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A NOTE ON POLY-FUBINI POLYNOMIALS OF TWO
VARIABLES

NESTOR G. ACALA, MAIDA B. MACABABAT

ABSTRACT. In this paper, we introduce and explore poly-Fubini polynomials of
two variables and obtain relationships with the Stirling numbers of the second
kind. Moreover, we also establish identities relating poly-Fubini polynomials
to the poly-Bernoulli, poly-Euler, and poly-Genocchi polynomials.

1. INTRODUCTION

In recent years, extensive researches on various families of special polynomials
such as the Bernoulli polynomials, Euler polynomials, Genocchi polynomials, Fu-
bini polynomials, and also their generalizations and unifications (see, for instance
the recent works in [2 [12] 13} [19] 25} 28] 29| B30]) have become popular due to the
abundance of their applications in many branches of mathematics such as in p-adic
analytic number theory, umbral calculus, special functions and mathematical anal-
ysis, numerical analysis, combinatorics and other related fields.

The classical Fubini polynomials or geometric polynomials F,(y) are defined in
1) by

k=0

where Sa(n, k) is the Stirling numbers of the second kind (see [7, [14] for detailed
information). The polynomials F,,(y) satisfy the generating function:

1 = "
P i F, — 1.2
R I (12)
and the recurrence relation:
d
Foii(y) = Yy [Fu(y) +yFu(y)] (see [10]). (1.3)
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Setting ¥ = 1 in (I.1)), we obtain the n** Fubini number (sometimes called
ordered Bell number) F,,, defined by

Fo,(1):=F, = f:SZ(m k)k!. (1.4)
k=0

Combinatorially, the number F,, counts all the possible set partitions of an n-
element set such that the order of the blocks matters.

As a generalization of the classical Fubini polynomials, the Fubini polynomials
of two variables F,,(z,y) were introduced by Kargin [I8] given by

xt

% = ;Fn(m,y)i‘ (see also [19] 21]). (1.5)
Setting = 0, reduces to the classical Fubini polynomials.

Some of the most recent works on new families of Fubini numbers and polyno-
mials include the g—class of Fubini polynomials [I1], higher-order central Fubini
polynomials of two variables [22], bivariate Apostol-Fubini polynomials of higher
order [3], w—torsion Fubini polynomials [23], Fubini-type numbers and polynomi-
als via generating functions and p-adic integral approach [20], degenerate Fubini
polynomials [21], 26], and degenerate central Fubini polynomials [27].

For an integer k, the polylogarithm function Lig(z) is defined via the formal
power series

o m
Lir(z) = Y % zeC, |z <1. (1.6)
m=1

If k <0, say k = —s, then it converges for |z| < 1 and is given by

2i=0 <;>$s_j

Li,s(fﬂ) = (1 _ m)s—i-l ’

where <j> are the Eulerian numbers. The number <§> is the number of permutations

of {1,2,---,s} with j permutation ascents. Moreover,
j+1
s s+1) . s
J 1=0 !

In the case when k =1 in ((1.6)),
Lij(z) = —In(1 — z),

where In(2) is the principal branch of the complex logarithm In(z) with the imagi-
nary part restricted by —7 < Im(In(2)) < =.

In [6], Bayad and Hamahata introduced poly-Bernoulli polynomials B (x) by
means of the following exponential generating function:

Lig(1—e™) . < t"
n=0 ’
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The numbers Byf) = BT(Lk)(O) are called the poly-Bernoulli numbers which were
introduced by Kaneko [I7] as generalizations of the classical Bernoulli numbers B,,.
It can be seen from the generating function (1.7)) that, for any n > 0,

(—=1)" B (—x) = Ba(w),
where B, (x) are the classical Bernoulli polynomials given by the generating func-

tion:
o0

te:l)t tn
1= ZBn(x)a.

n=0

The poly-Bernoulli numbers B satisfy the relation (see [B]):
B(F) = Z mlSa(n+1,m+ 1)mlSa(k +1,n+ 1),

m>0

In [I5], Hamahata defined poly-Euler polynomials Er(lk) (x) via the generating
function:

2Lir(1—e™") .. = o, "
s et =N EW(x)—.
t(1+ el € nz::O n (x)n'

These polynomials satisfy the explicit formula:

o m+1
ET(Lk)(l‘) = n«lkl Z (mil)k Z(_l)j (m—ﬁ_l)En(x_j)' (1.8)
j=0

m=0 J

where E,,(x) := EY (z) are the classical Euler polynomials given by the generating

function
o0

26901& Tk
et +1 = ZEn(x)ﬁ
n=0

When x = 0, EW = Egk)(O) are called the poly Euler numbers which reduce to
classical Euler numbers when k = 1.

