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NEW SHARP INEQUALITIES RELATED TO CLASSICAL
TRIGONOMETRIC INEQUALITIES

A.R. CHOUIKHA

ABSTRACT. In this paper, we establish sharp inequalities for trigonometric
functions. We prove for 0 <z < %

cos(z) + @ (h%) snle) (@)3 < cos(a) + Z00)

This improves some bounds framing the function %

inequalities chains.

and generalizes some

1. INTRODUCTION

For 0 < x < /2 the following inequalities are wellknown in the literature that

(cos(z))/? < sinx(x) - 24 c;)s(x) )

The left-hand side is known as Adamovic-Mitrinovic inequality (see [1-2]), while
the right-hand side is known as Cusa inequality. The latter one which was proved
by Huygens was used to estimate the number 7, [3]. The inequalities (1.1) have
been attracted by many people and have inspired a lot of interesting papers, see
for example [4] and the references therein.

By using inequalities involving several means, Neuman [4] presented the following
inequality chain generalizing the Adamovic-Mitrinovic inequality. For = € (0, §)

we have 14 1o
(cos(a))/3 < <cos(a:)smx(x)> < (%) @)

arctan(sin

sin(z) JY? [1+42cos(2)]1"?  [1+4cos(z)]?® sin(z)

) < |— < |/ < —.
2x 3 2

Thus the left inequality of (1.1) is improved.
Yang [6] proved that for 0 <z < 7,

Smafx) < @cos(“;) + ;) < (eos(3))" < 2+ cos(x) *C;S(m) 3)

< % (cos(z) +
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28 A.R. CHOUIKHA
which improves the right inequality of (1.1).

Motivated by (1.1) and the different sharp bounds, in Sections 2 and 3 we es-
tablish finest inequalities than those known before for trigonometric functions

rt 22\ tan(z) 1 sin(z)\* 23 tan(z)
1+ =<1 31— < <14+ —F——"—F=:
Tt ( 63) 15 cos(z) ( x > ST

By using certain estimates, we provide inequality chains stronger than (1.2) and
(1.3). The method to compare functions to their corresponding Taylor polynomi-
als has been successfully applied to prove and approximate a lot of trigonometric
inequalities. In Section 4 we examine the incidence of these results on the Wilker-
Cusa-Huygens type inequalities.

More precisely we establish the following inequality chain for 0 < z < 7/2

1<sin(m))2+tan(x) |, 2 tan(z) . (m@))g

>
2 x 2z + 15 cos(x) x
22 tan(z) 2 (sin(x) tan(z)
> 1+2° (1-— > =
T < 63> 15 3( z )+ 3z

2. THE ADAMOVIC-MITRINOVIC INEQUALITY

The first inequality in (1.1) is equivalent to

x sin(z)\ > T
< < ) 0<ze < =
x) x

tan( 2
COS1(w) (smgg:c)>3 -

The following result gives a lower estimate of Adamovic-Mitrinovic inequality better
than those known. This allows in particular to slightly improve the chain (1.2)

as well as equivalent to

Theorem 2-1 For 0 < z < 7/2 the following inequalities hold

cosa) < (cos) D) < contay 780
< cos(@) +a” (1‘263)?(;) < (nx()) (4)

Moreover, there exists 0 < xg < 7/2 such that for 0 < x < x¢ < /2 the following
inequalities hold

{1 “;S(x)r < cos(x)+x4%;(:”) < cos(z)+a® <1 _ z;) Shi(;) < (Smf”) )(;

Proof Indeed, Let us consider the following trigonometric functions with power
series. We will use the Taylor expansions of sin(z), and cos(z)

2?2zt af L 22F ki1 Costr o
cos(x)zl—ﬁ—kﬂ—a—i—....—&—(—l) ﬁ—l—(—l) mm
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. L oy T o osinfxr oy
sin(r) =@ — S + 57 — o o+ (D o+ (5D k1)
where 0 < 0 < 1.

