) = g−1(λh(x) + (1− λ)h(y)).

Combining these estimates, we obtain

h(λx+ (1− λ)y) ≤ λh(x) + (1− λ)h(y)

and we are done. �

Remark 4.3. Theorem 4.2 provides a natural way to construct examples and
counter examples of pseudo-convex (pseudo-concave) functions. For example, since
the function h(x) = x2 is convex, for any increasing generator g, the function f(x) =
g−1(x2) is pseudo-convex. Similarly, since for x > 0, the function h(x) = lnx is not
convex, the function f(x) = g−1(lnx) is not pseudo-convex.

Here we define the following:
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Definition 4.4. A function f : [a, b] ⊆ R→ Rg is said to be pseudo-logarithmically
convex on [a, b] if for all x, y ∈ [a, b] and all 0 ≤ λ ≤ 1

Ln (f(λx+ (1− λ)y)) ≤g λ� Ln f(x)⊕ (1− λ)� Ln f(y)

or, equivalently

f(λx+ (1− λ)y) ≤g (f(x))(λ) ⊗ (f(y))(1−λ)

and is said to be pseudo-logarithmically concave if the above inequalities hold in
the reverse direction.

On the lines similar to Theorem 4.2, the following can be proved:

Theorem 4.5. Let h : [a, b] ⊆ R → R be a given function and g : Rg → R be a
generator. Write f = g−1 ◦ h.

(a) If g is increasing then h is logarithmically convex (logarithmically concave)
if and only if f is pseudo-logarithmically convex (pseudo-logarithmically
concave).

(b) If g is decreasing then h is logarithmically convex (logarithmically concave)
if and only if f is pseudo-logarithmically concave (pseudo-logarithmically
convex).

Remark 4.6. In view of Remark 4.3 and Theorem 4.5, it is easy to construct
examples for pseudo-logarithmically convex functions. Since the function h(x) =
exp(|x|p), p ≥ 1 is logarithmically convex, for any increasing generator g, the func-
tion g−1(h(x)) = g−1(exp(|x|p)) is pseudo-logarithmically convex.

We shall be using the following g-Young’s inequalities [16]:

Theorem A. Let 1 < p <∞ and 1
p + 1

p′ = 1.

(a) If the generator g is increasing then for all a, b ∈ R+
g , the following Young’s

type inequality holds:

a⊗ b ≤g
(
a(p) ⊗−1 g−1(p)

)
⊕
(
b(p
′) ⊗−1 g−1(p′)

)
. (4.1)

(b) If the generator g is decreasing then for all a, b ∈ R+
g , the inequality (4.1)

holds in the reverse direction.

We prove the following:

Theorem 4.7. Let f : [a, b] ⊆ R→ Rg be a function and g be the generator of the
pseudo operations.

(a) If either g is increasing and f is pseudo-logarithmically convex or g is de-
creasing and f is pseudo-logarithmically concave then f is pseudo-convex.

(b) If either g is increasing and f is pseudo-logarithmically concave or g is
decreasing and f is pseudo-logarithmically convex then f is pseudo-concave.

Proof. We shall only consider the case when g is increasing and f is pseudo-
logarithmically convex. The other cases are similar.

Taking

a = (f(x))(λ), b = (f(y))(1−λ), p = 1/λ
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in (4.1), we get

(f(x))(λ) ⊗ (f(y))(1−λ) ≤g
(
f(x)⊗−1 g−1(1/λ

)
⊕
(
f(y)⊗−1 g−1(1/(λ− 1))

)
= g−1

(
g(f(x))

1/λ
+

g(f(y))

1/(λ− 1)

)
= g−1 (λg(f(x)) + (1− λ)g(f(y)))

= g−1 (g(λ� f(x)) + g((1− λ)� (f(y)))

= λ� f(x)⊕ (1− λ)� (f(y)

and the pseudo-convexity of f follows. �

Remark 4.8. The converse of any of the statements in Theorem 4.7 is not true
in general. From Remark 4.3, f(x) = g−1(x2) is pseudo-convex. However, it is not
pseudo-logarithmically convex since 2 ln |x| is not logarithmically convex.

Now, consider the g-Mellin transform Mgf for the function f(x) = E(−g−1(x))

and consider it as a function of s, i.e.

Γg(s) :=

∫ g

R+

(g−1(x))(s−1) ⊗ E(−g−1(x)) ⊗ dx. (4.2)

For the next result, we shall be using the following g-Hölder’s inequality proved
in [16] (see also [2])

Theorem B. Let 1 < p <∞ and write [f ]gp,Rg
:=

(∫ g

Rg

|f(x)|(p)g ⊗ dx

)( 1
p )

.

(a) Let the generator g be increasing and f, h : R→ Rg be measurable functions
such that [f ]gp,Rg

<g ∞ and [h]gp′,Rg
<g ∞. Then [f ⊗ h]g1,Rg

<g ∞ and the

following Hölder’s type inequality holds:

[f ⊗ h]g1,Rg
≤g [f ]gp,Rg

⊗ [h]gp′,Rg
. (4.3)

(b) If the generator g is decreasing then the inequality (4.3) holds in the reverse
direction.

We prove the following:

Theorem 4.9. If the generator g is increasing then Γg is pseudo-logarithmically
convex and if g is decreasing then it is pseudo-logarithmically concave.