In [24], Kim et al. also introduced poly-Genocchi polynomials and numbers
through the generating functions:

Wir(l—e™) o = iy
a1 O LG
2Lip(1 —e™!) & tn
s 2 S Gk 2

et +1 nz:;) " op!

In the case when k£ =1,
GV (z) =Gu(z) and GY =G,

where G, (z) and G,, are the classical Genocchi polynomials and numbers respec-
tively.

Motivated by the above generalizations of special polynomials, we introduce a
generalization of the Fubini polynomials of two variables using polylogarithm and
establish relationships with the Stirling numbers of the second kind. Moreover, we
will also obtain identitites involving poly-Bernoulli, poly-Euler, and poly-Genocchi
polynomials.
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2. THE POLY-FUBINI POLYNOMIALS OF TWO VARIABLES

We now define a polylogarithm version of the Fubini polynomials of two variables.

Definition 2.1. For k € Z, we define the poly-Fubini polynomials of two variables
F,Ek) (x,y) through the generating function:

o0

Lik(l — e_t) ot ’ tn
M-y —1)° ~ PR () (2.1)

n=0

The polynomials F,(Lk) (y) :== FT(Lk)(O7 y) are called poly-Fubini polynomials, and the
numbers FF := Fygk)(l) are called poly-Fubini numbers.

Note that the polylogarithm function satisfies the derivative property:

d.. B 1 B
$L1k(l—e ):etfllefl(l_e ).

Thus, for k& > 1, the generating function in (2.1) can be expressed as iterated
integrals:

. tn et A | Lot
FF) = / / / dtdt---dt .
7;) " (x,y)n! t(1—ylet—1)) Jy et =1 ), et —1 0 et—1

(k—1)—times
In particular, when k = 2, we have
— t et bt
E® (z,y)— = / dt
7;) Dot —yet=1)) Jo et —1
oo (oo}
" B, t"
= Fn yY) -
nz:% (xy)n!;n—l—ln'
> /n\ B, tm
3 (1) B Ee e
n=0r=0 r)r+ n

Hence, we have the following theorem.

Theorem 2.2. For k € Z andn > 0,

F@(z,y) = R EE Foer(z,y). (2.2)
Y §<r>r+l Y

The polynomials Fflk) (z,y) satisfy the following addition formula.

(

<m> ER) (2, )2 ™™, (2.4)

Theorem 2.3. For k € Z and n > 0,

NE

3

F) (@4 2,y) = )me, g (2.3)

3
g

3

3
I
=)
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Proof. Using (2.1]), we have

C o1t
ZF(k) +Zyi le(l e’) at

Comparing the coefficients of tn—", gives ([2.3]), and interchanging the roles of x and z

in gives . ([

Taking z = 0 in ([2.4)), we obtain a relationship between the poly-Fubini polyno-

mials of two variables Fflk) (z,y) and the univariate poly-Fubini polynomials Fr(bk) (y)
in the next corollary.

Corollary 2.4. Fork € Z and n > 0,

FP(z,y) = (Z) F) (y)z™. (2.5)
m=0

The poly-Fubini polynomials of two variables satisfy the following derivative and
integral properties:

Theorem 2.5. For k € Z and n > 0,
0

e Fihey) =+ DED (@) (2.6)
FP (2, y)d ) C 2.7
n (x,y)x n+1 n+1( 7y)+ ) ()
for any constant C.
Proof. Using Corollary we have
N n n+1 .
Fea = 3 (") E e 28)

m=0

Differentiating both sides of (2.8]) with respect to = gives

d k i n+1 el —m) —
P = Y (" )1 - m) et

m=0

S (1) r

m=0

= (n+1)FP(z,y).
Equation (2.7) follows directly from (2.6]). O

The next theorem gives us an explicit formula of the poly-Fubini polynomials of
two variables.
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Theorem 2.6. For k € Z and n > 0,

o) m+1
1 1 fm+1
JolQ) = ~1)/ Fosi(z — 4,y). 2.
D= 3y 0" )i e
Proof. Note that the left-hand side of (2.1)) can be expressed as
Lix(1—e7%) (1 — e t)ym+t et

M

I —y(ef —1)° (m+1)F i1 —ylef 1))

m=0

(o=t

1 K, (mrl
<m+1>k§(‘”< e

M

0

3
I

M

0

3
I

n=-—1

3. RELATIONS WITH THE STIRLING NUMBERS OF THE SECOND KIND

In this section, we obtain some interesting relationships of the poly-Fubini poly-
nomials of two variables and the Stirling numbers of the second kind. It is well-
known from [24] that

m+]m| J

lel—et > J t
So(i+1,m+1)= 3.1
N LR

Thus, using (3.1]), we obtain an explicit formula of F,gk)(z, y) involving the Stirling
numbers of the second kind and the Fubini polynomials of two variables.

Theorem 3.1. For k € Z and n > 0,

m+7 m!