It is easy to remark that

$2 .’174 .’176 3?2 334 $6 $8
I T s T IR T
22 i sinx 2 28 g8
-+ 5 -5 —mt et

- < —X
31 517 x 3t 5 79!
for0 <z < 3.
Moreover we may assert the following

1 13, 41 6<<Sinx>3<1_1x2+13x4 4 5 671

1o g2 o4 2 .
5% T 1207 T 304" z 2 120° ~ 3024° T 604800”

On the other hand, thanks to Maple a calculation gives

.’]'52 1'4 ZEG $4 IZ’4 112'2 I174 IEG l’g 1'4
- +Z I+ < I+ yc1-— 4+ 2 L0+
I=grt g gt gp) <@+ 1) < =gr+ =50+ 35)

1 22 N 13z* 526 N 11328 1 z2 N 132 4125 _ (sinz 3

2 T 120 144 " 10320 2 T 120 3024 m

since
_@ n 11328 n 4128 - — 446 + 11328 - 26
144 © 40320 © 3024 189 = 40320 120960

for 0 <z < m/2.

Then, we have proved the right inequality of (2.1).

For the middle inequality it suffices to write the difference
4

cos(a)+a? (1 - ”g;) S“iéx) _(cos(x)+%5s($)) _ ii; ((1 _ g)(sinx(x)) - cos(x))

Then we remark that
2?2 sin(x) x x x

1- 2
( 63)( T 63 6 2 24

20 , 59 4 1 9 9
= —gz°— —— 1" = — 480 — .
631: 15121: 1512x ( 80 593:)>0

Thus we prove for 0 < z < 7/2

(—2560 + 33927) < 0

63
For the left inequality, notice that we have seen above that
1 13 , 5 zt

1o a2 4 —ogh_ 2 46 1+2.
57 T 10® T <@+ )

On the other hand a calculation yields

. 3/4
<cos(m) sm(m)) < 1— %:cz N Lx‘l.
x

2 ; 4
ot 2 (1 ) > o)+ 25

Now
1, 13 , 5 1, 7 4, 1 , 5
_ = ki S I € T = =
SRR TRV A St SR T L Al S VY
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for 0 <z < /2. So, (2.1) is proved.

To prove (2.2) it suffices to notice that from the frame of cos(x) we deduce

17 1+ cos(z)]? 5
1—-Z= 24 6 1- = 2 9 4'
2" T RY T Tam” <{ 2 } SRR
Now we have
1 5 1 13 5 *
12,20 20 o220 20 a2 6 .
5% —|—4830 < 5% + 120° ~ 1aa® < cos(z) +

x* cos(x)

15
as soon as = < xzg = 0.346410 < 7.
This means for 0 < x < xg one has

{14—0208(3?)]2 < cos(z) + 9[:4%58(1:).

Remark 2-2 We may assert that the following inequality chain holds at least
for 0 <z <z =0.346410 < 3

(cos(z)) < <cos(:£)smx(x)>3/4 < (mﬁ%)m < {1(cos(x) | shn(@) )} v

2 2x
. [1+2§os(x)r/2 B [1+C208(9c)r < cos(a) + ot cos(x) _ (sin(m))s.

15
Thus, we enrich slightly the chain (1.2).

3. THE CUSA-HUYGENS INEQUALITY

The following result gives another estimate of this inequality better than those
known. This allows us in particular to extend and complete the chain (2).