Proof. If λ = 0 or λ = 1, then the result is trivially true. So, assume that 0 < λ <
1. For the sake of simplicity, let us write y := −g−1(x). By applying g-Hölder’s

inequality (4.3) with the exponents
1

λ
,

1

1− λ
, we obtain

Γg(λs1 + (1− λ)s2) =

=

∫ g

R
(g−1(x))(λs1+(1−λ)s2−1) ⊗ E(λ�y⊕(1−λ)�y) ⊗ dx

=

∫ g

R

(
(g−1(x))(λ(s1−1)) ⊗ E(λ�y)

)
⊗
(

(g−1(x))((1−λ)(s2−1)) ⊗ E((1−λ)�y)
)
⊗ dx

≤g
(∫ g

R
(g−1(x))(s1−1) ⊗ E(y) ⊗ dx

)(λ)

⊗
(∫ g

R
(g−1(x))(s2−1) ⊗ E(y) ⊗ dx

)(1−λ)

= (Γg(s1))
(λ) ⊗ (Γg(s2))

(1−λ)
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and we are done. �

In the setting of the usual calculus, the function Γg defined in (4.2) is the gamma
function

Γ(s) =

∫ ∞
0

xs−1e−x dx

which is the Mellin transform of e−x and is known to be logarithmically convex.
Can the function Γg be called g-gamma or pseudo-gamma function? Let us analyse
Γg further for more properties similar to the gamma function Γ.

By the definition of Γg, it is clear that

g(Γg(s)) =

∫ ∞
0

xs−1e−x dx = Γ(s)

so that

Γg(s) = g−1(Γ(s))

which gives a connection between Γg and Γ. Consequently, using the property
Γ(s+ 1) = sΓ(s), we observe that

(i) Γg(s+ 1) = g−1(sΓ(s)) = g−1(s)⊗ Γg(s)
(ii) Γg(1) = g−1(Γ(1)) = g−1(1)
(iii) For any positive integer n,

Γg(n) = g−1(n!)

Remark 4.10. In view of the above discussion, it is reasonable to call Γg(s) as
the pseudo-gamma or g-gamma function which is the g-Mellin transform of the

function f(x) = E(−g−1(x)). We stop the discussion on Γg here since it is out of
scope of the present paper. However, it is of interest to explore more on this topic,
e.g., the g-beta function can be defined as

Bg(x, y) = (Γg(x)⊗ Γg(y))⊗−1 Γg(x+ y)

and studied for various properties.

5. Applications

In this section we provide some applications of g-Mellin transform. First we give
the following lemma:

Lemma 5.1. Let K and h be a pair of functions defined on R+. If

f(x) =

∫ g

R+

h(t)⊗K(xt)⊗ dt (5.1)

then

(Mgf)(s) = (MgK)(s)⊗ (Mgh)(1− s).
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Proof. By the definition of Mg applied on f given by (5.1), we get

g
(

(Mgf)(s)
)

=

∫ ∞
0

xs−1g
(
f(x)

)
dx

=

∫ ∞
0

xs−1
(∫ ∞

0

g
(
h(t)

)
g
(
K(xt)

)
dx

)
dt

=

∫ ∞
0

g
(
h(t)

)(∫ ∞
0

xs−1g
(
K(xt)

)
dx

)
dt

=

∫ ∞
0

g
(
h(t)

) (
t−s g

(
(MgK)(s)

))
dt

=

∫ ∞
0

t−s g
(
h(t)

)
dt · g

(
(MgK)(s)

)
= g ((Mgh)(1− s)) · g ((MgK)(s))

= g
(

((Mgh)(1− s))⊗ ((MgK)(s))
)

and we are done. �

5.1. Application to integral equations.

Example 5.2. We solve the integral equation

h(x) =

∫ g

R+

f(t)⊗K(xt)⊗ dt, x > 0. (5.2)

In view of Lemma 5.1, we have

(Mgh)(s) = (Mgf)(1− s)⊗ (MgK)(s)

which gives that

(Mgh)(1− s) = (Mgf)(s)⊗ (MgK)(1− s)
i.e.,

g
(
(Mgf)(s)

)
=

g
(
(Mgh)(1− s)

)
g
(
(MgK)(1− s)

)
= g((Mgh)(1− s)) · g((MgL)(s))

= g((Mgh)(1− s))⊗ ((MgL)(s)),

provided
1

g
(
(MgK)(1− s)

) = g((MgL)(s)).

So,

(Mgf)(s) = (Mgh)(1− s)⊗ (MgL)(s)

which on applying the inversion formula gives

f(x) =
(
Mg
)−1(

(Mgh)(1− s)⊗ (MgL)(s)
)

=

∫ g

R+

h(t)⊗ L(xt)⊗ dt,

provided L(x) = (Mg)−1(MgL(s)) exists and (5.2) is formally solved.
In particular, if

g((MgL)(s)) = g((MgK)(s))
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then the solution becomes

f(x) =

∫ g

R+

h(t)⊗K(xt)⊗ dt,

provided
g
(
(MgK)(s)⊗ (MgK)(1− s)

)
= 1.

5.2. A Titchmarsh type theorem.

Theorem 5.3. Let K be a function defined over R+. If the integral equation

f(x) =

∫ g

R+

K(ux)⊗
∫ g

R+

K(uy)⊗ f(y)⊗ dy ⊗ du (5.3)

has a suitable solution f , then we have

g
(
(MgK)(s)⊗ (MgK)(1− s)

)
= 1.

Proof. We can write (5.3) as a pair of reciprocal formulas

h(u) =

∫ g

R+

f(y)⊗K(uy)⊗ dy

f(x) =

∫ g

R+

h(u)⊗K(xu)⊗ du.

Applying Lemma 5.1 to both of these equations, we have

(Mgf)(s) = (Mgh)(1− s)⊗ (MgK)(s)

(Mgh)(s) = (Mgf)(1− s)⊗ (MgK)(s)

i.e.,

g((Mgf)(s)) = g((Mgh)(1− s)) · g((MgK)(s))

g((Mgh)(s)) = g((Mgf)(1− s)) · g((MgK)(s)).

Changing s into 1− s in one of these equations and taking product with the other,
we get the desired result. �
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