FR) (2, y) ZZ k - r+1)( )Sg(r—l—l m+1)Fo_(z,y).

rOmO

Proof. Using (2.1)) and (3.1)), we get

oo

m+n| tn 0 tn
(k) ( - m L
> o =3 50 klnmwmﬂm;an.

n=0 rOmO

O

1 mr ) & , tn
TE ) (") 3 Pete— gy

gy 1)m*+m! n
= (Z Z r+1) (r)SZ(TH’mH)F” o y)>

n
nl’
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Note that for y # —1,

o0 n

Y Fule, y) o =e"(ly+1) - ye') ™!

n=0

Thus,

F,(z,y) = Tl 'O_OO <>] (x+4)". (3.2)

Consequently, replacing F,,_,.(x,y) in Theoremusing expression ([3.2)), we obtain

an expression of Jad (z,y) in terms of Sy(n, m) only in the next corollary.

Corollary 3.2. Fork € Z andn > 0,

n T

FM (z,y)=> 4> (mi_ll)):tz;njr 1)< )52 (r+1,m+1) i( )j &+ )"

r=0 | m=0

Theorem 3.3. For k € Z and n > 0,

n r m+’r‘ |
(k) _yF® (-1 m! (n .
(y+ DF® (2,y) (z+1,y) = Zka ) <)52(7’+1,m+1)z
r=0m=0
(3.3)
Proof. Note that
(y+ 1)Lig(1 — e_t)el,t - yLig(1 —e™?) Qo+t _ Lig(1 — e_t)ext
t(1—y(e' — 1)) t(1—y(et — 1)) t .
Using (3.1)), we have
o0 tn
n=0
oo n oo
(_1)m+nm! m m
= -~ g 1 5] B 35
;(;mwm) et n) 5 Sl
0 m+r n . tn
2:: ZMZ: mk 1 (T>52(7‘—|— Lm+1)a" " b =, (3.6)

Comparing the coefficients of completes the proof. O
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Theorem 3.4. For k € Z and n > 0, the poly-Fubini polynomials of two variables
F,(lk) (z;y) satisfy the following relations:

FF) (z,9) = i i Sa(l, m)F(k) (—m, y)z™), (3.7)
m=0[=m
FO) = Y 3 st () ES )@, (3.5

where Br(f)(x) are the higher-order Bernoulli polynomials (see [1]) defined by

t ° xt = (s) 2
(et—1> e —Z)Bn (m)ﬁ
n=

Here, (2)m and =™ are the falling and rising factorials respectively, defined as

() = 2(x—1) - (x—m+1) and (™ = z(z+1)--- (x+m—1) form > 1, and (z)o := 2'? := 1.

Proof. For relation (3.7]), we note that (2.1) can be written as

> " Lig(1—e) e
ZFék)(x,y)a—m(l—(l—e )"

Applying Newton’s binomial theorem, we obtain

Y CIPP LAt T RN N b kRl WA
2 FDmy =g —y(et—l)),nz_:o( e

(m) (6t _ 1)m le(l — 671&) —mt
e
m! t(1—ylet — 1))

(G Gt

<zzw<> o)

m=0l=m

M

X

3
I
=)

HM8 ﬁMg

Comparing the coePﬁments of L, o1 glves relatlon
For relation , Wwe can express as

> " Lip(1—e—t) , , .
ZFék)(%y)a = m((e -1 +1)"
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Again, using Binomial theorem, we have

g L) SN
;Fn(,y)n! t(l_y(et—l))z<m)( !

m=0
w . (et —1)™ Lip(l—e™?)
B mZ:O( Jm m!  t(1—y(et — 1))
=3 @ (Z 52(n7m)f;> (Z FOy >Z,)
m=0 = : n=0 :

:,i(Z > S(lm ( )F(k (y )(x)m> =

n!
m=0l=m

Comparing the coefficients completes the proof of ([3.8)).
For relation (3.9), we express (2.1)) as

e n t s st : —t
ZFr(Lk)(xay)tﬁ _ (et =1) t°e Lig(1—-e7*) !
n.

sl (eb—1) t(l—ylet—1)) ¢

i n+s ° m 0 n\ gl
(G ) )
= n+s,s () ( (k) ¢ s!
- (7;52( + 5, )(n ) (m 2 mB Fn m( >(n_m)l> =
B 0o 0o n—m I+s (k) tn—m—l tm gl
_mz_o{;n 2 S2(Z+S,S)(l+ )' ( )Fn m— l(y)(n—m—l)"ﬂl'ts}
. Z{Z () > l; 214 5,9)F,2, l<y>Bs><x>} 0

n=0 \(m=0 =0 S| .

Comparing the coefficients completes the proof of (3.9)).