Theorem 3-1 For 0 < xz < w/2 the following inequality holds
. 3 3 3 .
sin(x) z°(tan(z)) 23 sin(x)
( . > < cos(z) + cos(z) 15 = cos(z) + 15 (6)
Moreover there exists for 0 < x < 7/2 the following inequalities hold

(B0 <y + 2500 ¢ (2t 1

Proof  Indeed, take again the Taylor expansions of sin(x) and cos(z)
z? ozt af z2k cosfx
=1— =+ — = — o+ (1) (1) ——_ 22
cos(z) ST TR R TR NN G s Thd
A p2k—1 sin fx
(z) =2 — — + — — = o+ (D) ()P g2k
sin(r) =e =gty e T O g PO ey
where 0 < 6 < 1. We easily remark that
N O T\ S b
cost <1— —+ —

o T e Ty 10 1
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L Loy Lo 1 a0, 1o
=1-= — —_— x
2 v 247 T 720" T 203207 T 3628800 479001600
. x? N zt 2b +Z 28 + 0 ) z? N x? 20 N z8 x10 - sin
3 5 7 1 6 120 5040 362880 39916800 z
for 0 <z < 3.
By a calculation we deduce the following
(sinac)3 <1 z? n 132* _ 4125 n 6712% _ 73210 59787112
x 2 120 3024 604800 1140480 = 217945728000
On the other hand, thanks to Maple a calculation yields
1 . 3
cos (x )—l—ﬁmgsm(x) (bmx&
e R S 28 210 12 14
>1-"+ = + - + -
2 24 720 ' 40320 3628800 = 479001600 87178291200
L L 3 L 5 L 7 1 9 1 11
T (x 67 T 120" " 5040”7 T 362820"  39916800"
) z? N 13z 4120 N 6712% 7320 N 5978712
2 120 3024 © 604800 1140480 = 217945728000
Lo 1 os. 1 2003 733 »

Toa5” T 18007 T 198007 1135134000~ 435891456000
Moreover, we verify by Maple that the polynomial
Ll b 2003 3
945 1890 19800 1135134000 435891456000
is non negative because it has no zeros in the interval 0 < z < /2
Then, for 0 < x < 7/2 we have

(sin (2))”

>0
3

1
cos (x) + i 23 sin (z) —

So we proved Inequality (3.1).

Turn now to inequality (3.2). Notice that by the same way of calculation and
thanks to Maple we obtain the following

2 sy 4 L "l M, 553 . L1833 . 08851
377203 2" T 96" T 34560 " 7741440" ~ 928972800

Moreover, a calculation yields

1 3 . 1 1 4 1 6 1 8 1 10
— 1— = il 7 _
cos (x) + 5 27 sin (z) < 5% T3 7% 1030 ° 3638800 °
RS A (R S e B N z°
479001600 15 6" T1207 T 5040 362880
1 13 1 13 7 89
_q1_= A S 28— 10 12
2% " 120% " 80° T 22200°  518400° T #79001600 °
Therefore

1 5. 2 x 1\° 1 13 A I 6 13 s
—(Z = - -2+ — 59400
cos (x) + 15 & sin () (3 cos(2) + 3> < 9 *+ 1207 " 80" + 22400 "
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T 1o 89 1 22 1lz* 55325 1183328 9885110
- e ——— 21—+ —~ + — )
518400 479001600 2 96 34560 ' 7741440 928972800
1, 121 , 5243 . 28769 4, 89 1o

T160" T 345607 5529600 ° T 300657600 © 479001600
We verify by Maple that the polynomial

Sl 1, 523, 28769 g 89
160 ' 34560 5529600 309657600 479001600

is non negative because it has no zeros in the interval 0 < z < 7/2 .
This means for 0 < x < § one has

cos(z) + ””3811*15“(5”) < (QCos(x)H)ﬁ.

So inequality (3.2) is proved.

Remark 3-2 (i) We were forced to consider a polynomial at least of order 12
in order to estimate trigonometric functions. Otherwise, for a lower order estimate
we would have an increasing polynomial which changes sign since it admits a root
in the interval [0,7/2].

(ii) We may assert that the following inequality chain holds at least for 0 < z < §

(Slnxm)S < cos(z)+cos(x)7(tanl(5x))4 < <§cos(§)+;)6

< <COS(§))9 < (2 +C;S($)>3

Thus, we expand the chain (1.3).

4. A WILKER TYPE INEQUALITIES

The Wilker inequality asserts that for 0 < z < 7/2

(Sm(z)>2+m$(x)>2 (8)

T

This inequality has been proved by [7].
The Wilker-type inequalities have been attracted by many people and have mo-
tivated a large number of research papers involving various generalizations and
improvements, see [8] for example.

A related inequality no less interesting is Huygens inequality asserts that for
0<|x|<m/2

sin(z) n tan(x)

2 >3 9)

Chen and Sandor [4] proved the following inequality chain
for 0 <| z |< m/2
1 (sin(z) 2 n tan(z) - 1 sin(z) ) *
2 x 2x cos(z) x

2 () sl (st
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= % <sinazx)>2 * Qtai(x) - % <sinazx)> * 3tai(x) 1 (10)

We propose the following

Theorem 4-1 For 0 < z < w/2 the following inequalities holds

] <sjn(x)>2+tan(x) L pftan) 1 <sin(x)>3 ()

2 x 2x 15 cos(x) x

2

Proof Consider the left inequality and we write difference after multiplying
by cos(z) one gets

1 cos () (sin (z))® 1 sin (z) 1 4
3 = 3 —cos (z) — 1z & sin (z)
Notice that by simple calculations
1 1 1
1—(= 2 S\, 4 (.6 .
(2)33 —|—(24)J: (720)35 < cos(x)
1o, 1. . 1 .
T (6)33 +(120)x (5040)x < sin(x)
cos(z)(sin(z))> 1 5 5 91 , 41 4 7381
222 Z2 712" T 70" " 2016" T 3628800"
Therefore
1 cos (z) (sin (z))® 1 sin () 3 . 1 522 91zt 4126
2 22 T Tes@ o patsin@) > 5 - ot o0 T 2016
R I S R S )
3628800 2 12 240 10080 = 725760 2 24 720

LUB {ES {E5 1’7
15 <x6+120 5040)
:45r:4_2a:6+1231x8_x3<x_x?’+x5_ z’ )
45 105 604800 15 6 120 5040
xt 0 17928 210

=15 126 ' 120960 © 75600
We verify by Maple that the polynomial

x2S N 17928 N 0 2* (13440 — 4800 2% + 895 2* + 8 29)
45 126 120960 @ 75600 604800

is non negative because it has no zeros in the interval 0 < z < 7/2 .
This means for 0 < z < 5 one has

1 (sin(z)\”  tan(z) (tan(z))
2( x >+ T e

So the left inequality (4.4) is then proved.

The right inequality has been already proved by Theorem 3-1.

Concerning the Huygens inequality we propose the following result
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Theorem 4-2 For 0 < x < 7/2 the following inequalities holds

Cosl(x) (Sinix)f s (1_ g) tarlléx) y g (sin;x)> . ta;lix). )

Proof Consider the right inequality we multiply the difference by cos(z). Then

we have
cos(z) + 2 (1 - 9652) sirié:c) N % (sin(m)xcos(x)) N Sigf)-
Note as we saw above the framing of trigonometric functions, then we get
cos(z) > 1 — %mz + ix‘l - %x‘a

Therefore after simplification
2 .
3 % sin(x) 1, 13 4, 41
1 _ e S
cos(z) + @ ( 63> 15 > 27 + 120" 3024°

A simple calculation yields

2 sin (z) cos (z) = sin (z) 1, 11 , 43 4
— < 1—-= R -
3 x T 2" T 120" " 50m0”

Finally for 0 < < 7/2 one has

cos(z) + 2 (1 x2) sin(z) 2 (Sin(x) COS($)> L sin(@) et 1927

63) 15 3 T 3z 60 3780

_ 4 _ 2
= 3750 (63—192%) >0

The left inequality has been already proved by Theorem 3-2.

Remark (4-3) We may deduce from Theorems 4-1 and 4-2 the following
inequality chain for 0 < & < 7/2

() e i ()
S (o) > ()

Thus, we have improved and completed the inequality chain (4.3).
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