Theorem 3.5. For k € Z and nonnegative integers m and n,

n

> (:) m!E®) (—m, y)Sa(n — r,m) = En: (n> (=)™l ER) () So (n — 7, m).

r
r=0 r=0
Proof. Consider the expression

A(t) = m<1 —eH)m, (3.10)

Expanding A(¢) into series, we obtain

A = =) (=)

t(1—y(e! - 1)) m!
- Z Z (:) E®) (—m, y)ym!Sa(n —r, m)g. (3.11)
n=0r=0 .
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Now, A(t) can be also expressed into
le(]. —e )

————ml
t(1 —yle' —1))

ZZ( )F(k) Y)(=1)™ TSy (n — m)%. (3.12)

Comparing the coefficients of ’;—, in (3.11]) and (3.12)), we get the desired identity. [

A(t) =

4. RELATIONSHIPS WITH OTHER POLY-TYPE POLYNOMIALS

In this section, we establish identities for Fflk)(x,y) involving poly-Bernoulli,

poly-Euler, and poly-Genocchi polynomials. Now, we express F,(Lk)(x, y) in terms
of the poly-Bernoulli polynomials.

Theorem 4.1. For k€ Z andn > 1,

P = ey 2 () [P0 - B - 0], v -1 @)

L J

Yy .

here cy(y) ==Y (2= ) °.
where cs(y) j_o(y+1)j

Proof. Tt follows from ) that
t” Lip(1 — et
ZnF(k) " _ Lik(l—e™) (4.2)
n! 1—y(et —1)
Expanding the right—hand side of -, we get
Lik(l — e_t) oot Lik(l —et

Lo = et et - )

1 & " — !
- B (g) — B® (g 1L > ') ‘ Yt
ST LB ) — B =) ,;O - 2
1 S tn o o y J tn
- BE () — BE) (4 — 1)]— _J n’_
— B @ - B - 05 Y () i
n=0 j=0 n=0
1 (v (n> () (k) (v Y.
=7 Z Bn—s(x) - Bn—s(x - 1) Z 1 ]S
y+1n=0 = \s [ }jo y+1
U
Theorem 4.2. Fork € Z andn > 1,
n @+ VY @y) ~yFP @+ 1| = BE@) - BR@-1),  (@3)
2|+ VFP (@) - yFP @+ 1,y)| = EP @) + EP@+1),  (44)

2n [y + DFE (@,9) = yFE (0 + 1,9)] = 6P @) + 6P @+1). (45)

. _ . _ -1
_ Liy(1—e t)em_le(l—e t)e(z—l)t 1 1Y ¢
1—et 1—et y+1 y+1
( y
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Proof. For relation (4.3)), we use the equality
Lix(1—e™?)
H1—y(e — 1)
Expressing the left-hand side of in terms of the poly-Fubini polynomials of
two variables, we get

(y + 1Lik(1 - e_t)extt ~ yLip(l—e” ‘) (a1t
t(1—y(e' —1)) t(1—yle' —1))

—Z

and expressing the right-hand side of (4.6)) in terms of poly-Bernoulli polynomials,
we obtain

Lig(1 — e_t)

(1 —y(e' —1))e"t = (1—e b)e™. (4.6)

y+1nF ZynF (z+1,y)

Lip(1 —e7t) ,, Lip(l—et
et _
1—et 1—et

- i [ng>(x) ~B®(z — 1)} %
n=0

Similarly, for relations (4.4]) and (4.5]), use the equations

) (1 _ eft)e(zfl)t

2Lik(1 — €_t) t " 2Lik(1 — e_t) t t
—_—(1— —-1)e""t = ————= 1)e®t and
-y ) VTS ey e D

2Lig(1 —e™Y) . ' 2Lig(1—e ), , '

S S § —1))ettp =22 F ) 1)e®
gy v e (et e
respectively to obtain the desired identities. [
CONCLUSION

Introducing the poly-Fubini polynomials of two variables as a generalization of
the Fubini polynomials of two variables gives standard identities and formulas par-
allel to that of the poly-Bernoulli, poly-Euler, and poly-Genocchi polynomials. In
this paper, we have developed and established relationships of poly-Fubini poly-
nomials of two variables with the Stirling numbers of the second kind and with
the other special poly-type polynomials. We note that a generalization which we
may call generalized poly-Fubini polynomials of parameters a, b, c can be defined
akin to the generalized poly-Bernoulli polynomials and poly-Euler polynomials of
parameters a, b, c in [4, [8 [16] via the generating function:

Lix(1 — (ab)™")
t(1 —y(b* —a™"))
It is interesting to establish properties of these generalized poly-Fubini polynomials

and to correlate these to the other generalized poly-type polynomials of parameters
a,b,c.

e X tn
ot — E FT(Lk)(x7y;a,b,c)—'7 a,b,c> 0.
n!
n=0
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